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Abstract: N. Kolmogorov introduced a law of the iterated logarithm, abbreviated LIL, in the case of
independent random variables. Over the years, analog of his result has been introduced in various contexts
of analysis. Here, we introduce a similar LIL in the context of sums of Rademacher functions.
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1. INTRODUCTION

A law of the iterated logarithm, abbreviated LIL, is a well known limit law that has
been developed in various contexts of statistics and mathematics. We note that LIL operates
approximately amid central limit theorem and law of large numbers. More precisely, LIL
can be taken as an improvement of these two limit laws. There are various situations
where these limit laws can not be applied. In such cases, one needs to use the LIL which
exhibits the importance of LIL. We begin with brief discussion of classical occurrences of
LIL. Khintchine [7] originated the first LIL in order to prefect the Borel’s theorem describing
the long term behavior of normal numbers where he considered Bernoulli random variables.
His result was further improvised by Kolmogorov [§] in the context of independent random

variables, abbreviated i.r.v.. We state the celebrated LIL of Kolmogorov.

Theorem 1.1 ([8]). Let S, =Y ;- Xi where {Xy} is a sequence of independent random
variables. Let us denote the variance of Sy, by Sp. Assume that s, — oo and |Xm\2 <
K82

Sm

m for K,y = 0. Then, almost surely

Sm

limsup —————==1
m—soo /28, Inln s2,
After the introduction of this celebrated LIL, mathematician started to work to obtain
similar LIL in other numerous contexts of analysis. Some of the areas where people are
working on the LIL are identically distributed random variable, dyadic martingales, partial

sums of lacunary series, Bloch functions, Brownian motion, linear processes, Banach spaces,
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harmonic functions, random vectors just a few to name. There are various amount of
literature available in LIL. The LIL mainly takes into account of sums of initial n—terms
of the sequence in the regular type LIL. On the other hand, it also considers the remainder
after n—terms or the tail sums of the given sequence. The former case is commonly called
regular LIL whereas the latter law is called the tail LIL. For more about the law of the
iterated logarithm, the reader is referred to [I], [3], [5], and [6]. Salem and Zygmund
achieved similar LIL for series of lacunary which is taken as the opening result in such an

area of mathematics. We recall the classical LIL of Salem and Zygmund [10].

Theorem 1.2. Let S,, denote the partial sums of lacunary series and nyp are positive
integers. Set B2, = 337" (lag|? + |bx[*) and My, = maxi<g<m(|ax|*> + \bk|2)% Suppose
also that B,, — oo as m — oo and Sy, satisfies the Kolmogorov-type condition: M2, <

K i) for some sequence of numbers K., | 0. Then

M Inln(e¢+B2,
Sm (0
lim sup m(0) <1

m—00 \/QBgn Inln Bm o

for almost every 6 € T, the unit circle.

Erdos and G4l [4] improvised the above law and discovered the following result.

Theorem 1.3. Let S, (0) = > -, exp(ingd) be partial sums of lacunary series and ny

S,
denote integers. Then limsup ———=—_tx =1 for a.e. € T.

m—oo VmInlnm

Later, M. Wiess [L1] was able to obtain the final version as follows.

Theorem 1.4. Suppose Sp,(0) = lzgzl(ak cosnil + b sinngf) is a q— lacunary series.
= 1
Set Bp = (3 Y0ty (Jau> +0k]?))? and M, = maxi<p<m(|ar|® + [bil?)2. Suppose also
that B, — oo as m — oo and M, satisfies the Kolmogorov-type condition: M?2, <
m% for some sequence of numbers K., | 0. Then
Sm (0
lim sup m(%)

=1
m—o0 \/2Br2n Inln Bm

for a.e. 0 €T.

One can easily see that sums of Rademacher functions (see Definition behave like
random variable and satisfy the condition of independence. There are various laws of LIL
established for independent random variable. In all of these iterated laws of logarithm,
the authors have used the probabilistic approach. Here, we introduce a similar LIL in
the context of Rademacher functions in which we use measure theoretic approach without
exploiting the properties of independent random variables. We obtain an upper bound in a

LIL of sums of Rademacher functions. The following theorem is our main result.

Theorem 1.5. Let {r,}32, be a sequence of Rademacher functions on the interval [0, 1)
defined by ri(x) = sgn(sin28wx) where sgn denotes signum function and {an}%, be a

sequence of real numbers. Then

n
lim sup ‘ Zk:l a7k ()| <1

e \/2 Shopailnlny /> a2
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a.e. on the set where {> ) _, apry(z)} is unbounded.

2. PRELIMINARIES

For a proof of the theorem above, we first present some definitions. We then establish

two estimates for Rademacher functions which play an integral part in our main result.

Definition 2.1. Rademacher functions are the functions {74 }72, on [0, 1) satisfying rj(z) =
sgn(sin 2F72) where sgn denotes the signum function.

Consider the interval [0,1). Then Q,; = [%,%}) n,j € Z are called n'™™ genera-
tion dyadic intervals where j = 0,1,---2". Sometimes we also use @, to denote the n'P

generation dyadic interval.

Lemma 2.2 (Borel-Cantelli). Suppose that {Ay} is a sequence of measurable sets in X
satisfying the condition Y p-  u(Ag) < oo. Then for almost all x € X lie in at most finitely
many of the sets Ay.

For a proof of Lemma the reader is referred to [9]. We now prove our estimates.

Lemma 2.3 (Estimate 1). Suppose {r,} is a sequence of Rademacher functions. For any

real number sequence {a,}, we have

1 n 2 n
/ exp <a2akrk($) - % Za%) dr <1
0 k=1

k=1

for any real number a.

Proof. Define f(x) = > 0 apri(z), di(z) = fi(z)—fr—1(z). We have f,(z) = > p_; dp(x)
with fo = 0. Let

n

g(n) = / exp (fn(:v) —5 Zd%(m) dx = / exp de(x) —5 Zdi(w) dx.
0 0
k=1 k=1 k=1
We first claim that g(n + 1) < g(n). One can see that the function f,(z) = > p_, di(z) is
constant on each dyadic interval @,; with j = 0,1,...2". In what follows, we use e* and

exp(z) interchangeably. Then
1
gn+1) = / i i)~ 3 SR @) g
0

2

=3 [ S @ D @) i @)= b @) g

]:0 an

on

:Z[ezzzldm)—%zzzldz@)} / g1 (@)~ 3 21 (@) g

nj

j=0
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Here dyy1(x) = fari1(z) — fu(x) = apt1rnsi(x). We claim that g(1) < 1. Employing

coshz < =’/ 2 we have
1
/ e (@=382(@) gy
0
_/ 1)~ ()dw+/ o1 (@)= 5 (@) gy
[071/2 (1/2,1)
1/2 1 .
—/ en alda;—i—/ e MT2% dy
0 1/2
a1 —La2? g 121
= M “1 4 e Mm%
2
1 al —a1 142
= 5(6 +e e 24
= cosh(ay) zai
< e%a%eiéa%

Hence, g(1) < 1. Let anj and Q;;j denote the next generation subintervals of @),;. Here
dp+1(x) = any1rn41(x) takes the value a,41 on Q/nj and —a,11 on Q;/Lj. Then we have

1) = S [eXic de@) -1 i, @ (@)] / 1 (@)= 3241 () g
gn+1)=>" o

nj

i
o
.

2m _ r
— Z 622:1 dk(a;)_% 22:1 d%(m) / edn+1($)_%di+1(ag)dm + / edn+1( ) 2 n+1($)dx
— L 1@Qn; | JQ . Q.
7=0 LY ¥nj nj
2" _ B
= 622:1 dk(x)_% k=1 4 (@) / ean+1_%ai+1 dx + / e_an+1_%a%+1 dx
. / 1"
=0 e [JQ), @n;j
Gl 1T 1 1
— QZZ:I dk(x)fézzzl di(m) ean+1*%(l%+l + e*(ln+17%ai+l
“ L 1Q,; on+1 on+1
j= -

edn+1 + e dn+1

I
[N}
3
SN—
ml
N[
S
3N
+
—_
—

2 [622:1 dk(”C)_% > h=1 d%(x)}
an

— 2 2n+1
]:
2" 1
n 1 n 2 1.2
= 2 {eZk:l d(@)=3 2k=1 dk(x)} cosh(an1)e” 2%+ —
i—0 an 2n+
‘7:
2"1
< [6 FER N CORE DIHa di(m)} e%“i-p-le_%a%-ui
an 2n

i
o
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2m

n + 1 Z [ Zk 14 ZZ=1 di(f’f) o, |Qn]|

e2k=1 di(2)—3 3j_y di @) d

—0 Y/ @nj

1
_ / S i)~ Thy (@) g,
0

So, g(n + 1) < g(n). This with g(1) <1 gives g(n) < 1. Consequently,

1 n 1
/ exp (Z agri(z) — 520% dx <1.
0 =

Now if we rescale the function f,,(z) = > 7, aprp(x) as afn(z) = o> p_; axri(x) where a

is any real number, we get

1 n 2 1
/ exp (aZakrk(x) - % Za%) dr < 1.
0 k=1 k=1
O

Lemma 2.4 (Estimate 2). Suppose {7} is a sequence of Rademacher functions and {ax}7°

18 a sequence of real numbers. Then for any A > 0, we have

—\2
z €[0,1): su e aprk(z)] > APl <6exp | —=—5 | -
et gy 2o s
Proof. Define fn( ) = > p_i axri(x). Then for all m < n with n being fixed and = €
Qm, |Qm| = 2m we have
1

m =745 n d
fm () 0 me (y)dy

Fix x. Let M f,, denote the Hardy-Littlewood Maximal function associated to the function

fn. Then, for any real number o employing Jensen’s inequality, we get

ol fm(@)| _ ( y
e =exp | « fn(y)d ( >D
o, "W
< 1/ (@l gy
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Using this inequality and H-L Maximal theorem, we have

{:v €1[0,1): sup |fm(x)] > /\H = Hx €0,1): sup eMm@I > eaA}

1<m<n 1<m<n

<[ e 0.1): 21 () (1) > )|

3

1
(&

0

3 a2 n 2 ! a2 n 2
= —ax &P | 5 k1 G f@a%@szm%dy

<

Using Estimate 1, we have
1 o2
[ e (el = % Siyat ) a
o? ., 9 o’ 2
= exp | afn(y) — o > k—10k | dy + exp | —afn(y) — 5 > k—10% | dy
{y:fn(y) >0} {y:fn(y)<0}

a? ., —a)? .,
— / exp( (afn(y) ey Y e ai) dy + / exp (‘afn(y) _ ( 5 ) S, az) dy
{y:fn(y)>0} {y:fn(y)<0}
<141

= 2.
With this inequality, we get

0,1) : A= 2 s 2
{:UE[ 1) sup | fin(x)| > } = o OXP <2Zk1ak>

1<m<n

6 a?
= ax OXP (2 py ai) .

_ A
We choose a = TR Then
—\2
ze€[0,1): su )| > Ay <6bexp| ——— | .
H 017 2w () H p<2zzzlaz>

Here, we note that > p_, a2 /> 3%, a2. This gives

-1 -1
< )
22:1 “i ZZO:I a%

So,
Haz €[0,1): sup |fm(z)| > )\H < 6exp (‘AQ> .

o
1<m<n 2302, aj,

Then, using the continuity of measure, we get

Hx € [0,1) : sup | fm(2)| > )\}‘ < 6exp <‘A2> .

m>1 2) 02,0}

Now we prove our main theorem.
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3. PROOF OF THE MAIN THEOREM

Proof. Let us take 6 > 1, 8> 0 and f,(z) =Y p_, axrx(x), di = fx — fr—1. Define ny(z) as

follows
min <n DA/ () > 9]“)
() =
00, if />0, d2(z) < 0.
By the definition, 7 is the smallest index and so Z’“:Jil d2(z) > 6%. Moreover, we
have B &3 () < 6%. Let p A ¢ denote the minimum of p and ¢q. Next we define

S~

l(x)7f2($)7"' 7f77k($)7fnk(x)a"' for 77k7é00
fi(z), fa(z),--- for ny, = oo.

We first show that \/> 72, sz(az) < 6F. For n < my(z),
n 72 n
Vi i (0) = /iy d@) < S0, B (x) < 0.

For n > ni(z), \/ D 1y d~k2(x) = T d3(x) < 0%, So for all n we have
S di (z) < 6F. This gives \/3S35°, di () < 0%, Take A = \/2(1 + B)26%F In1n 6F.

Using Estimate 2, we have

k k
{9” € [0,1) sup|fu(@)| > /2(1 + 5)20% lnln@k}‘ < Gexp (‘2(1 + £)%6* Inln g )

fn(x) = fn/\nk(m) = {

o 2
nz1 2% =1 dr (2)
—2(1 4+ B)%6% In1n 6%
< 6exp < YL
B 6
~ (kIng)(1+8)?
Taking summation,
o0 _ oo 6 1
q 202k k
Z {x €[0,1): Zgl;\fn(xﬂ > \/2(1 + 5)%6%) Inln 6 } < Z (In.8) (57 K37 < 0.

k=1 k=1

Then, by Borel-Cantelli Lemma (Lemma , we have for a.e. z,

sup | ()] < \/2(1 + 3)262k In In 6%

n>1

for sufficiently large k, k > N for some N which depends on x. Take z so that
fn(z) = 31 agrr(z) is unbounded. We note that set where f,,(z) = > p_; aprg(x) con-
verges is almost everywhere equal to the set where (/> 72, d2(z) is finite (see [2]). Conse-

quently, we have /> 72 | di(z) = oo. So, we have for all i, n;(z) < co. Let n > ny. Let us
choose k satisfying ni(z) < n < ngr1(z). We have ng(z) < n so that ng(xr) < n — 1. Then
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we have /S 7, d2(x) \/z" D@2 () > 6k,

|fa(@) < sup | frmane,, ()]
1<m<nr41

< sup ‘fm/\nk+1 (.’L’)‘
m>1

< \/2(1 + (3)262(k+1) In In GF+1

= (14 B)06"\/2In(ln 0% + Ino).

Using 6% < \/m, we get
()] < (1 +5)0\/22k () ( \/Tﬂna)

This gives

\/ln (ln \/>oh_1d2(z) +1n 9>
lim sup [fn(2)] < limsup(1 + 5)6
e \/ 25 d2(z)Inln /S0 d2(z) T ln In /S0, d2(x)

In <ln\/zk 142 () +ln9>
= (14 6)f |limsup .
ne0 Inln /> 5, d2(x

n <ln S ho di(z) +In 9)
lim sup

n—oo Inln /> 7, d2(x)

We show

= 1.

Let X =1In(y/> r_; d2(z)). This gives

no g2
. n (hl( >k=1%(7)) +1n ‘9> . In (X +In6)
lim sup = 4 /limsup X 1.
e In(In(y/3 75— d7(2))) e "
Using this, we have
lim sup |fn(2)] < (1+p)6.
n—oo

2Si ) i S )
We now let €\ 1. This gives

lim sup [ () <(1+0).
n—oo n n
V2SI e min [T )
This is true for all 8 > 0. Hence for a.e. z,
lim sup (@)l <1
n—oo

V2T i S )
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Hence n
lim sup | > k=1 ok ()| <1
A \/2 > k-1 0z Inln \ k=1 aj,
for a.e. x in the set where {} ), agry(z)} is unbounded. O
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