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Abstract 

This study proposes an innovative approach to mortality modelling using Stirling interpolation, a 

numerical analysis technique that enables the estimation of mortality rates at intermediate ages 

or time points. The results show that the interpolation approach provides more accurate and 

robust estimates of mortality rates particularly at intermediate ages points. This study 

demonstrates the potential of Stirling interpolation in mortality modelling and highlights its 

advantages over traditional methods. The approach has significant implications for actuarial 

science including life insurance, annuities and pension funds. Mortality modelling is a crucial 

aspect of actuarial science as it enables the estimation of future mortality rates and the calculation 

of life insurance reserves, annuity values and pension fund liabilities. Traditional mortality 

models, such as the parametric model have been widely used in the insurance practice. Stirling 

interpolation is deployed as an alternative approach to mortality modelling. The objective of the 

study is to detect kinks and identify the impact on the force of mortality using Stirling’s 

interpolation. From the results obtained, the interpolated value for the year shows a comparative 

significant increase between ages 9 and above or decrease from age 5 and 8, this could indicate 

trends in the population's health such as an improvement or worsening in health conditions, access 

to healthcare or public health interventions. Though the methodology has the potential to detect 

kinks due to random shocks in mortality rates, computational evidence confirm that the 

interpolative approach provides improved, robust and reasonably lower mortality estimates. 

Keywords: Instantaneous, Intensities, Mortality estimate, Stirling Interpolation 

1.0 Introduction 

Wavy kinks known as mortality waves are a phenomenon observed in mortality rates particularly 

in the context of actuarial mortality tables. They refer to the characteristic waves or kinks in the 

mortality curves which exhibit non-smooth, non-monotonic behaviour especially at certain 

advanced ages. The importance of wavy kinks in actuarial mortality lies in their impact on 

mortality modelling, life insurance and pension plan valuation: (i) understanding wavy kinks helps 

actuaries develop more accurate mortality models which are essential for pricing life insurance 

products, calculating pensions and annuity liabilities and predicting population mortality trends, 

(ii) as populations age, the impact of wavy kinks on mortality rates becomes more significant. 

Accurately modelling these kinks is vital for predicting future mortality rates and managing 
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longevity risks, (iii) wavy kinks can influence life insurance pricing as insurers need to account 

for the increased uncertainty and volatility in mortality rates. This may lead to higher premiums or 

reduced coverage to mitigate the potential losses, (iv) wavy kinks can provide valuable insights 

into demographic trends such as changes in population structure, advancements in medical 

technology and shifts in lifestyle factors. By analyzing these waves, actuaries can gain a deeper 

insight of the underlying factors driving mortality rates, (v) the presence of wavy kinks can 

increase the volatility of mortality rates making it more challenging to predict future mortality 

trends. This in turn can affect the stability of life insurers and pension plans as well as the overall 

solvency of life insurance firms.  

Interpolation is a potent method of detecting kinks in mortality curves. Interpolation is a commonly 

used technique for modeling mortality rates and other demographic data due to its ability to provide 

smooth transitions between observed data points, especially when the data is sparse or unevenly 

spaced (Ndu et al., 2019). Interpolation creates a smooth curve that passes through all the data 

points. Mortality rates often change gradually across age groups or over time, and interpolation is 

particularly useful for generating smooth transitions between these points. This smoothness is 

essential in mortality modeling because abrupt changes would not accurately reflect the real-world 

trends in mortality, which generally evolve gradually. 

Following Ndu et al.(2019), and Ogungbenle and Adeyele (2020), interpolation is a method for 

approximating a function at intermediate points based on a set of given points. It is particularly 

useful when the data is sparse or irregularly spaced. In the context of mortality modelling, 

Interpolation can be used to estimate mortality rates at intermediate ages or time points, based on 

a set of observed mortality rates. Elandt-Johnson and Johnson (1980) provides an introduction to 

numerical interpolation and its application in mortality computation. The authors showed that 

interpolation can provide more accurate estimates of mortality rates, particularly at intermediate 

ages compared to traditional methods. 

Several analytic mortality models have been proposed that incorporate numerical interpolation. 

Hudec (2017) developed a life table model that uses polynomial interpolation to estimate mortality 

rates at intermediate ages. The authors demonstrated that their model can provide more accurate 

estimates of mortality rates, particularly for populations with limited data. Non-parametric 

mortality models have also been proposed that incorporate interpolation. Neil (1977) and  

McCutcheon (1983) developed non-parametric mortality models that involves interpolation to 

estimate mortality rates at intermediate ages. The authors demonstrated that their model can 

provide more accurate estimates of mortality rates, particularly for populations with sparse data.  

According to Dickson et al. (2013); McCutcheon (1983); Pavlov and Mihova (2018), mortality 

rates tend to show gradual, continuous changes over time or across age intervals. Piecewise linear 

interpolation may not adequately capture these subtle variations. Interpolation, which fits a cubic 

polynomial between each pair of data points, is better suited for modeling the curvatures typically 

observed in mortality rates, such as age-related declines or fluctuations in mortality data over time. 

Mortality data can sometimes contain outliers or small random variations that should not be 

reflected in the interpolation. Interpolation, by using higher-order polynomials, helps smooth out 

these minor fluctuations and prevents the model from overfitting to small data variations, which is 

crucial for maintaining the overall mortality trends across different cohorts. Interpolation can also 

be used to extrapolate mortality rates beyond the observed range, which may be necessary for 

projecting future cohorts. As noted by Hossain et al. (2023), mortality rates may need to be 



Rajarshi Janak University Research Journal                                           Vol. 3, No. 1, May 2025                                                                                                                                                                                                                                           

31 

 

estimated for age groups or years where data is unavailable, such as for future populations. While 

interpolation allows for reasonably smooth extrapolation, this should be done cautiously, as it 

assumes that the underlying trends will continue similarly in the future.  

Mortality data is often unevenly spaced, particularly when examining specific age groups or time 

intervals. Interpolation is flexible in this regard, as it does not require equally spaced data points, 

making it ideal for working with demographic data that may have gaps or irregular reporting 

frequencies. Hudec (2017) and Ogungbenle (2023) observed that mortality rates tend to decrease 

in early childhood, stabilize in middle age and rise significantly in older age. Interpolation captures 

these variations more accurately than simpler methods. Actuaries and demographers often use 

interpolation to model life tables, survival functions, and mortality rates. This method is known 

for its balance between accuracy and computational efficiency, making it a practical choice for 

mortality modeling in actuarial contexts and general demographic analysis. 

Interpolation strikes a balance between smoothness, accuracy and flexibility, making it a suitable 

method for modeling mortality rates. Its ability to handle irregular data, capture smooth transitions 

and trends in mortality, and adapt for both interpolation and extrapolation makes it a highly 

valuable tool. As noted by Kostaki and Panousis (2001) and Rabbi and Karmaker (2013), the study 

of the force of mortality, often referred to as mortality analysis, is crucial for the insurance industry. 

According to Putra et al. (2019), mortality analysis involves examining and predicting the 

probability of death or survival for individuals or groups over a set period. By studying mortality 

data, insurance companies can identify demographic trends, changes in life expectancy, and 

emerging risk factors, enabling them to develop new products or adjust existing ones to meet the 

needs of the insured. This insight allows insurers to create innovative products that address specific 

mortality-related risks, such as critical illness or longevity. 

Understanding the force of mortality is essential for managing longevity risk, which refers to the 

possibility that policyholders may live longer than expected. Longevity risk can affect the 

profitability and sustainability of insurance companies, particularly in life annuities and pension 

products. Actuaries use mortality analysis to estimate the potential liability associated with 

longevity risk and develop risk management strategies to mitigate its impact. Reinsurance 

companies, which provide coverage to primary insurers, also rely on mortality analysis. By 

understanding the force of mortality, reinsurers can assess the mortality risks taken on by primary 

insurers and price their reinsurance policies accordingly, thereby helping to distribute and manage 

risk more effectively across the insurance industry. 

1.1 Mathematical Theory 

Let xT  be the time of death of ( )x  and define   

( )1x x xp T x T x=  + P        (1) 

( )t x x xp T x t T x =  + P        (2) 

( ) ( )

( )
x n

T n x s x n x n s n x s x n x n

n x T

f s n p p p p s

p f s

 

+

+ + + + ++ =  = 

= 
    (2a) 
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( )t t x x xp T x t t T x+ =  + +  P       (3) 

and  

( )t x x xq T x t T x=  + P        (4) 

The force of mortality x t +  is defined as 

( )
0

lim
x x

x t
t

T x t t T x t

t
 +

 →

  + +   +
=  

 
 

P
     (5) 

( )
( )0

1
lim

x x

x t
t

x x

x t T x t t T t

t T x t T t
 +

 →

   +   + +  
=    

     +    

P

P
 (6) 

( ) ( )x x t x t t xP x t T x t t T t p p++   + +   = −     (7) 

0

1
lim t x t t x

x t
t

t x

p p

t p
 +

+
 →

 − 
=   

   
      (8) 

0

1
lim t t x t x

x t
t

t x

p p

p t
 +

+
 →

  − 
 = −    

  
     (9) 

( )1 t x

x t

t x

d p

p dt
 +

 
 = −  

 
       (10) 

( )logx t e t x

d
p

dt
 + = −                       (11) 

The function x  is difficult to obtain and this can be done through estimation using the survival 

function xl . Expanding the survivor’s function xl in Taylor’s series  

              
2 3 4 5

...
2 6 24 120

iv v

x x x x
x x x

l l l l
l l l

   
+

 
= + + + + + +     (12)  
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Using the first five terms, we get  

when 2 = − ;     
2

4 2
2 2

3 3

iv

x x x x x xl l l l l l−
  = − + − +       (13) 

when  1 = − ;   
1

1 1 1

2 6 24

iv

x x x x x xl l l l l l−
  = − + − +       (14) 

when 1 = ;           
1

1 1 1

2 6 24

iv

x x x x x xl l l l l l+
  = + + + +      (15) 

when 2 = ;          
2

4 2
2 2

3! 3!

iv

x x x x x xl l l l l l+
  = + + + +      (16) 

                   
2 2

8
4

3
x x x xl l l l− +

 
 − = − + 

 
                             (17) 

1 1

1
2

3
x x x xl l l l− +

 
 − = − + 

 
       (18) 

Multiply (17) by 8  and subtracting from (16) to get 

( ) ( )2 2 1 18 4 16 12x x x x x x xl l l l l l l− + − +
  − − − = − + =      (19) 

( ) ( )2 2 1 18

12

x x x xx
l l l ldl

dx

− + − +− − −   =       (20) 

 1 1 2 28 81

12

x x x xx
x

x x

l l l ldl

l dx l
 − + + −− + −

 = − =      (21) 

             
 1 1 2 28 8

12

x t x t x t x t

x t

x t

l l l l

l
 + − + + + + + −

+

+

− + −
 =                   (22) 

Consequently, 

( )  1 1 2 20 012 8 8x x x x xT hxl h lh T lx hl hl− + + −= − + − + P    (23) 
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1.2 Application of Mortality Intensity to Abstract Underwriting Under Impulsive Mortality 

Severity Conditions 

Extreme events represent the consequences of impulsive forces of natural disasters occurring 

suddenly and last for a short time with the attendant abnormal mortality risk resulting in sudden 

and massive deaths. The pervasive consequences from these extreme events to the financial health 

of life insurance offices has the potential of being enormous and can cause decline in insurer’s 

income. Mortality risk consequences can fall under two major categories: (i) the effect of extra 

risk arising from the conditions where proposal for life insurance has not been accepted at standard 

rating. The extra risk further describes the underwriter’s phenomenal aversion of the degree with 

which the scheme holder is in mortality risk than a standard risk. This type of extra risk is measured 

by either a monotone addition or constant addition to the mortality rate intensity because impaired 

lives are observed to experience mortality rate of a normal life who is m  years older where m is 

a function of the severity of physiological impairment. (ii) the impulsive force of extra severity 

risk can be measured by the Heaviside function ( ),H x  . 

( ) ( ), ,
d

H x x
dx

  =         (24) 

where  is the Dirac-delta function. The intensity of mortality risk due to severity under disastrous 

condition is then actuarially measured by these generalized functions. 

Let ( ).H  be the heavy side and let ( ).  be the Dirac-delta generalized functions and let ( )I t s

be the indicator function. The presence of  ( ).  is to kill the insured more instantly and rapidly. In 

the study by Gerber et al, (2003), the following relationships was defined 

( ) ( )H t s I t s− =           (25) 

Differentiating (25), we have 

( ) ( ) ( )H t s t H t s t H t s −  = − +  − −       (26) 

But the indicator function is 

( ) ( ) ( )I t t s I t s I t s t t+   −  =   +        (27) 

By definition, 

( )
0

if t s
t s

if t s
 

 =
− = 


        (28) 

By the sifting property of Dirac-delta function,  

( ) ( ) ( )t s f t dt f s


−

− =         (29) 

According to Meghwal (2020), 



Rajarshi Janak University Research Journal                                           Vol. 3, No. 1, May 2025                                                                                                                                                                                                                                           

35 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )t s f t s t f s t s f t dt s t f s ds   
 

− −

− = −  − = −     (30) 

Therefore, by reason of (30), we have 

( ) ( ) ( )1t s dt t s dt     
 

− −

− = − =  =       (31) 

( ) ( ) ( )
s

H t s f t dt f t dt

 



− =  , if  s         (32) 

Recall the force of mortality under no impact of mortality intensity is 

( ) ( )
( )

1 1 1
, , x t x t

x x t

x t x t

dl dl
t s

l d x t l dt
   + +

+

+ +

= = − = −
+

      (33) 

To measure the impact of extra severity intensity risk especially when there is wanton destruction 

of life at an instant, we define the following mortality intensity components. 

( ) ( ) ( )2
, ,x t s t s   = −          (34) 

( ) ( ) ( )3
, ,x t s t  =           (35) 

The function ( )t represents an addition to the force of mortality and describes underwriting extra 

risks of the form ( )x t t + +  . Consequently, the extra mortality can be modelled by increasing 

the force of interest correspondingly. x t +  describes the force of mortality under no impact of extra 

severity mortality. Consequently, ( )t s −  is the extra forcing mortality risk factor under severe 

conditions. Consequently, the aggregate mortality intensity ( ), ,x t s  can be decomposed as force 

of mortality, extra mortality risk and force of severity under disastrous contingencies such as plane 

crash, ship wreck or war 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 3
, , , , , , , ,x x x xt s t s t s t s       = + +      (36) 

( ) ( ) ( ), ,x x tt s t s t     += + − +        (37) 

Note the superscripts are not exponents or derivatives. The insured can be underwritten under the 

influence of both (i) extra underwriting mortality risk either because of the sum assured in excess 

of the policy retention level or not accepted on normal rating and (ii) severe mortality risk. 

According to Legua et al. (2006); Gerber et al. (2003); Venetis (2014); Elnour (2018) and Meghwal 

(2020), the function ( ).  is defined as  

( )
0

if t s
t s

if t s


 =
− = 


        (38) 
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Now, the Heavy side is therefore 

( )
1

0

if t s
H t s

if t s


− = 


        (39) 

Furthermore, following Amaku et al. (2021); Kovacevic, Jovanovic, Ferrando (2021), we have 

( ) ( )
( )
0

f t if t s
H t s f t

if t s

 
− = 


       (40) 

( ) ( )
t

H t s s d  
−

 − = −         (41) 

However, the impact at the initial time 0s = is as follows 

( )
0

0
0 0

if t
t

if t


 =
 − = 


        (42) 

( )
1 0

0
0 0

if t
H t

if t


 − = 


        (43) 

( ) ( )0 0

t

H t d  
−

− = −         (44) 

( ) ( )H s s   − = −          (45) 

( ) ( )H s s     −  = −          (46) 

( ) ( ) ( )H s H s H s     −  = − +  − −       (47) 

Therefore, 

( ) ( ) ( )s H s H s     −  = − +  − −       (48) 

If ( ).I  is an indicator function, then following Gerber et al. (2003), we have 

( ) ( ) ( ) ( )I s I s I s H s       +   −  =   +  = −      (49) 

Consequently, 

( ) ( ) ( ) ( )s I s I s I s        −  = +   −  =   +     (50) 

( ) ( ) ( )I s f d f s    


−

  + =       (51) 
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We can now begin to evaluate the intensity of massive death rate at an instant 

Therefore, given that  

( ) ( ) ( ), ,x x tt s t s t     += + − +        (52) 

( ) ( ) ( ), ,x xs s        += + − +       (53) 

The probability of survival of a live aged x  surviving to age x t+  under no impact is 

0

t

x d

x t
t x

x

l
p e

l

 +−

+


= =          (54) 

while the probability of survival under impact of severe condition is given by 

( )
( )( )

0

, ,

,

t

x s d

t x
p s e

   


−

=          (55) 

The bar indicates the effect of impact of severity on the survival probability functions 

( ) ( ) ( )
0

, exp

t

t xxp s s d       +

  
= − + − +   

  
      (56) 

( )

( ) ( )
0 0 0

,

exp exp exp

t x

t t t

x

p s

d s d d



        +

          
= −  − −  −               

          
  

  (57) 

Recalling that ,  ( ) ( )
t

H t s s d  
−

− = −                       (58) 

      ( ) ( )( )( ) ( )
0 0

, exp exp exp

t t

t xxp s d H t s d      +

      
= − − − −      
       

    (59) 

( ) ( ) ( )( )( )
0 0

, exp exp exp

t t

t xxp s d d H t s      +

      
= − − − −       

       
    (60) 

Recalling again that,      0

t

x d

t xp e
 +−

=                             (61) 

Therefore,  

( ) ( ) ( ) ( )( )( )
0

, exp exp

t

t t xxp s p d H t s    
  

= − − −   
  
     (62) 
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( )
( )

( ) ( )0,

t

d
H t s

t t xx
p s e p e

  




 
 −
  − − 


=        (63) 

Differentiating (63) with respect to t  

( ) ( )
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Differentiating 
t xp  with respect to t  
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Then (65) becomes 
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+

 
    = −

     
 

 
 −  − − 

   (67) 

The probability density function for a live aged x  under impact of extra mortality and severity risk 

is therefore derived as 
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+
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   (69) 

Hence the death density is finally obtained as 
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Differentiating (63) with respect to x , 
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Now differentiating 
t xp  with respect to x , we obtain 
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Recalling  from (63) 
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Setting 0x =  in (80) yields the survival function at time t  
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Since t  is arbitrary, we can set t x=  in (81) to obtain 
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2.0 Material and Methods 

2.1 Stirling Interpolation 
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Set v t=  and ly =  in (83) to get 
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Differentiate the survival function txl +  with respect to t  obtain 
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By definition,            
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Set 0=t  in 
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Now taking the successive forward differencing yields 
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then 

( )1 1 1x x x xl l l l l + += − + −         (139) 

( ) 111 −+ −= xx lll          (140) 

Similarly, 

( ) 2

3

1

3

2 −− += xx lll          (141) 

( ) 2111122 3333 −−+−++ −+−+−+−= xxxxxxxx lllllllll      (142) 

( ) 21122 22 −+++ −+−= xxxx lllll        (143) 

Following the same pattern, 

( ) 2

5

3

5

3 −− += xx lll          (144) 

( )3 2 1 1 2 3 3 2 1

1 2

5 10 10 5 5 10

10 5

x x x x x x x x x

x x x

l l l l l l l l l l

l l l

 + + − − − + + +

− −

= − + − + − + − +

− + −
   (145) 

( ) 3211233 4554 −−−+++ −+−+−= xxxxxx lllllll       (146) 
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( ) ( ) ( )1 2 3

1 1 1

2 12 60
x

x x x

l l l
l l l

   = − + −                (147) 

( ) ( )

( )

1 1 2 1 1 2

3 2 1 1 2 3

1 1
2 2

2 12

1
4 5 5 4

60

x x x x x x x

x

x x x x x x

x

l l l l l l
l

l l l l l l
l

 + − + + − −

+ + + − − −

= − − + − + −

− − + − + −

     (148) 

( ) ( )

( )

1 1 2 1 1 2

3 2 1 1 2 3

30 5
2 2

60 60

1
4 5 5 4

60

x x x x x x x

x x

x x x x x x

x

l l l l l l
l l

l l l l l l
l

 + − + + − −

+ + + − − −

−
 = − + − + −

− − + − + −

    (149) 

1 1 2 1 1 2 3 2

1 1 2 3

30 30 5 10 10 5 4

5 5 4

60

x x x x x x x x

x x x x
x

x

l l l l l l l l

l l l l

l


+ − + + − − + +

+ − − −

− + + − + − − +

− + − +
 =    (150) 

1 1 2 2 3 345 45 9 9

60

x x x x x x
x

x

l l l l l l

l
 + − + − + −− + + − − +

 =      (151) 

1 1 2 2 3 345 45 9 9

60

x t x t x t x t x t x t
x t

x t

l l l l l l

l
 + + + − + + + − + + + −

+

+

− + + − − +
 =     (152) 

Therefore equation (21) implies 

 1 1 2 2

1 1 2 2 3 3

40 40 5 5

60

45 45 9 9

60

x t x t x t x t

x t

x t

x t x t x t x t x t x t

x t

l l l l

l

l l l l l l

l

 + − + + + + + −

+

+

+ + + − + + + − + + + −

+

− + −
=

− + + − − +
=

     (153) 

 1 1 2 2 3 3

0

45 45 9 9

60

t
x s x s x s x s x s x s

x s

l l l l l l
ds

l

t xp e

+ + + − + + + − + + + −

+

 − + + − − + 
−  

  


 =      (154) 

The equation (154) has the following implication on the expected value of the random life time. 

Let xT  be the random life time of ( )x , then ( )xTE  is defined as 

( ) ( )
0

x

x t xT t p dt

−

= E         (155)

( ) ( )
0

x t xT p dt



= E          (156) 

Let ( )t  be a continuous function defined within the interval  0, x− . Consider the partition of 

the interval  
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0 1 1 10; 1;, , ,; 1;k x k xt t t t x t t x− − − −= = = = − − = = −     (157) 

( ) ( )
0 0

x t
x

x

l
T dt t dt

l


 

+= → E         (158)  

( ) t xt p =           (159) 

( ) ( )0 00 1x
x

x

l
t p

l
 = = = =         (160) 

( ) ( ) 1
1 11 x

x

x

l
t p

l
  += = =         (161) 

( ) ( ) 2
2 22 x

x

x

l
t p

l
  += = =         (162) 

( ) ( ) 3
3 33 x

x

x

l
t p

l
  += = =         (75) 

( ) ( ) 4
4 44 x

x

x

l
t p

l
  += = =         (163) 

( ) ( ) 1
1 11 x

m x x

x

l
t x p

l
  − −

− − −= − − = =       (164) 

( ) ( ) x
m x x

x

l
t x p

l
  −

−= − = =        (165) 

Let 

 0 0
1mt t x

m x

− − −
 = = =

−
        (166) 

( ) ( )
( ) ( ) 

( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) 
0

1 3 4 5 4 7 ...
0 4

4 1
3

...2 2 4 6 8 ...

x t x

x
xT p dt

   
 



   



  + + + + 
+ − +  

+ − −=    
 
+ + + + +  

= E  (167) 
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 

 

1 3 5 7
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2 4 6 8

1
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3
...2 ...

x

x

x x x x

x x

xx

x x x x

p p p p
p p

pT

p p p p

−

− −

 + + + + 
+ +   

+=   
 + + + + + 

E     (168) 

( ) ( )
  ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

0 1 3 5 7

0 2 4 6 81

4 4 4 ...

3 4 ... 2 2 2

4

. .2 .

x x x x x x

x

x t x

x x

x

x x x

p p p p p p
T p dt

p p p p p


−

− −

 + + + + + +
=  

+ + + + + + 

=


E  (169) 
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( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

0 1 2 3 4 5 6

7 18

4 2 42 2

3 4 2 ...

4

4

x x x x x x x

xx x

x

x x x

p p p p p p p
T

p p p p− − −

 + + + + + +
=  

+ + + + +  

E   (170) 

2.2 Presentation of results 

Table 1: Sterling Mortality Table 

x  

  

( )xl M  

   

( )xl F  

   

( )x M     ( )x F     ( )x xl M     ( )x xl F  

   

( )xd M  

   

( )xd F  

0 100000 100000 0.000333 0.000269 33.300000 26.900000 587 495 

1 99413 99505 0.000200 0.000141 19.882600 14.030205 40 35 

2 99373 99470 0.000162 0.000116 16.098426 11.538520 27 23 

3 99346 99447 0.000151 0.000121 15.001246 12.033087 23 17 

4 99323 99430 0.000139 0.000122 13.805897 12.130460 18 13 

5 99306 99418 0.000140 0.000117 13.902840 11.631906 16 12 

6 99290 99406 0.000116 0.000104 11.517640 10.338224 15 12 

7 99276 99394 0.000093 0.000100 9.232668 9.939400 14 12 

8 99262 99382 0.000085 0.000100 8.437270 9.938200 12 11 

9 99249 99371 0.000112 0.000101 11.115888 10.036471 10 10 

10 99239 99361 0.000193 0.000132 19.153127 13.115652 9 10 

11 99230 99351 0.000323 0.000185 32.051290 18.379935 10 10 

12 99221 99341 0.000478 0.000247 47.427638 24.537227 15 12 

13 99206 99330 0.000638 0.000309 63.293428 30.692970 25 16 

14 99181 99314 0.000780 0.000360 77.361180 35.753040 40 21 

15 99141 99293 0.000903 0.000398 89.524323 39.518614 56 28 

16 99086 99265 0.000996 0.000404 98.689656 40.103060 70 33 

17 99015 99232 0.001078 0.000403 106.738170 39.990496 84 38 

18 98932 99194 0.001178 0.000401 116.541896 39.776794 94 40 

19 98837 99154 0.001244 0.000414 122.953228 41.049756 103 40 

20 98734 99114 0.001253 0.000425       123.7137025 42.123450 112 40 

21 98623 99074 0.001221 0.000428 120.418683 42.403672 120 41 

22 98503 99074 0.001162 0.000438 114.460486 43.394412 124 41 

23 98379 98992 0.001104 0.000454 108.610416 44.942368 123 42 

24 98257 98950 0.001071 0.000474 105.233247 46.902300 118 43 

25 98139 98907 0.001052 0.000498 103.242228 49.255686 111 44 
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26 98028 98863 0.001083 0.000537 106.164324 53.089431 107 46 

27 97921 98817 0.001135 0.000570 111.140335 56.325690 104 48 

28 97817 98769 0.001178 0.000616 115.228426 60.841704 105 51 

29 97713 98718 0.001240 0.000673 121.164120 66.437214 108 55 

30 97604 98663 0.001326 0.000730 129.422904 72.023990 113 59 

31 97491 98605 0.001417 0.000817 138.144747 80.560285 118 64 

32 97373 98541 0.001533 0.000897 149.272809 88.391277 125 69 

33 97248 98472 0.001664 0.000981 161.820672 96.601032 134 76 

34 97114 98396 0.001804 0.001089 175.193656 107.153244  144 84 

35 96971 98311 0.001962 0.001185 190.257102 116.498535 155 93 

36 96815 98219 0.002135 0.001281 206.700025 125.818539 168 102 

37 96647 98117 0.002328 0.001389 224.994216 136.284513 183 111 

38 96464 98005 0.002523 0.001510 243.378672 147.987550 198 121 

39 96266 97884 0.002728 0.001632 262.613648 159.746688 216 131 

40 96050 97753 0.002961 0.001741 284.404050 170.187973 234 142 

41 95816 97611 0.003203 0.001839 306.898648 179.506629 253 154 

42 95563 97457 0.003452 0.001899 329.883476 185.070843 274 165 

43 95290 97292 0.003744 0.002373 356.765760 230.873916 295 175 

44 94994 97117 0.004020 0.000659 381.875880 64.000103 318 184 

45 94676 96933 0.004241 0.002343 401.520916 227.114019 343 195 

46 94333 96739 0.004432 0.004061 418.083856 392.857079 370 207 

47 93963 96531 0.004619 0.002377 434.015097 229.454187 392 221 

48 93571 96511 0.004841 0.002930 452.977211 282.777230 410 235 

49 93161 96076 0.005134 0.003151 478.288574 302.735476 426 251 

50 92735 95825 0.005507 0.003450 510.691645 330.596250 443 269 

51 92292 95556 0.005968 0.003808 550.798656 363.877248 465 291 

52 91827 95265 0.006514 0.004208 598.161078 400.875120 494 316 

53 91333 94949 0.007121 0.004653 650.382293 441.797697 530 347 

54 90803 94602 0.007778 0.005149 706.265734 487.105698 574 382 

55 90229 94220 0.008498 0.005676 766.766042 534.792720 624 421 

56 89605 93799 0.009282 0.006255 831.713610 586.712745 678 464 

57 88927 93335 0.010135 0.006893 901.275145 643.358155 736 511 
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58 88191 92824 0.011091 0.007582 978.126381 703.791568 799 561 

59 87392 92264 0.012166 0.008363 1063.211072 771.603832 866 614 

60 86526 91649 0.013359 0.009219 1155.900834 844.912131 939 673 

61 85587 90976 0.014664 0.010132 1255.047768 921.768832 1021 738 

62 84567 90239 0.016116 0.011149 1362.881772 1006.074611 1109 808 

63 83458 89431 0.017703 0.012289 1477.456974 1099.017559 1205 883 

64 82253 88548 0.019396 0.013492 1595.379188 1194.689616 1308 964 

65 80945 87585 0.021176 0.014755 1714.091320 1292.316675 1419 1052 

66 79525 86533 0.023036 0.016071 1831.937900 1390.671843 1536 1147 

67 77989 85386 0.025081 0.017530 1956.042109 1496.816580 1655 1243 

68 76334 84143 0.027408 0.019211 2092.162272 1616.471173 1773 1341 

69 74561 82801 0.029871 0.021003 2227.211631 1739.069403 1893 1442 

70 72668 81359 0.032322 0.022842 2348.775096 1858.402278 2024 1556 

71 70645 79803 0.034818 0.024750 2459.717610 1975.124250 2161 1678 

72 68484 78125 0.037563 0.026880 2572.464492 2100.000000 2289 1799 

73 66195 76326 0.040753 0.029387 2697.644835 2242.992162 2405 1917 

74 63790 74409 0.044377 0.032227 2830.808830 2397.978843 2515 2036 

75 61275 72373 0.048335 0.035317 2961.727125 2555.997241 2634 2170 

76 58641 70203 0.052666 0.038701 3088.386906 2716.926303 2765 2320 

77 55877 67883 0.057445 0.042532 3209.854265 2887.199756 2896 2477 

78 52980 65406 0.062667 0.046916 3320.097660 3068.587896 3025 2636 

79 49955 62770 0.068359 0.051720 3414.873845 3246.464400 3150 2801 

80 46805 59969 0.074489 0.056799 3486.457645 3406.179231 3266 2,977 

81 43539 56992 0.080967 0.062237 3525.222213 3547.011104 3369 3,158 

82 40170 53833 0.087723 0.068112 3523.832910 3666.673296 3453 3,328 

83 36717 50505 0.094574 0.074472 3472.473558 3761.208360 3509 3,479 

84 33208 47027 0.101399 0.081330 3367.257992 3824.705910 3528 3,609 

85 29680 43418 0.108146 0.088552 3209.773280 3844.750736 3502 3,716 

86 26177 39702 0.114586 0.096028 2999.517722 3812.503656 3425 3,796 

87 22753 35906 0.120612 0.103528 2744.284836 3717.276368 3293 3,839 

88 19460 32067 0.126132 0.110846 2454.528720 3554.498682 3108 3,834 

89 16351 28234 0.130908 0.117803 2140.476708 3326.049902 2875 3,770 
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90 13476 24463 0.134872 0.124157 1817.535072 3037.252691 2602 3,642 

91 10874 20822 0.137993 0.129784 1500.535882 2702.362448 2299 3,446 

92 8575 17376 0.139728 0.134222 1198.167600 2332.241472 1980 3,186 

93 6596 14190 0.139729 0.137109 921.652484 1945.576710 1658 2,873 

94 4938 11317 0.138362 0.138504 683.231556 1567.449768 1348 2,520 

95 3590 8797 0.136017 0.138636 488.301030 1219.580892 1057 2,139 

96 2533 6658 0.132820 0.137561 336.433060 915.881138 799 1,755 

97 1734 4903 0.129075 0.135978 223.816050 666.700134 582 1,390 

98 1152 3513 0.126201 0.134742 145.383552 473.348646 409 1,064 

99 743 2449 0.123262 0.132959 91.583666 325.616591 277 786 

100 466 1663 0.118526 0.129966 55.233116 216.133458 182 566 

101 284 1097 0.115082 0.126664 32.683288 138.950408 117 396 

102 167 701 0.107086 0.122753 17.883362 86.049853 72 268 

103 95 433 0.104912 0.117475 9.966640 50.866675 43 176 

104 52 258 0.100321 0.110594 5.216692 28.533252 25 111 

105 27 147 0.077778 0.102154 2.100006 15.016638 14 67 

106 14 80 0.113095 0.093333 1.583330 7.466640 7 39 

107 6 41 0.066667 0.075203 0.400002 3.083323 4 21 

108 3 20 0.033333 0.061667 0.099999 1.233340 2 11 

109 1 9 0.016667 0.116667 0.016667 1.050003 1 5 

110 0 4 0.000000 0.129167 0.000000 0.516668 0 2 

111 0 2 0.000000 0.058333 0.000000 0.116666 0 1 

112 0 1 0.000000 0.016667 0.000000 0.016667 0 0 

3.0 Discussion of results 

Figures 1 and 5 exhibit the principle of rectangularisation which has the following consequences. 

The ageing population may lead to increased demand for healthcare services particularly for age 

related conditions. The rectangularisation of the mortality curve may lead to an increase in age-

related diseases such as Alzheimer’s diseases and frailty. The ageing population may lead to 

increased caregiving burdens on families and social support systems. The rectangularisation of the 

mortality curve may have significant economic and social implications including changes in 

pension systems, healthcare financing and social security programs. In Figure 1, the trajectory of 

the survival curve forms an asymptote at 96 for the males whereas the trajectory of the survival 

curve forms an asymptote at age 98 for the females. The survival curve approaches a non-zero 

value as age increases indicating that a proportion of the population will never experience the event 

of interest.  
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The survival curve becomes asymptotic to a horizontal line, indicating that the mortality rate or 

hazard rate decreases to zero as age increases. Consequently, the property implies that there is a 

subset of the population that will survive indefinitely or at least for a very long time. Both mortality 

rates in Figs. 2 and 6 exhibit randomness around advanced age 108. Furthermore, the distribution 

of lives in accordance to duration is represented by the frequency curves in Figs. 3 and 7. The 

maximum age Mx  at death can be estimated to read 84 in Figs. 3 and 7 respectively for humans. 

In the mortality table, this defines the age at death where the curve of death x xl   is the highest. 

Where the current age x  of the insured is   Mx x , then the most likely duration of life is the 

difference between the current age x  and Mx . Using equation (154), the duration at which a life 

has an even probability of survival is given by 

 1 1 2 2 3 3

0

45 45 9 9

60
0.5

t
x s x s x s x s x s x s

x s

l l l l l l
ds

l
e

+ + + − + + + − + + + −

+

 − + + − − + 
−  

  


=       (155) 

 1 1 2 2 3 3

0

45 45 9 9

60
0.5

t
x s x s x s x s x s x s

x s

l l l l l l
ds

l
e

+ + + − + + + − + + + −

+

 − + + − − + 
−  

  


=       (156) 

 1 1 2 2 3 3

0

45 45 9 9
log 0.5

60

t

x s x s x s x s x s x s

e

x s

l l l l l l
ds

l

+ + + − + + + − + + + −

+

 + + + + −
= 

 
    (157) 

 

In Fig. 4, the number of deaths reach the maximum 3500 at age 84 while in Fig. 8, the number of 

deaths reach the maximum 3750 at age 87. Suppose the frequency curve drawn is such that the 

height of the ordinate corresponding to any age is proportional to the number of death xd , then xd  

defines the area included between the ordinates for ages x  and 1x + . Since      

 
1

0

x

x y x s x s

y x

l d l ds
−−

+ +

=

= =                                         (158) 

 

Then xl  will be the total area between the ordinate for the age x  and the limit of the mortality 

curve.  

In Table 1, the Male mortality rate is higher than the Female mortality rate because males are 

exposed to hazards. In Fig. 2 within 105 114x   and Fig. 6 within 105 119x  , the trajectories 

exhibit sudden jumps or discontinuities in the mortality data, particularly between the affected age 

intervals. The performance of the interpolation is observed to be sensitive to outliers or unusual 

data points in the mortality rate dataset, potentially skewing results. The wavy kinks observed in 

the Figs. 2 and 6 could lead to increased longevity potentially resulting in a larger and older 

population. The irregular mortality pattern could lead to changes in healthcare costs potentially 

resulting in increased costs at certain ages but decreased at others. The wavy kinks could impact 

social security and pension systems potentially leading to changes in benefit structures and funding 

strategies. The irregular mortality pattern could lead to changes in insurance products and pricing 

potentially resulting in more complex and nuanced pricing strategies. 
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Figure 1: Male’s Survival Curve 

 

Figure 2: Male’s mortality curve 

 

 
Figure 3: Male’s Curve of Death 

 

 
Figure 4: Male’s Number of Death 

In Table 1, the interpolated value for the year shows a significant increase between ages 9 and 

above or decrease from age 5 and  8 compared to surrounding years, this  could indicate  trends in 

the population's health such as an improvement or worsening in health conditions, access to 

healthcare or public health interventions. The rate of change between data points especially using 

a smooth curve can give insights into how mortality has changed over time. Although, comparing 

interpolated mortality rates across different periods may be challenging when the underlying data 

structures shift significantly over time. Continuous refinements and updates to mortality data are 

necessary to ensure the interpolation reflects current trends and realities accurately. The 

interpolated rates showing steep rise in the frequency curves could indicate a health crisis or 

worsening conditions. Where the interpolated values show a steady decline could suggest 

improvements in healthcare, disease prevention or public health policies.  
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Figure 5: Female’s Survival Curve 

 

 

Figure 6: Female’s Mortality curve 

 

 

Figure 7: Female’s Curve of Death 

 

Figure 8: Female’s Number of Death 
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impact of random fluctuations in the data. From the analysis, it is clear that the interpolation can 

handle sparse data which is common in mortality modelling. This means that the approach can be 

deployed to estimate mortality rates even when there is limited data available. As a result, the 

interpolation is robust to outliers which can help to curb the impact of unusual or irregular data 

points on the mortality model. 

4.0 Conclusion 

Mortality modelling based on Stirling interpolation is an innovative and promising approach that 

has the potential to revolutionize the field of mortality modelling. By using the interpolation to 

estimate mortality rates at intermediate age points, this approach can provide accurate estimates of 

mortality rates as traditional mortality models. The key benefits of mortality modelling based on 

the interpolation include improved accuracy, increased robustness, flexibility and simplicity. This 

approach can handle sparse data, it is robust to outliers and can be used to estimate mortality rates 

at any age point. Additionally, it can capture non-linear relationships between mortality rates and 

age which can lead to more accurate predictions of future mortality trends. 

The insurance applications of mortality modelling based on the interpolation are numerous and 

diverse. It can be used in life insurance, annuities, pension funds and public health to estimate 

mortality rates and predict future mortality trends. This can help to inform policy and resource 

allocation and can lead to more accurate and reliable estimates of mortality rates. While there are 

limitations to this approach, such as the assumption of smoothness and sensitivity to the choice of 

parameters, these can be mitigated through careful selection of parameters and consideration of 

the data. Overall, mortality modelling based on Stirling interpolation is a powerful and flexible 

approach that has the potential to provide more accurate and robust estimates of mortality rates 

than traditional mortality models. 

Future research should focus on exploring the applications of kernel smoothing which uses a 

weighted average of neighbouring data points to smooth out the mortality curve. Again, spline 

smoothing in the form of piecewise function can be used to smooth out the mortality curves and 

capture the wavy kinks. Actuaries should embark on data cleaning and preprocessing to ensure 

that mortality data is accurate, complete and consistent which helps to reduce the impact of kinks.  
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