The Nepali Mathematical Sciences Report Year: 2026, Volume: 43, No.: 1
Regd No.: 53/033-034, ISSN: 2392-411X Pages: 17-28
http://www.journal.cdmathtu.edu.np https://doi.org/10.3126 /nmsr.v43i1.98496

Research Article

vl

)
"u‘l?i'

On Generalized Difference Sequences of Bicomplex Numbers

and its Extension to n-Normed Related to m(¢)

Molhu Prasad Jaiswal®, Narayan Prasad Pahari™?, Chet Raj Bhatta®, Purushottam
Parajuli*, and Gobinda Adhikari®

Department of Mathematics, Tribhuvan University, Bhairahawa Multiple Campus,
Bhairahawa, Nepal
pjmath1234@gmail.com
*23Central Department of Mathematics, Tribhuvan University, Kirtipur,
Kathmandu, Nepal
nppahari@gmail.com, chetbhatta0@gmail.com
4Department of Mathematics, Tribhuvan University, Prithivi Narayan Campus,
Pokhara, Nepal
pparajuli2017@Qgmail.com
*Department of Mathematics, Tribhuvan University, Butwal Multiple Campus,
Butwal, Nepal
gadhikari4d9@gmail.com

Received: 14 April, 2026, Accepted: 22 June, 2026, Published Online: 10 August, 2026

Abstract

In this work, we study some of the properties related to difference sequences of bicomplex
numbers. Besides of these, we also introduce a new class of n-normed generalized
difference sequence over bicomplex numbers associated with £, space.This work extends
classical results on generalized difference sequence spaces associated with m(¢) to the
bicomplex framework.We introduce few topological and algebraic properties including

completeness, convergence-free property, symmetricity and solidness.
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1 Introduction

The study of n-normed space was first initiated by Gahler [?] and further developed by
Misiak [6], Gunawan [2]. Kizmaz [5] introduced difference sequence space ¢o(A), c(A),
co(A), Tripathy and Esi [16] generalized these to A,, and Tripathy, Altin, and Et [15]
introduced AT . Sargent [I3] defined the space m(¢). Tripathy, Rana, and Borgohain [17]
combined these ideas into an n-normed generalized difference sequence space m(¢, A}) over
real scalars.

Recent studies by Jaiswal, et al. [3 4] [7, 8] have significantly contributed to the theory of
bicomplex numbers by extending the sequence of complex numbers. Kizmaz [5] investigated

difference sequence spaces defined as follows:

S(A) ={y = (y) : (Ayr) € S}

for S = lo,c and ¢y, where Ay = (yr — yr+1), for all £ € N, which is Banach space and
norm is defined by [lylla = Iyl + supy | Ayl

Tripathy and Esi [16] introduced a new type of difference sequence spaces, for fixed m € N,
and S(An) = {y = (yr) : (Anyk) € S}, for S = Iy, c and ¢y, where Ay = (Apyr) =
(Y — Ygk+m), forall ke N.

The above spaces are Banach spaces and the norm is defined by

m
lylla, =D llvell + SUp | Amyi-
t=1

Tripathy, Altin, Et [I5] generalized and introduced the following.
For p,q € N, S(A]) = {y = (yx) : (Afyx) € S},for S = l,c and ¢y. Which has a binomial
representation
q
q
Afyr =D (-1)! <t>yk+tp-

t=0
This extends naturally to bicomplex valued sequences. Initially, Sargent [13] introduced
the sequence space m(¢). Later on it was studied from the sequence space point of view
by Rath and Tripathy [10]. We extend the generalized difference sequence space associated

with m(¢) into bicomplex setting.

The aim of this paper is not only replacing real or complex scalars into bicomplex
scalars, but also showing several genuinely new bicomplex results based on idempotent

decomposition.

2 Preliminaries

Definition 2.1. The classical complex numbers are defined as

C:{p+qz’ : p,qGRandi2:—1}.
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Definition 2.2. (Segre, 1892) [14] The bicomplex numbers BC are defined by z = a + bi +
cj+dij = 21+ 205, where a,b,c,d € R, 21,20 € C,and i® = —1,5%2 = —1,ij = ji = k, k? = 1.
The collection of bicomplex numbers BC = { z; + 295 : 21,22 € C}.

Every bicomplex number admits the idempotent representation z = z1e; + 22e2, where

e = 1—;”,62 = 1_7”, satisfying e? = ej,e2 = eg,e1e2 = 0,e1 + ea = 1. The set BC is a

commutative ring under the usual operations of addition and multiplication.

Moreover, for z = z1 4+ 227, the Euclidean norm on BC is

I2llBc = V/]21[% + |22]2.

Definition 2.3. (Gahler [I]) Let n € N and let X be a vector space over the bicomplex
field BC. A bicomplex-valued mapping |-, ..., || : X™ — BC is called a bicomplex n-norm
on X, if for all wy,...,wy,s,t € X and a € BC, the following conditions hold:

L. [[(wy,ws, ..., wy)||n =0 if and only if wy,ws,...,w, are linearly dependent.

2. |[(w1,wa, ..., wy)|n is invariant under permutation.

3. [(wi, ..., wp—1,qwy)||ln = |af (w1, ..., wp—1,wn)|n-

4. ||(wiy ..y wp—1,8 +t)|[n < |[(w1,. .., wn—1,8)|ln+ [[(w1,..., wWo—1,1)||n-
In this case, the pair (X, ||---||») is known as an n-normed space over the bicomplex num-
bers.

Definition 2.4. Suppose (z}) is a sequence defined in an n-normed space X over BC. Then
(z) is said to converge to an element z € X, if

limy o0 || (w1, wo, . .., Wn—1, 2 — x)||,, = 0,Vwi,wa, ..., wy—1 € X.

Further, (zy) is called a Cauchy sequence if

lim; oo [[(w1, wa, ..., wn—1, 25 — 23)||, = 0,Ywy,wa,...,w,—1 € X. An n-normed space
over BC is called complete if every Cauchy sequence converges to a point of the space. Such

a complete space is called an n-Banach space.

Definition 2.5. An n-normed sequence space F defined over the bicomplex numbers BC

is called solid if (y;) € F whenever (z) € E and
H(wla w2, . .- )wn—lvyk)Hn < ||(w17/w25 R wn—l’xk)Hn )Vk e N.

Definition 2.6. Consider a sequence x = () and let S(z) = {(2x(,)) : ™ is a permutation of N}.
A sequence space E over BC is called symmetric if every rearrangement of any sequence in
FE also belongs to E.

Definition 2.7. Let E be a sequence space over the bicomplex numbers BC. Then the
space E is called convergence-free if (yr) € E whenever (z) € E and yr = 0 whenever

zr = 0.

19



The Nepali Math. Sc. Report Year: 2026, Volume: 43, No.: 1

Definition 2.8. The sequence space E defined over BC is called monotone if E includes

the canonical preimages corresponding to each of its step spaces.

Lemma 2.9. Solidity of a sequence space E over BC implies monotonicity.

In the past, different classes of sequences have been introduced and their different
algebraic and topological properties have been investigated by Tripathy, Altin and Et [15]
and many others. For bicomplex sequence spaces, Segre [14] recent contributions include
works by Sager and Sagir [12].

Let P; represent the family of each subset of N containing at most ¢ elements. Let {¢;}
be a non-decreasing sequence of positive real numbers satisfying (¢ + 1)¢; > t¢yy1,for each
t € N. The sequence space m(¢) introduced by Sargent (1960) [13] is defined as

(6) = { (01) € X s ol =500 21 & S i < ¢
The following work extended by Trlpathy, Rana and Borgohain [17], to n-normed space is

as follows:

=< (1) € X larllym ($,A%) = sup % Z H wl,wg,...,wn_l,Agxk)Hn < 00
aEPt ke

In the following, we extend the above n-normed space into bicomplex setting.

(mmc(o, AF), [ -+ [In)
= ¢ (7x) € w(C2) : |2kl pm ($,AL) = sup b 2 Z H wi, W, . . . ,wn_l,Aga:k)Hn < 00
aGPt kea

3 Some Decomposition Properties

In this section, we study some of the algebraic and structural properties related to the
bicomplex sequence space mpc(¢, Af) . We also establish the idempotent decomposition,

norm decomposition, and a few geometric properties.

Theorem 3.1 (Idempotent Decomposition Property). Let y, = ylil)el + ylg, )62, where ey

and ey are the idempotent elements of the bicomplex field. Then
() € mac(6,A8) iff (4), (07 € m(s, AY).

Proof. Let (yx) € mpc(¢, A}). Every bicomplex number has the unique idempotent repre-

sentation y = y,gl)el + y,(f)eg, where e; = HT” and ey =

q
q
Alyr = Z(—l)t (t>yk+tp7

t=0

L ” . Using
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we obtain,

q
Aqyk - Z(_l)t <t> (y](ngtpel + y](ngtPEQ)

t=0

q q
q
(Bt} (v ()
t=0 t=0
= (A%y)er + (ALyP ey

Since ||z||pc = max{|z1], |22|},
1 2
1ALyx|[se = max{| ALy, A%},

As (yxk) € mpc(¢, Af),
sup — Z\\Agykum < 0.

kea
aGPt
Hence

sup Z ||Apyk)||B<c < 00, i=1,2,

OcEPt
which implies,

1 2
(i): (w”) € m(o, AY).

Conversely, suppose

), (1?) € m(g, A9).

Then

sup - Z 1A%y |lae < 00, i=1,2.

¢ kE€a

aeP

Since
2 2)
1ALyx|[ac = max{|Alyt"| A% P} < |ALyD| 4 |ALy?)|,

we have

1 1 2
P Z 1ALy, [l5e < — Z\A W)+ &ngy,i ).

kea kEa kea

Taking supremum on both sides,
sup Z | Ayk B < oo
Oéept

Therefore,
(yk‘) € mB(C<¢7 Ag)a

and hence
(ye) € mpc(6,A8) <= (y), (v”)) € m(¢, AL).

Hence the proof.
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Theorem 3.2 (Norm Decomposition Property). For every y = y(l)el + y(2)eg, we have
lyltac = max { iy, Iy lln }

Proof. Let y = yMey + yPes, where y) = (Y v )) and y®) = (y;(f))'

Using

q
q
Adyr, =Y (—1)f <t) Yk+tps

t=0

and substituting y, = y,(cl)el + y,?)eg, we obtain

q
Aqyk - Z(_l)t <t> <y](€.2tpel + y](ﬁgtPBQ)

t=0
- 5 . 7\ @
= (Z(_l) < )yk+tp> el + (Z(_l)t (t)yk-f—tp) €2
t=0 t=0
= (Alys)er + (Al e

Since ||z||pc = max{|z1],|22|},

1AZyklme = max{] A%V, A%y},

Using the definition of the norm,
lylsc = sup - Zmax{mpyk AINTSlS
aEP

Hence,
Iylse > Iy llms Nl > 1y lm,
which implies
Iyliae = max {Ily® llm, 1y lm } -

Using max{a, b} < a + b, we obtain

1
1ALy lse < A% ]+ | AL,

and therefore

Iyllec < 11y llm + 1y®]m.

Hence,

Iyltac = max { iy, 5 lln }

Example 3.3. The space mpc(¢, Af) is not solid.
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Proof. On taking example we prove it. Consider (xj) = (k). For first difference,

Axk:xkka+1:kf(k+1):fl.

Hence (x1) € mpc (¢, Af). Now consider the sequence (ay) of scalars defined by

1, if k£ is even,

0, if kis odd.

ap =

Then

2k, if k is even,
apTE =
0, otherwise.

So (axzr) = (0,2,0,4,0,6,...). Now A(arzry) = (—2,2,—4,4,—6,6,...). Which is un-
bounded and hence (axx) ¢ mpe(p, A). So the space is not solid. O

Example 3.4. The space mpc(¢, A}) is not symmetric.

Proof. We prove it by taking an example. Consider (xx) = (k). Then for first difference,
Al‘k:xk—l’k+1=/€—<k+1)=—1.

Hence (x1) € mpc (¢, Af). Now rearrange the sequence as

y=(1,3,2,5,4,7,6,...).

Then the difference Ay = (yr — yr+1) = (—2,1,-3,1,—4,1,...). Which is unbounded and
hence (yi) ¢ mpc(p, A). So the space is not symmetric. O

Example 3.5. The space mpc(¢, A}) is not convergence free.

Proof. On taking example we prove it. Let (zy) = (k).
Then the difference Ayxy = —4 and hence (xy) € mpc (¢, A).
Define vy = k2. Then
Ay = —8k — 16.

Which is unbounded and hence (yx) ¢ mpc(¢, Ag). So the space is not convergence free. [
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4 Main Results

In this section, we present some theorems related to the generalized difference sequence
space related to m(¢) over bicomplex numbers in n-normed setting. This result extends

few classical properties from real and complex sequence spaces to the bicomplex setting.

Theorem 4.1. If X is a bicomplex n-Banach space, then the space

(msc (o, AR, |-+ [ln)

s a bicomplex n-Banach space with respect to the norm defined by

:Z\\(wl,wg,...,wn_l,xr + sup — ZH wl,wg,...,wn_l,Aga:k)Hn

>1 ¢t £
aEP;
for all wi,wa, ..., w,—1 € X.
. A\ OO
Proof. Suppose that z(?) = (x,@) . be a Cauchy sequence in the space (mpc (¢, AR), || -« ||ln)-
i

Then for every € > 0, there exists no € N so that, |zt — :L'an’m(d,,Ag) < g, for each i,5 > nyg.

Hence, for all 7,7 > ng.

pq A A
Z H (w17w2, W1, T ( ) x(J)) +sup — Z H (wl,wg, R TS WA (x,(;) — x,&”))
! noo>1 Pt n
a€EP;
Hence
pq
ZH(wl,wg,.. s W1, T ()—x(3)> <eg, for all 4,7 > ny.
r=1 "
Therefore H (wl,wg, .. ,wn_l,xy) — x@) < &g, for all 7,5 > ng.
n

i.e., (m&”) is a Cauchy sequence in X, and it is a bicomplex n-Banach space, hence it is

convergent in X, for i =1,2,3,...,pq. Therefore, lim;_, :1:,(}) = x,. Also, for all i, j > nyg.
sup —ZH(wl,wg,...,wn_l,Ag (9:,(;) —x,gj)>> <e,
t>1 G n
a€EP;

Let t =1, we get

Z H (wl,wg, ey W1, AL (:L‘](;) — x,(gj)))

kea

<e,

n

for all 7,5 > mg. Hence (Agxé)) is a Cauchy in X and it is bicomplex n-Banach space.

So it is convergent in X. Let lim; o Agxg) =y, in X, for all £ € N. Now we show that

lim oo 2 = 2 and z € (m(d, AD), ||---|ln). If k = 1, we get lim; o :ltl(jq)Jrl = Zpgt1, for
p,q > 1. We have lim; a:,(:) = xp, for all £ € N.

24
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Hence lim; o0 Agxl(fi) = Ajxy, and lim; l‘/(j) = Ty, for all k € N. Which shows that
(+9) is a Cauchy sequence in (m(¢, AL). |-+ ). So
1 ' '
sup - w,w,...,wn_,Aq<$(z)_$u)>> <.
tzli)qbt;H(l 2 L Sp g k .
acP; ca

for all 7,j > ng. As j — 0o, we have

i H (wl,wg, .. .,wn_l,xg) — xr) + sup 1 Z H (wl,wg, R S A (x,(;) — xk>) ‘ <e.
" e "
Hence by definition, ||z* — Tl m(g,a9) < € for all i > ng. Here lim;oo x,(j) = xy, for all
1 > ng-
||96Hn,m(¢,Ag) = |z - z® + fv(i)||n,m(¢7Ag)

<|lz — 2@ nm(g,AL) T |\33(i)||n,m(¢,ag) <e+ M,

where
M = sgp Ha:(")||n’m(¢7Ag) < 00.

Thus,

||17Hn,m(¢,A;§) < 00,
and hence

x € (mpc(d, A, [+ ln)
Therefore,
(mac(¢, AR, |-+ |ln)

is a bicomplex n-Banach space. ]
Theorem 4.2. The space (mpc (o, Ad), |-+ ||n) € (mpc(, A, ||+ ||n)

if and only if sup;>q % < 00.

Proof. Let us suppose that supt21% = k < oo. So that ¢y < k. Now, if (z3) €
(mBC(¢7 Ag)a || e ||n) :

Then sup ¢>1 é Y okea (w1, w2, .. wy 1, Adxy)|l,, < oo.
ach;
Therefore, sup ¢>1 k%pt Y ke (Wi, w2, .o w1, Adzy)|,, < oo.
aclP;
Le., (z1) € (mpc (¢, Ap), |-+ IIn) - Hence (mmc(d, Ap), |-+ [ln) € (mac (v, Ap), ||+ [In)-

Conversely, suppose that,

(mec (0, Ap) |-+~ lln) € (mac (¥, AR, |-+ In)
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Then we have to prove that sup;>, % = sup;> ar < 00. Let sup;>q(ar) = oc.
Then there exists a subsequence (ay;) of (a¢), therefore lim; o a;;, = 0.

For (z1) € (mgc(o, AR, |-+ [|In)-
We have,

312111) wt ZH wl’w2""’wn71’Agxk) 2 21;11) t ZH w1, w2, . . awnfl)Ag)xk)Hn:OO'

acPl; kea ach; ' kea
Hence sup ,2113 i Y okea (Wi, w2, .. wp 1, Agxk)Hn = 0.

el
Hence (xy) € (mpc (v, AR), || -+ ||n) is a contradiction. Hence the proof. O
Theorem 4.3. For the bicomplex sequence space (mpc (¢, AR), ||+ |In), the following rela-
tions hold:

Iy AD - lln) € (mpe(d, AL, [+ 1ln) € (15 (AD-]] -+ [ln)-

Where (ZEC(AI%), |-+ |ln) is the bicomplex analog defined by

1Zlln,1, = (Z H W1, W2y« + oy W1, Agxk) H‘Z)

Proof. For the first relation assuming ¢; = 1, for all ¢ € N.

(mac(¢, AL, [ ) = GEAD)--- [ln)-

So the first relation is proved. For next let yx € (mpc(, AR), ||+ [ln)-
Then by definition,

1
ilzllf E Z H('IUL’LUQ,. . 'awn—hAgyk)Hn =k < 00.
acl;

For the second relation, take t = 1,

H (U]l,’wg, <oy, Wn—1, Agyk) Hn < k¢17

for k. Which implies that

sup H (wl,wg, e ,wn,l,Agyk)Hn < 0.
k>1
Thus we have yj, € IEC(A?), |- |l»). This completes the proof. O
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5 Conclusion

In this work, we have introduced a bicomplex generalized difference sequence space mpc(¢, A)
and investigated several of its algebraic and structural properties. The classical generalized
difference sequence space associated with m(¢) has been extended to the bicomplex setting.
Furthermore, the idempotent decomposition property, norm decomposition property, and
several topological and geometric properties, including completeness, convergence-freeness,
symmetry, and solidity, have been studied to provide a deeper understanding of the structure

of the proposed bicomplex sequence space.
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