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Abstract: In many areas of science, lattice structures are very useful phenomenons. In network sciences,
in chemistry and in social sciences, we face them in the solution of many daily life problems. Several large
lattice structures can also be thought as graphs and in that way, are useful in the study of large networks.
A very recently defined and studied class of such networks are snake graphs which has close relations with
number theory due to the use of continued fractions. Following the works on square snake graphs, in this
work, we study some non-Zagreb type topological graph indices of some interesting lattice structures called
as double square snake graphs. We first obtain the vertex and edge partitions of these graphs and calculate
their indices by means of these partitions.
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1. INTRODUCTION

Special lattice structures called as the snake graphs are studied in different contexts
in mathematics and other sciences. They have finite or infinite one or two dimensional
repetitions of some geometric shape. They are, at the same time, planar bipartite graphs.

In [2, 3, 4], Canakci et al. studied snake graphs in relation with cluster algebras. In [§],
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Shiffler constructed snake graphs consisting of square tiles and used them to establish rela-
tions with perfect matchings and positive continued fractions which are used in estimating
real numbers by some infinite sequences of rational numbers. As a result, the idea of con-
tinued fractions have been a popular and useful tool in number theory. They are used in
the solutions of some Diophantine equations. Bradshaw et al. continued the above work
in [I] and established their relations with linear algebra by studying their characteristic
polynomials in relation with the Chebycheff polynomials of the first and second type. In
[5], snake graphs are studied in relation with strongly *-graphs.

The Zagreb indices of square snake graphs, see Fig. 1, are recently studied in [6].
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Figure 1 The square snake graph Ci,k

In this work, we consider double square snake graphs given in Fig. 2. Some Zagreb
type topological indices of double square snake graphs have been determined in [7]. In
this work, we calculate some additive and multiplicative topological graph indices of double

square snake graphs.

Figure 2 The double square snake graph Cik

Modeling by graphs is a very useful tool that allows to use graphs in solving many real
life problems. Many daily problems can indeed be modeled by a graph. As the most frequent
example, a chemical molecule can be modeled by a graph in the following way: A vertex
corresponds to each atom in the molecule and an edge corresponds to each chemical bond
between two atoms. A graph obtained in that way is called a chemical graph. In Chemistry,
QSPR and QSAR studies are realized by means of some simple mathematical formulae. A
topological index or a molecular descriptor is a mathematical formula calculated by means
of either vertex degrees, distances, graph matrices or some graph parameters. They are used

to obtain a real number corresponding to a given graph and commenting on such a number,
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one can obtain physico-chemical properties of the corresponding molecules. Modeling by
graphs can also be used in other areas of science, especially in social network studies and
other social sciences where there are relations between things, persons, firms, countries
etc. There are several classes of topological graph indices including Zagreb indices, atom-
bond-connectivity indices, geometric-arithmetic indices, Randic indices etc. In this paper,
we determine some non-Zagreb-type topological graph indices of the double square snake

graphs C’i o

2. SOME ADDITIVE TOPOLOGICAL INDICES OF DOUBLE SQUARE SNAKE GRAPHS

In this section, we will determine some additive non-Zagreb-type topological graph in-

dices of the double square snake graphs Cik. The following indices are used in this work:

The harmonic index of a graph G denoted by H(G) is defined by

H(G) = ZquE(G) W

In a similar way, for a fixed real number «, the generalized harmonic index is defined by

H}(G) = ZUUGE(G) (W) :

Another topological graph index is the sum-connectivity index given by

_ 1
X(G) = Xuver @) N OOk

For a fixed real number «, the general sum connectivity index is defined by

Ho(G) = X uvepe)(du) + d(v)*.

Inverse sum indeg index is denoted by ISI(G) and defined by

d(u)d(v

One of the most important topological graph indices is called the Randic index which is
defined by

R(G) = X wver(o) m

There are some variants of the Randic index as below. The reverse Randic index is defined
by

and the generalized Randic index is similarly defined by

_ 1
Ra(G) = ZUUEE(G) (d(w)d(w))e -
Another group of frequently used topological graph indices are the atom-bond-connectivity

indices. The classical atom-bond-connectivity index of G is defined by

d(u)+d(v)—2
ABC(G) = ¥ e \/ Lormih 2.

The geometric-arithmetic index of G is defined by

24/d(u)d(v)
GA(G) = X yer @) 4@'
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A graph G is called regular if all vertices have the same vertex degree. Regularity is an
important property which makes calculations easier. Naturally, most of the graphs are not
regular and called irregular. It is sometimes important to decide which one of the two given
graphs is more regular. To this aim, several irregularity indices are defined. Albertson index

is one of these irregularity indices defined by

Alb(G) = 2 pven(q) 1du) = d(v)].

Another useful irregularity measure is the sigma index denoted by ¢(G) defined by

0(G) = Luverc) (d(u) — d(v))*.

Another frequently used irregularity index is the Bell index defined by

B(G) = Yev(q) (du) = Z).

The final irregularity index we shall be calculating in this work is the ireegularity index
denoted by Irr(G) and defined by

Irr(G) = X eva) [dlu) — 2.
Here, note that the fraction 2m/n is the ratio of the sum of the vertex degrees and the

number of vertices in a graph G. Therefore it is the average vertex degree.

Before determining the above additive topological graph indices of non-Zagreb-type for
the double square snake graphs, we must first determine the vertex and edge partitions of
the double square snake graph C’ik. It has 5k + 1 vertices and 8k edges. The vertex degrees
are 2, 4 or 8 and the vertex partition of C’ik together with the parity of each number is

therefore appears as in Table 1:

TABLE 1. Vertex partition of Czk

td;
4k
2
k—1

T

Similarly, the edge partition of Cz 1. together with the parity of each edge type is shown
in Table 2:

TABLE 2. Edge partition of C%

| (didj) | 2 (di,d;) |
(2,4) 8
(2,8) | 8(k—1)
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Now, we are ready to determine the additive non-Zagreb-type topological graph indices
of the double square snake graph Cik listed above. We shall be using the vertex and
edge partitions of these graphs given in Tables 1 and 2. The results obtained here can
be commented to obtain information on several chemical properties of the corresponding

molecular structures.

Theorem 2.1. Some non-Zagreb-type additive indices of double square snake graph Cik

are as follows:

H(Cz,k) = %(3k + 2)& N
Hi(CR) =8 (5%) +80k-1)- () .
X(C3) = (V6 +3VI0(k - 1)),
Ho(Cp) =2079(3%+ 5%k — 1)) =837 +57%(k — 1)),
ISI(C},) =20k 1),

R(C},) =2(k —1++/2),

RR(C3,)  =16(2(k — 1) +V2),

Ro(CEp) =827 +27%(k - 1)),
ABC(C},) =4V,

GA(CF,) = 13(6(k—1) +5v2),

Ab(C3 ) =16(3k —2),

a(C3 ) = 32(9% — 8),

B(Cik) _ 16k(45k(257€i41k)—2|—33)—327

Irr(C’ik) _ 4k(51k7—f1—4)'

Proof. Let us start with the harmonic index. By the definition, using the edge partition of
Ci i given in Table 2, we obtain

H(Cf,k) = ZUGV(G) d(u)id(v)
=8-248(k—1) 3
=23k +2).

Secondly, the generalized harmonic index is

Hy(Ch) =8 (o) +80—1)- ()"
— (37 4+ 57 (k — 1)),

The sum-connectivity index of C’f 18

X(C3p) =8 Jo+8(k—1)- 5
= £(5V/6 + 3V10(k — 1))

]

and the generalized sum-connectivity index would be

Ho(CF)) =8-(2+4)*+8(k—1)-(2+8)*
= 29F3(3% + 5%(k — 1)).
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Next, the inverse sum indeg index is found to be

d(u)d(v
ISI(C:,) = ZuveE(CZ,k) d(i)iﬂg(g)
=8 7L +8(k—-1) &%
— 645 _ 32
5 5"

The Randic index of double square snake graph C’ik is

R(C}) =8 Jg+8(k—1)
=2(k —1++/2),

L
V16

its reverse Randic index would be

RR(C?,) =8V2-4+8(k—1)V2-8
=16(2(k — 1) + V2),

and also the generalized Randic index of Cik will be

Ra(Cy) =8 e +8(k— 1) g
— g(2730 4 24a() 1)),

The atom bond connectivity index of C’Z’ i 18

ABC(C},) =8 22 4 Q(k — 1)/ 252
= 42k,

and the geometric-arithmetic index will be

GA(C3,) =842t +8(k—1)%28

= 18(6(k — 1) +5v2).
Finally we calculate the irregularity indices of C’i ;. as follows:

AD(CF,) =8-12—4]+8(k—1)[2 8]
= 16(3k — 2),

o(C3,) =8(2—4)2+8(k—1)(2 - 8)?
= 32(9k — 8),

2 ) 9
B(CE) =tk (2 att) 2 (1= gt ) + (k- 1) (3 5i2)
__ 16k(45k%—64k+33)—32
- (5k+1)2

and

5k+1 5E+1 5k+1
_ Ak(17Tk—4)

Irr(C3,) =4k |2 — 8| +2]a— JE |4 (k- 1) |8 — 8

S5k+1
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3. SOME MULTIPLICATIVE TOPOLOGICAL INDICES OF C7%,

In this section, we shall determine some of the multiplicative topological graph indices
of the double square snake graphs. Again, we shall be using the vertex and edge partitions

of these graphs given in Tables 1 and 2. The multiplicative indices we shall calculate are as

follows:
L (G) = HueV(G) d(u)?,
I (G) = [Luver(@) dw)d(v),
II3(G) = [uev(e @)’
NK(G) = [lueve) du),
5 (G = [Luver @) (dw) + d(v)),

)
GAL(G) =1]] 2y/d(w)d(v)

weE(G) "d(u)+d(v)
HHI (G) = HuUEE(G) (d(u) + d(v))Qﬁ
) d(u) ?

HHQ(G = HuUEE(G)( (u d(’U)) )
B 1
RII(G) = Hwere Jisi
. 1
YII(G) = Hwere Jimmam
d(u)+d(v)—2
ABCING) = [luer(o) %
Theorem 3.1. Some multiplicative indices of double square snake graph Cik; are as follows:
H2(Cik) — 9328
H3(Cz,k) — 921k+3,
NK(CZ’]{:) — 27k+1’
() = @35,
GAII(C},) = 210k+11. 5160-8) /3,
HH1(C'fk) — 916k . 316 . 516(k—1)
HHQ(C'ik) — 916(4k—1)
RH(CZ,k) = 24(1_4k)7
XI(CE,) =283 s

ABCII(C3,) =27%.
Proof. The proof uses the vertex and edge partitions of C’ik in Tables 1 and 2. As the

calculations are similar to Theorem 1, we prefer to omit the details. ]

4. SUMMARY AND CONCLUSIONS

In this work, double square snake graphs are considered as special network structures
and some of their indices are calculated. Similar studies can be done for other lattice types

and for other topological graph indices.
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