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Abstract

Classical sequence spaces such as [, ¢, and ¢y have been extensively studied and
recognized as fundamental in the advancement of functional analysis and related areas of
mathematics. In this article, we investigate the algebraic properties together with para-
norm structures of the sequence spaces Wy (A, f)(Cs), W(A, f)(Cs), and W (A, f)(Cs)
in a bi-complex setting, which are induced by a non-negative real-valued function .
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1 INTRODUCTION

A sequence space refers to a set of sequences, generally consisting of real, complex, or bi-
complex numbers, which forms a vector space under the standard operations of addition
term by term and multiplication by a scalar. The set of all sequences is denoted by w. Any
non-empty linear subspace of w is referred to as a sequence space.

In particular, the spaces [, ¢, and ¢y correspond respectively to the families of

bounded, convergent, and null sequences, and they can be described as follows:
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loo = {y = (uk) Gw:S%plykl < oo}

c={y=(y) €w:31eC: |y, — | >0as k— oo}

co={y=(yr) €Ew:|yx] = 0 as k — oo}

and the norm associated with these spaces is defined as

ly|loo = sup |y, for all natural numbers k.
k

2 DEFINITIONS AND PRELIMINARIES

Definition 2.1. Let X be a linear space, and h : X— R denotes a function that assigns
real values. The function h is said to be a paranorm on X [2] if it satisfies the following

conditions:

1. h(x) >0 for all z € X.
2. h (#) = 0, where 6 = (0, 0, ...) is the zero vector in X.
3. h (-x) = h (x), i.e h is an even function.

4. The function h satisfies the subadditivity property, i.e. for all x, y € X,

h(z+y) <h(z)+h(y).

5. h is continuous with respect to scalar multiplication.

The space (X, h) is called paranormed space. Furthermore, a paranorm h is called a

total paranorm on X if the condition h () = 0 implies = = 6.

The notion of paranormed spaces was first introduced by Nakano [I1] and Simmons
[23], and was later studied and generalized by Tripathy and Sen [3], Maddox [12] as well as
Pahari [17, [18].

Definition 2.2. A mapping M: [0,00) — [0,00) is called an Orlicz function [I6] if it is

continuous, non-decreasing and convex, and it satisfies the following conditions:
(a) M(0) =0,
(b) M(z) > 0 for all z > 0,
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(¢) M(z) = o0 as z — oo.

Definition 2.3. An Orlicz function M is said to satisfy Ag - condition [16] provided that

there exists a constant L > 0 such that

M (2z) < LM(x) for all z > 0.

The concept of Orlicz function was employed by Lindenstrauss and Tzafriri [13] in

defining the Orlicz sequence space

o0
I ={y=(y) € w: Z M(%ﬂ‘) < oo for some o > 0 }, where w represents the space of all sequences
k=1

of real numbers.

This space [y becomes a Banach space [13] when equipped with the Luxemburg norm

. N
ly|| = inf{ o > 0: ZM('J’“) <1}.
k=1

If the Orlicz function is given by M(z) = P for (1 < p < o0), then the Orlicz sequence

space [y reduces to the classical sequence space [p,.

The geometric and topological aspects of Orlicz sequence spaces have been widely in-

vestigated by several researchers, such as Kolk [§], Parashar and Chaudhary [22], Khan [24].

Definition 2.4. For a sequence y = (yx), its difference sequence is defined as
(Ayx) = (yx) — (yk4+1) for all k € N.

Kizmaz [10] introduced the following classes of difference sequence spaces.

loo (A) ={y = (n) : Ak €l },
c(A) ={y = (y) : Ayx € c},
co(A) ={y=(y): Ayx €co }.

where, Ayx = Y — Y1

Definition 2.5. Bi-complex number:

Bi-complex numbers are the extension of complex numbers obtained by introducing
two independent imaginary units. This concept was first proposed by Corrado Segre [4] in
1892 .
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In this work, the notations Cgy, C; and Cs denote the set of real, complex and bi-complex

numbers respectively.
A bi-complex number z is defined as
zZ = (al—i—ibl)—l—j (Cl—i-idl)
= 21+jz2 ,where 21 =a; +ib1, 20 = c1 +ids
with a1, b1, ¢1, di € Cy, 21, 20, € Cy.
Here, i and j are the independent imaginary units that satisfy the relations:
i? = j2 = —1, ij = ji = k where k is a hyperbolic unit and k% = 1.

The set of all bi-complex numbers is given by

Cy, = {Z] +jz2: 2,22 € (Cl}
Within Cs, there exist two non-trivial idempotent elements e; and e; which are defined
1—14j

and ey = 7

14y
2
They obey the basic defining relations

€1

e1+e =1, ej.eg =eg.e1 =0, e% = e; and e% = e9.

Every bi-complex number z = z+j z2 (where 2, zo € C;) can be uniquely decomposed

in the idempotent basis as

z = ey + p2 eg,

where the components are given by

W =2z —izp and po = 21 +1i2s.

The Euclidean norm defines a Euclidean-type norm on Cy which is given by

|1 |* + |p2f?
e

For an additional detail on bi-complex numbers and their sequence spaces, we refer
[T, 5, 6, @, 19}, 20, 21].

loles = Jad + 8+ G+ & = VIaP + [f =

Definition 2.6. A mapping f : R — [0,00) is called a ¢ - function [7] if it fulfills the

following requirements:
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(a) f(t) =0if and only if t = 0,
(b) f is an even function,
(c) f is non-decreasing on [0, 00).

A ¢ - function is closely related to an Orlicz function M.

By extending the results of Herawati and Gulton [7], Ghimire and Pahari [I4] intro-
duced a family of difference sequence spaces and studied their structural properties. These

spaces are defined as follows.

| Ayy|

) = 0asm — oo and for some o >0},

Wo(A, ) = {y= () €w: > F(

k=1

1o~ , Ay —1
W(Aaf):{y:(yk)GWI35>02aE f(w)—)Oasm — oo and for some o > 0},
o
k=1

- A
Wool & )= (=) €w:3o>0:smp -3 7 (180 < ooy
o k=1

where f is a ¢-function.

We now extend these constructions to the framework of bi-complex numbers. The

generalized sequence classes are given by:

[ Ayl

g

Wo(&, £)(C2) = {y = () €w(C2) - > 1

k=1

WA, F)(C2) = {y=(m) €wl(C):31>0: 3 f(
k=1

) = 0asm — oo and for some o >0},

Ayy — 1
w)ﬁOasm — 00 and for some o >0},
o

W (A, £)(Co) = {y=(yk) Gw(Cg):30>0:sup;LZf(HAUyk”) < 00}
m k=1

Definition 2.7. A sequence space X is called solid or normal [15] if for every sequence
y = (yk) € X, there exists a real sequence (ayx) with |ax| < 1 for all k € N such that the

sequence (axyk) also belongs to X.

3 MAIN RESULTS

This section is devoted to establishing some results related to bi-complex sequence classes
Wo(A, f)(C2), W(A, f)(Cz), and Weo (A, )(Cy).
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Theorem 3.1. Suppose the ¢ - function f satisfies the As-condition, then the sequence
classes Wy(A, f)(Ca), W(A, f)(Cq), and W (A, f)(Cs) form linear spaces over the field of

complex numbers C;j.

Proof. We first establish the linearity of W (A, f)(C2) and the linearity of the spaces
Wo(A, f)(Cq) and W(A, f)(Cz) follows in the similar manner.

Let y = (yx), 2z = (2x) € Wo(A, f)(C2) and «, f € Cy. Then, there exist positive

constants o1 and o9 such that

m g
m =1 1

) < o0 (3.1)

and

" *Z ; (HAJzku) 52

Setting, o3 = max {2|a|o1,2|8|o2} and using the results (3.1) and (3.2) we have

Supzf(”A et B0 _ gy i (L aAykgmzm)
s 12 < IaAykll) kz < |BAzkﬂ>
el f; (ZellBudy 1 f”: p (221321)
<1 w ki (!Ao_zikH) w ki <ymu>

< 00 + 00 = Q.

Ui A
. Sipnlzszw (ayz;:/ﬁzk)H><
=1

Hence, the linear combination ay + 8z € W (A, f)(Cy) for all y = (yx) and z = (2x)
W (4, f)(Cq) and for all scalars «, 8 € Cj.

Therefore, the sequence class W (A, f)(Cz2) is a linear space.

Theorem 3.2. The space Wy(A, f)(Cz) can be equipped with a paranorm, making it a
paranormed space h: Wy(A, f)(Cy) — R defined by

h(z) = inf{o > 0 : i (HAxk||>§1Vm€N}
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where, z = (z;) € Wo(A, f)(Ca).
Proof.

Let x = (xx) € Wy(A, f)(Cz). Then,
(i) h(z) = inf{oc >0 : %Zf <M> <1}
k=1
h(0) =0 and h(z) > 0 for all z € Wy(A, f)(Ca2).
(i) h(—z) = inf{oc > 0: %Zf <W> <1}
k=1

:inf{a>0:nllif(”A:k”) <1}
k=1
= h(z).

h(—z) = h(x) for all z € Wy(A, f)(Cs).

(iii) Let z = (z1), y = (yx) be any two sequences in the space Wy(A, f)(Cz). Then, there

exist positive constants oy, oo such that

1 « A
Zf<| $k”>—>0asm—>oo,
7TL]C 01

=1

1 & A
and—g f<H ka)—)Oasm%oo.
mk:l g9

Let 0 = max {01, 02}. As fis a non-decreasing function on [0, c0), we have

_ LS (AT + Ayl
h(x+y)—1nf{a>0.m2f< . )Sl}

k=1

Sinf{01>0:12f<HA$k”> §1}+inf{02>0zlzf<”Aka> Sl}
m 01 mk:l g9

k=1
<h(x)+h(y).

h(X+y) < h(X) +h(y) VX, yE WO(Avf)((CQ)

(iv) Finally, it is established that the operation of scalar multiplication is continuous.

Let z = (z) € Wo(A, f)(Cz) and h(z,(gm) — z) — 0 as m — oo. Also, let (a,,) be a

sequence of scalars which converges to «, i.e. a,, — « as m — oo.
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Then,

m 1 & m —aA
h(amzl(c )—azk> = inf 0’>OIEZ lo Zk « ZkH) }
<i

inf {0’ >0: (HamAzk — aAZk | ) }
inf {0>0: (HaAzk _aAZk”> Sl}

1
m
Az™
\am—a|mf{ :mi Zf(' ok ||>g1}+ya

mf{UQ Zf<||Azk . Azkn) 51}

:|ogm—04|h<z,(€ )—Ha!h(zk )—zk) — 0 as oy, — o and h(z,(cm)—zk> — 0.

Sl=

MS ?Ms

o h (amz,im) — azk> — 0 as m — oo. Hence, scalar multiplication is continuous and

Wo(A, f)(Cq) is a paranormed space.
In a similar manner, it can be shown that W (A, f)(Cy) and W (A, f)(Cs) also form

paranormed spaces.
Theorem 3.3. The linear space W (A, f)(Csq) is a complete paranormed space under the

assumption that ¢ - function f is convex and satisfies the Ao-condition.

Proof. Let (z}) = (z% ") zén) én), ...) be any Cauchy sequence in W(A, f)(Cz). Then, for

)

every € > 0 there exists ng € N such that for all m,n > ng we have

(n)
h (z(m) _ z(n)) < ¢ and Zf (HAzk — Az ||> 1

As f is convex, we get

r r (m) (n)
1 (m) A _(n) 1 Az — Az ||
;Zf(HAZk Az H) §€~r;f 5 < e.

k=1
Since € > 0 is arbitrary, f (||Az,£m) - AZ](CH)H) =0 for all m,n > nyg.

Thus, HAZI((m) - Azl({n) (z) is a Cauchy sequence in

R for all k € N. From the completeness property of R, there exists 2z € R such that

lim z; = 2.
n—0o0
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Thus, for all n > ng we get

<&l

o] - -
A = A - a7 = i

1 Az’ —1
Since (211) € W(A, f)(Cy), there exists > 0 so that . E f <HZI‘H> — 0 as
o
k=1

r — o0 and for o > 0.

The continuity of f implies that

1< Az — 1| 1< H limy, 00 Azy =1 H HAZ —1
TI;f< o >:7’k§1f g nﬁoorzf —— =0asr = oo

lzf <”Azl;_l”) — 0 as r — oo. Hence (2x) € W(A, f)(Cy) .

Finally, we show that h(z(") — 2) — 0 as n — cc.

From the continuity of ¢ - function f, it follows that

1A — Az

1T
l;f< .

) P (1457 = lim AR

_7‘ (o
k=1

*Zf <||Azk Az£”>|r> -

I|A A
Thus, h(=" — 2) = inf{o > 0 Zf(w> 1.

Hence, we get h(z(™ — 2) < o for every o > 0.

Therefore, there exists a real sequence (2q) where p, ¢ are real numbers such that

h(z™ — 2) < %,q > 1. Hence, we get h(z™ — z) — 0 as n — oco.

So, W(A, f)(Cs) is a complete paranormed space. Similarly, we can show that W (A, f)(C2)

is also a complete paranormed space equipped with the same paranorm defined on W (A, f)(Cy).

Example 1. The sequence spaces Wy(A, f)(Cq), W(A, f)(Cz2), W(A, f)(Cz) are not

normal.

Consider the sequence space Woo(A, f)(Cz) and let z = (z;) = (kj) for all k. Then,
(Az) = (=)
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e L& (1 1
Now, sup % f () = sup — f <> =sup f <> < 00.
Hence z = (z1) € W (A, f)(Cy)

Let ax = {(—1)*} be any sequence of scalars satisfying |az| < 1 for all natural numbers

Then, Aagzr = (—1)Fzp — (=1 zpp1 = (=D (2 + 2141) = (=1D)F(2k + 1)
| Aagzkl] = 2k + 1.

Now for any positive real number o, we have

m

R A 1 o=, (2k+1
supi(”am>—supi( + >—>oo,asm—>oo
m m o m o
k=1 k=1
This is because ¢-function f is increasing and f(t) — 0o as t — oo.

(akzk) € WOO(A, f)((CQ)
Hence, the space W (A, f)(C2) is not normal.

4 CONCLUSION

In this article, we examined the sequence spaces Wy (A, f)(Cq), W (A, f)(Cs), and W (A, f)(Cs)
focusing on their algebraic properties together with paranorm structures. A natural direc-
tion for future research will be to extend these spaces to double sequences of bi-complex

numbers.
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