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Discontinuity of functions and its some types
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Abstract
Continuity and discontinuity of functions is very important in mathematics. If a function is
discontinuous at a point then it fails the definition of continuity of the function at that point and
so the graph of the function has a break at that point. Such break of the graph of the function at
that point may or may not be removed to make it continuous at that point. So we have different

types of discontinuity of functions. I mention briefly about it below.
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Introduction
A function f:[a, b] —» IR is said to be discontinuous at a point ¢ € (a, b) if-

1- fis not continuous at the point c.

OR
2- At least one of the following 3 conditions hold:
i- lim  f(x) does not exist.
x—0
ii- f(c) does not exist.

iii- lim  f(x)#f(c) though both exist.
x—0
The point c € (a, b), in this case, is called the point of discontinuity of the function f.
Note:-  lim f(x) doesn't exist if,
x—0
i- Both f(c-) and f(c+) exist but are not equal.
i1- At least one of f(c-) and f(c+) doesn't exist.
Types of discontinuous
Various types of discontinuous of a function f:[a, b] — IR at a point c € (a, b) are defined
as follows.
lim

lim
x— ¢ [(x) exists buty_,  f(x)#f(c) ,i.e., if f(c-) and f(c+)

both exist but f(c-) = f(c+) #f(c ) ( f(c ) may or may not exist) then f is said to have

i- Removable discontinuity :- If

removable discontinuity at x = c. Such discontinuity can be removed by defining or
redefining the function f at c.

ii- Irremovable discontinuity :- If a discontinuity of the function f at a point ¢ cannot be
removed then f is said to have irremovable discontinuity at the point x=c. The irremovable
discontinuity is of following types.

I- Discontinuity of the first kind:- If f(c-) and f(c+) both exist but f(c-) # f(c+t), then f is
said to have a discontinuity of the first kind at x=c.

This first kind discontinuity of x at ¢ is also called a jump discontinuity of f at ¢ and the non-
zero number 'f(c+) - f(c-)' is called the jump of fat c.

I1- Discontinuity of the first kind from left:- If f(c-) and f(c+) both exist but f(c-) # f(c+)
= f(c), then fis said to have a discontinuity of the first kind from the left at x=c.

It is also called the jump (or the left hand jump) discontinuity of f at ¢ and the non-zero

number 'f(c-) - f(c)' is called the left hand jump of f at c.
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I11- Discontinuity of the first kind from right:- If f(c-) and f(c+) both exist but f(c-) = f(c)
# f(ct), then f is said to have a discontinuity of the first kind from the right at x=c.

It is also called the jump (or the right hand jump) discontinuity of f at ¢ and the non-zero
number 'f(c+) - f(c)' is called the right hand jump of f at c.

IV- Discontinuity od the second kind:- If neither f(c-) nor f(c+) exists, then f is said to have
a discontinuity of the second kind at x=c.

V- Discontinuity of the second kind from left:- If f(c-) does not exists, then f is said to
have a discontinuity of the second kind from the left at x=c.

VI- Discontinuity of the second kind from right:- If f(c+) does not exists, then f is said to
have a discontinuity of the second kind from the right at x=c.

VII- Mixed Discontinuity:- If f has discontinuity of the second kind on one side (left or
Right) of ¢ and on the other side of c it may be continuous or may have discontinuity of the
first kind, then f is said to have a mixed discontinuity at x=c.

VIII-Infinite Discontinuity:- If one or more of the functional limits: f(c+), f(c+), f(c-), f(c-)
is +oo or —oo and f'is discontinuous at ¢ ; then f'is said to have an infinite discontinuity at x=c.
the point 'c', in this case, is called a point of infinite discontinuity of f. Evidently, if f has
discontinuity at x=c and it is unbounded in every neighborhood of ¢, then f will have an
infinite discontinuity at ¢ .

Some figures of continuity and discontinuity:

Y

' ‘ (b, fgb))

fle) >Ny | |

0 a c b 0—x  — @ — b
Here, f(c-) = f(ct) = f(c) f(a+) = f(a) f(b-) # f(b)
f 1s continuous at 'c’' fis cont. at'a' fis discont. at b
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f(c-) = f(ct) # f(c), f(c) is defined b flc-) = f(ct) # fc), f(c) is not defined
f'is removable discont. at ¢ fis removable discont. at ¢
Y
b
)
X X
0 a c b 0 a C b
f(c-) # fct) = f(c), f(c) is defined f(c-) # f(ct), f(c) is not defined
f is discont. at ¢ (first kind discontinuity) fis discont. at ¢ (first kind discontinuity)
) 4 Y
./—‘ O/
o
| X _ X
a c b 0 a c b
fc-) # f{c) = f{c+) f(c-) = fc) # f(ct)
f1s cont. from the right at ¢ fis cont. from the left at ¢
fis discont. of the first kind from the left at ¢ fis discont. of the first kind from the right at ¢
(Left hand jump of fat c) (Right hand jump of f at c)

Some Examples:

1) A constant function f: IR — IR defined by f(x) =k, a constant Vx €lR is continuous on IR.
Proof: Clearly VC €lR and Ve >0 3 6>0 such that VxelR, |x-c| <6 = [f(x) - f(c)|=|k-k|= 0<e.
2) An identity function f:IR — IR defined by, f(x)= x, Vx €lR is continuous on IR.
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Clearly, V celR and V >0 3 & = €>0 such that V xelR, [x-c|[<d = |f(x)-f(c)| = [x-c| <d =€.

3) A function R IR defined by, f(x) = {X'Sm” X if x=0
Is continuous at 0. 0 ifx=0
lim

Solution: Here f(0+) = 0

f(x) = M §0+h) = lim (0+h)Sinl/0+h
h—0 h—0

lim =h.Sinl/h =0 . k where k is a finite number lying between -1 and +1.
h—0
=0
Similarly, f(0-) = lim f(x) = M (0-h)Sin1/0-h =M  h.Sinl/h=0 (= Sin(—6) = —Sinh)
Xx—0- h—0 h—0
Given f(0) = 0.
Thus f(0+) = £(0-) = f(0). Therefore f is continues at 0.

) x|/ x if x#0
4) A function f:IR 1R defined by, f(x) =

0 ifx=0

has a discontinuity of the first kind at x=0 or has a jump discontinuity at 0.

Solution: Here flo+)= 1M )= "M |xyx =M yx=1

and 0= ™ gy = MM yp/x = M o
x—0- x—0- x—0-
Given {(0) =0.
Thus f(0+) # f(0-) # f(0). Therefore f has a discontinuity of first kind at 0 or f has a jump
discontinuity at 0 and the jump f at 0 = f(0+) — f(0-) =2.

Sin2x/x if x#0
5) A function f:IR 1R defined by, f(x) =

1 ifx=0
Is continuous at x # 0.
AtX=0" =" Sinoxx =M Sindx2x . 2=1.2=2#1=K0). fis
> x—0 x—0 x—0 ' ' )
discontinuous

at x = 0. Here, f has removable discontinuity at x = 0 as this discontinuity can be removed by

redefining the function at x = 0, by f(0) = 2.

x—|x|

if x=0
6) A function f:IR 21R defined by, f(x) = 3‘ £y =0
Is discontinuous at x = 0.
lim lim _ ;
Solution: £(0-) = x50 ) =_»p. 3 = X'f N
and f(0+) ="M fx)=lim 2zl _lim xmx_ g Given f0) = 2.
x—>0+ X—>0+ x x—0+ x
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Thus both f(0-) and f(0+) exist such that f(0) = f(0-) # f(0+). Therefore f has discontinuity of
the first kind from the right at x = 0.

21/% if x=0
7) The function f(x) defined by, f(x) = 0 ifx=0
Is discontinuous at the origin.
P _lim _ime e im0 e
Solution: f(0-) (50- f(x) «30- 2 hoso 2 2 0.

lim lim «_ lim o .
And f(0H)= " fx)=_ 2" =h'_)0 210+ = 2+ = o5 Given £(0) = 0.

Thus f(0) = f(0-) = 0 # f(0+). Therefore the function is discontinuous at the origin and has an

infinity discontinuity there.

3. Concluding Remark:-
From above we know that if a function f is discontinuous at a point "c" then the graph of the
function has a break at the point (c, f(c)). In a removable discontinuity the break of the graph

can be removed and it becomes continues at that point. It happens 0n|ly when f(x) exists
m

X—C
and does not equal to f(c), if f(c) exists (f(c) may not be exists). If y_—y¢ f(x) does not exist,
that is, at least one f(c-) and f(c+) does not exist or both exist but are not equal (f(c) may or
may not exist) then f has an irremovable discontinuity at the point ¢ and in this case the break

of the graph of the function at the point (c, f(c)) cannot be removed.
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