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Abstract

This article investigates the differential cross section (DCS) in laser-assisted hydrogen atom
scattering, focusing on the impact of the scattering angle and momentum transfer. By analyzing the
DCS trends for different photon interaction scenarios (N=0, N=1, N=2), we uncover the significant
influence of external laser fields on scattering dynamics. The DCS decreases with increasing
scattering angle, with forward scattering being enhanced and high-angle scattering suppressed. The
Volkov wave function is employed to model the quantum state of the particles, providing insights into
photon absorption and emission processes. The momentum transfer analysis reveals distinct
scattering behaviors: for N=0, the DCS decreases sharply and stabilizes, while for N=1 and N=2,
more complex patterns emerge, suggesting the effects of photon absorption and higher-order
interactions. These findings enhance our understanding of laser-matter interactions and offer
valuable insights for atomic collision physics and quantum control applications.

Keywords: Differential Cross Section, laser-assisted scattering, photon interaction,
momentum transfer, Volkov wave function.

Introduction

It is well recognised that in order to eject a proton from its bounds state, both in an atom or a
solid, the energy of a photon that strikes it must be greater than the electron's bound-state
energy. However, at sufficiently high photon flux densities, the probability of simultaneous
absorption of two or more photons increases. When the combined energy of these n
absorbed photons exceeds the ionization potential (IP), the atom A is ionized by the light
field, even if the energy of a single photon is much lower than the ionization potential
(Delone & Krainov, 1999) as 4 +n.hw — A% + e. In the case with an unbound atom, as
shown in the typical experimental scenario. According to momentum conservation between
a residual ion and photo electron, the latter carries away everything but a minuscule
percentage, or less than 1/2000 of the extra energy as E,., = n. iw — IP.

The study of multiphoton ionization (MPI) has advanced significantly since Einstein's
description of light as an electromagnetic wave. Early theoretical predictions were made in
the 1920s, and perturbation theories by Schrodinger, Dirac, and Geopart-Mayer explored
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photon absorption and scattering processes (Dhobi et al., 2024). Experimental
confirmations, such as the measurement of two-photon ionization in alkali and alkaline
atoms, aligned with theoretical predictions (Delone & Krainov, 1999). With advances in
laser technology, intense fields now enable the observation of multiphoton processes, such
as multiphoton ionization, which are modeled using approaches like the Schrodinger
equation and the Strong Field Approximation (SFA) (Kylstra et al., 2001; Long, 2012).
Research also focuses on nondipole effects and final-state interactions in ionization
(Kaminski & Krajewska, 2024; Trombetta et al., 1990), and the hybrid anti-symmetrized
coupled channels method is used to analyze strong field ionization in multi-electron systems
(Majety, 2015). The development of modified models like CV2— and MCV2— improves the
description of multiphoton excitation by including resonant states (Guichard et al., 2007).
Photon statistics and the Coulomb-Volkov approximation further refine predictions for
electron distributions in strong laser fields (Mouloudakis & Lambropoulos, 2018; Arbé et
al., 2008). The nonrelativistic framework for MPI has limitations, especially in high-energy
regimes, requiring quantum electrodynamics (QED) treatments (Chen et al., 2003).

The thermal Hamiltonian of electrons in a laser field shows distinct interference and
Coulomb-like behaviors in thermodynamic energy and potential, depending on the field
amplitude and distance (Dhobi et al., 2022b). A study of laser-assisted thermal electron-
hydrogen atom elastic scattering, using the first-born approximation and Volkov-Thermal
wavefunctions, revealed that the differential cross-section (DCS) is higher for thermal
electrons than for nonthermal ones, with destructive interference occurring only during
photon absorption (Dhobi et al., 2024). Analysis of electron scattering by Hz under various
conditions showed that DCS increases with temperature and decreases with momentum and
laser intensity, with circular polarization generally yielding higher DCS values than linear
polarization (Shrestha et al., 2024). Electron-atom scattering in a linearly polarized laser
field, using the first-order born approximation, indicated that stronger laser fields reduce
energy shifts, while larger scattering angles and higher Bessel function orders decrease
DCS, providing insights into atomic interactions under different conditions (Bohora et al.,
2024). Finally, the DCS in a non-monochromatic laser-assisted thermal environment
revealed that photon absorption results in higher DCS compared to photon emission due to
atomic oscillation, with DCS behavior varying based on laser phase, polarization, and
separation distance, offering valuable insights for quantum thermal machines and PEMFCs
(Dhobi et al., 2025).

Methods and materials

This technique avoids any further approximation. We will look at an ordinary case: the
ionisation of atoms of hydrogen in their ground state. For only one field parameter. We
demonstrate that the method gives accurate energy spectra during ejected electrons, which
are including many above-threshold ionisation peaks, as long as both of the following
conditions are met simultaneously: (i) the photon energy is higher or equal to the ionisation
potential, and (ii) the ionisation process is not fully saturated. Thus, this Coulomb-Volkov
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treatment can be used to address ionisation of atoms or molecules caused by high-harmonic
laser pulses that are now being created.

In nonrelativistic conditions, the wave function (7, t) interacting with an external
electromagnetic field F (r.t) is given by the time dependent schradinger eq".

870 s 3
" — = [H, + 7. F(t)]y(r,t) (1)
Where H_, = —FT + 1V, (r), 7 represents the electron's location relative to the nucleus, also

known as the centre of mass. F(t) refers to the atom's external field. V,(r) depicts the
interaction between an electron as well as the rest of the target. With a hydrogen-like target
of nuclear charge, Z is simply:

AGOEEE 2

The study is designed for an atom of hydrogen that is initially in the surrounding state.
However, the model can be expanded to ions or atoms having just one valence electron by
using an approach similar to that described by Jain and Tzoar (1978) for alkali-metal atoms.
Thus, the field-free initial state is:

B,(r.t) = @,(r)exp(—is;t) 3)
Where £; = —0.5 is the energy of the ground state ¢; (¥) which is
¥ (T_:j = i_; 4)

The unperturbed final continuum state ¢; (7,t) is the ingoing regular Coulomb wave
function:

67 (,6) = o (Pexp(—is 1) (5)
Where ¢~ () is continuum state of hydrogen normalized to 5[.?5 — E); it is explicitly:
¢ =(2m)zexp (+2) T(1+ iv)exp(ik.7) F, (—iv; 1; —ikr — ik.7) (6)

Where k is the electron’s momentum, g = k?/2is the eigenvalue energy of s (r), and
v = i The field-free Hamilton H_ has two eigen states: ¢;(r) and Pr (). A sine square

envelope is used to represent the finite pulse duration. As a result, the external field around
the atom is as follows:

F(t) = F,sin(wt sin? (&) whente[ot
() = Fysin(ot + ¢) (=) [0 7] .
F(t) =0 elesewhere
T represents the pulse's overall duration. In the following, we select ®=0.855a.u. to match
the average high harmonics energy stated (Duchateau & Gayet, 2001). Although it is not
very important when several oscillators are conducted inside (0,t), all computations are
made utilising a time systemic pulse, which means ¢=n/2-wt/2. The laser's electric field is
derived by the vector potential A (t), which reads:
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A1) = A(ry) =[] dt'F(2) (8)
With the final state gb;(F,t], one builds on ingoing Coulomb Volkov wave function
x7 (r.t). According to (Duchateau et al., 2000 and Kielpinski et al., 2014) it is,
xr (Rt) =97 (rt) L™(7t)
[L" (7,6) = exp{i& (0).7 — ik [[at' A" (t) — £ [faE (1)}
Where A~(t) is the variation of A(t) over the time interval (. t) i.e.
AT =A() —A(D =— [[F(Ddt (10)
During an interaction time less than the original orbital period, a Coulomb-Volkov wave
function provides an accurate depiction of the interaction system. In the Schrodinger image,
the transition amplitude through the state i at t—-co towards the final condition f at t—-c0
can be evaluated at any time t as
T = (%7 (D% (D) (11)
Where ¥7 (1.t) and ¥/ (1.t) are the exact solutions of the equation (1) subject to the
asymptotic conditions.:

©)

¥ F1) = 4(T,0 (123)
VIED —— ¢, 7,0 (12b)

In order to use the Coulomb-Volkov wave function y 7 (r,t), calculations are made with the
so called prior form of the transition amplitude that is:

r-_ lim F OIFO) = im -0, (0) (13)

i ts—m 1 - —m0
according to (12b) and because ¢, (*,t), @7 (r,t)are orthogonal, one may write:

=, 0w le) -, e @leo) =T alwr@lom) 14

t—= —oo — —00
After a standard easy algebra, the expression (14) may be transformed into:
T; = —if, dt (¥7 (®)| £F(1)|0; (1) (15)

In perturbative conditions, one may substitute ¥z (r,t)to ¥ (r,t) in (12). Then, according to
expression (3),(5) & (9). T7; may be written as:

Ty TR = —L'f;dt exp {i(k;— E-l)'t + 1E_Ir ;dtr A- (t’]} + ;—f:dt'ﬁ_z (t")

x [ drop (Fexp(A (£).5)F.F(D ¢, (D) (16)

Let us introduce the useful functions:
O =1(5-¢)+ kA ©+IE20 (17)
f(0) = exp{J far'h (")} (18)
g~ (0 = [ dro; *(Dexp(—iA (1).1)e, () (19)

With the presentation (7) of the outside field F(t), the functions h~(£) and £~ (t) can be
computed analytically. Accurate numeric time integrations are possible even for more
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intricate forms of F(t). Duchateau et al. (2000) provide a standard approach for obtaining a
statistical expression for g~ (t). According to (10), we have:

2 g7 (0) = if dro7 (@) exp(—A (0. D)EF D@, (20)
Thus, T5"*~ may be written as:
Te = —[gdt £ (5 g7 (t) (21)
Integrating by parts and bearing in mind that A~ (1) = 0, one obtains:
T577=f~(0)g~(0) — [ ;dt h™(8) £ (8) g™ (2) (22)

The first item of the right-hand side in (22) is simply TS~ (previous version of CV1)
multiplied by a phase factor f~(0). For a true laser pulse, this value is zero, as there is no
direct electric field present A(0) = 0. To determine 75", perform a simple mathematical

time- integration throughout the pulse length. The angular distribution of expelled electrons

can thus be expressed as:
g2ptiz- i
L — lefV¢—
BE, Ay, fi

-
r

(23)

In this equation, Ex and Qx represent the energy and direction of an expelled electron's
] - g2ptia-

impulse (k). Integrating over Q k yields the energy distribution —a';— , Whereas
integrating over Ex yields the total probability P£"*~of ionising an atom with a single pulse.

Our numerical method begins by diagonalising our hydrogen atom with a finite-sized
Laguerre basis set, which results in a soft-walled potential atom in a box. We will enhance
these approaches to calculate Raman scattering and Compton scattering. The Kramers-
Heisenberg Waller matrix elements including electromagnetic coupling are used to calculate
photon atom scattering cross-sections (Kielpinski et al., 2014).

H_ = (2mc*) 1e?4? — (mc)lep. A (24)
However, we exclude the A? seagull component (the waller the matrix element) as it is only
relevant at =KeV photon energy. Delserieys et al. (2008) define the Kramers-Heisenberg
the matrix element as the transition polarisability oc;; («w) between an initial state |i; LS}
and a final state |j; L;5) via a complete collection of intermediate states |t; L.S). Here, we
use simplified matrix elements with linear polarisation, such as

i}'llzllr]irllzlli]]_l_[ (illzleMellzlla l (25)

£¢j— (~w)—isTyj(w)

O (w) & Erc_l_l-,ir, le

Ep—ed— iirtl': w)
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Where &, = E, —E_, all quantities above are in atomic units (a.u). Cy 1, =§ whilst

1 . . . . .
Co12 =3 Eachog, (w) is calculated as a sum over intermediate states t which are either

bound or pseudostates. When the intermediate state is bound state we compute an imaginary
term (denoted I'm,) by the damping of the oscillator through the line width/s of the atomic
bound state. If the intermediate state in eq (25) is a pseudo state then the linewidth is not
included as continuum state don't have a physical linewidth. For (elastic) Rayleigh
scattering of photon with frequency @ we have (Delserieys et al., 2008 and Langhoff et al.,
1974)
0.0 = orw’|Re [og; (w)] + ilmglog; (w)]]? (26)
Where @ is the Thomsom scattering cross-section of a photon with free electron
(or ® 6.65 X 107**cm® ), while @ and c¢; are both in a.u. The photoionization cross
section is given by (Langhoff et al., 1974)
O1w) = 07 CCwlmy[a, (@)] (27)
For (inelastic) Raman Scattering to state j

Tpsjle) = ﬂrw[w})%e{“e; ['1’)] + “mu[“e}' [CU:JJ (28)
with spontaneously emitted photon frequency w; = w — w,;, the final process considered is
that Compton Scattering which opens up for frequencies above threshold w = |E;| &
analytically requires. The differential cross section to be integrated over all possible
outgoing photon frequencies e’ (I?rukarev etal., 2010)

E
s

max o c L.
Jc (m:] = .r:.:"n[‘l ﬁ dm ~ ZI:}':EJ_-,‘::-J,) gr:_;l'[:mj (29)
Where the largest emitted photon frequency w,,... = @ — |E;|, whilst the smallest w/ .. =0

Result and Discussion

The Differential Cross Section is a key parameter in scattering theory that describes the
probability of particles being scattered at specific angles during a collision. It provides
detailed insights into the nature of the interaction between the particles involved. In the
context of Figure 1 (where N is number of emitted photon), the DCS is plotted against the
scattering angle for hydrogen atom scattering under the influence of a laser field. The figure
reveals that the DCS decreases as the scattering angle increases, indicating a reduced
likelihood of high-angle scattering. In laser-assisted scattering, the external laser field
significantly modifies the interaction dynamics between the particles. The laser field
introduces additional energy and momentum, which can affect the angular distribution of
the scattered particles. This process alters the potential landscape experienced by the
hydrogen atom, leading to changes in the scattering behavior. Specifically, the laser field
often enhances forward scattering (small angles) while suppressing backward or large-angle
scattering, as reflected in the decreasing DCS trend in Figure 1.
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Figure 1: Variation of the differentials cross section with scattering angle for N=0
The Volkov wave function plays a crucial role in describing the quantum state of a particle
in the presence of a laser field. It incorporates the effects of the electromagnetic field on the
particle's motion, allowing for a more accurate description of laser-assisted scattering. The
decreasing DCS with increasing scattering angle, as shown in Figure 1, can be attributed to
the dynamic interaction potential shaped by the laser. The wave function helps model
phenomena such as photon absorption or emission during scattering, which influence the
angular distribution of scattered particles.

The observed decrease in DCS with scattering angle highlights several important physical
implications. First, the dominance of forward scattering suggests that the laser field
enhances the probability of small-angle scattering, a common feature in long-range
interactions. Second, the reduction in DCS at larger angles reflects the redistribution of
energy and momentum due to the laser’s influence. Lastly, interference effects between
particle waves, modified by the laser field, may further contribute to the suppression of
high-angle scattering. These insights enhance our understanding of laser-matter interactions
and their potential applications.

Figure 2 illustrates the variation of the differential scattering cross section (DCS) with
momentum transfer for three cases: N=0, N=1, and N=2. The momentum transfer, denoted
by qqq, represents the change in momentum of the incident electron as it interacts with the
target. The DCS provides a measure of the probability of scattering at different values of
ggqqg. The plot reveals distinct trends for each case (N=0, N=1, and N=2), reflecting
variations in the scattering dynamics influenced by N, which might relate to photon
absorption or emission in laser-assisted processes.

For N=0, the DCS initially decreases sharply as the momentum transfer increases. After this
sharp decline, the DCS stabilizes and remains nearly constant over a range of momentum
transfer values. Interestingly, beyond a specific threshold, the DCS begins to increase again,
indicating a possible resonance or enhanced scattering probability. This behavior suggests
that for N=0, the system undergoes minimal external perturbation, and the scattering
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dynamics are primarily governed by intrinsic properties of the interaction. In the case of
N=1, the DCS initially increases with an increase in momentum transfer. This rise is
followed by a sharp decline as momentum transfer increases further. The sharp decrease in
DCS for N=1 may indicate stronger interactions due to energy absorption or photon
interaction, which alters the scattering probability. The sharper decline compared to N=2
highlights the distinct role that single-photon processes play in modifying the scattering
dynamics.

For N=2, the DCS also shows an initial increase with rising momentum transfer, similar to
N=1. However, the subsequent decline in DCS is less pronounced compared to N=1. This
trend suggests that higher-order processes involving two photons contribute to stabilizing
the scattering cross-section at larger momentum transfers. The reduced sharpness in the
decline might be attributed to interference effects or energy redistribution over multiple
scattering pathways. Comparing the three cases (N=0 N=1, and N=2), it is evident that N=0
exhibits a simpler scattering behavior with minimal external influence, while N=1 and N=2
show more complex dynamics due to laser-induced effects. The sharper decrease in DCS for
N=1 compared to N=2 underscores the influence of the number of photons involved in the
process, with higher photon counts leading to more gradual changes in the cross-section.

—
e
T T T ——

OJDE

=

=

wn
T

=
=1
=

Differential cross section (a.u.)
(=]
=

Momentum Transformation (eV)

Figure 2: variation of differential cross section with momentum transformation for N=0,
N=1 and N=2

The trends in DCS with momentum transfer provide valuable insights into the scattering
mechanism under laser-assisted conditions. For N=0N = ON=0, the scattering primarily
reflects intrinsic interaction properties, while for N=1 and N=2, the laser field introduces
additional complexities, such as energy exchange and interference effects. These findings
have implications for understanding electron dynamics in external fields and could be
applied to fields like laser-matter interaction studies, atomic collision physics, and quantum
control. The nature of figure with emission of photon is similar to obtained (Dhobi et al.,
2022a).
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Conclusion

In this study, we have explored the differential cross section (DCS) as a key parameter in
laser-assisted scattering processes involving hydrogen atoms. The DCS behavior with
respect to scattering angle and momentum transfer reveals significant insights into the
interaction dynamics influenced by external laser fields. Our findings demonstrate that the
DCS decreases with increasing scattering angle, reflecting enhanced forward scattering and
suppressed high-angle scattering due to the laser field's impact on the potential landscape.
The Volkov wave function's role in accurately modeling these interactions highlights the
influence of photon absorption and emission on the scattering process. Further analysis of
the DCS variation with momentum transfer for different photon interaction cases (N=0,
N=1, and N=2) reveals distinct trends. For N=0, the DCS decreases sharply with momentum
transfer but stabilizes at higher values. In contrast, for N=1 and N=2, more complex
dynamics emerge, with photon interaction leading to stronger variations in the DCS. The
sharp decline in DCS for N=1 suggests more pronounced energy exchange, while the more
gradual decrease for N=2 reflects the stabilizing effects of higher-order photon interactions.
These insights are critical for understanding electron dynamics in laser-assisted scattering
and have important implications for fields such as atomic collision physics and quantum
control.
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