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Abstract: In this paper, we extend the theory of I-convergent sequence spaces defined by Orlicz functions to the
bicomplex framework. By employing the idempotent representation of bicomplex numbers, we introduce new classes
of bicomplex-valued sequence spaces associated with ideals. Algebraic and topological properties of these spaces
are investigated, including linearity, completeness, solidity, sequence algebra and inclusion relations. The ob-
tained results extend several known outcomes from real and complex sequence space theory to the bicomplex setting.
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1 Introduction

The concept of /-convergence extends the classical notion of convergence and has been widely investigated in
the context of real and complex sequence spaces. As an extension of complex analysis, bicomplex analysis has
developed into an active area of research with growing applications in functional analysis and operator theory.
Motivated by these developments, we study bicomplex-valued /-convergent sequence spaces generated by Orlicz
functions.

The idea was first introduced by the Italian mathematician Corrado Segre in 1892 [12]. The most detailed explo-
ration of bicomplex numbers was later conducted by Price [8]. Additionally, Alpay et al [1] developed a broad
framework of functional analysis based on bicomplex scalars.

Several other researchers, including Bera and Tripathy [2, 3], Degirmen and Sagir [4, 5], Parajuli et al [7], Rochon
and Shapiro [10], Sager and Sagir [11], and Wagh [13] have studied the algebraic, geometric, and topological
aspects of bicomplex sequence spaces.

A bicomplex number 7 is given by
z= (a1 +ib1)+ j(c1 +id1) = 21 + jza,

where
zi=ay+iby, z=c1+idy, ay,b1,c1,di €R, z1,220 €C.
The imaginary units i and j are independent satisfying the relations
==, ij=ji=k
where k is a hyperbolic unit with k% = 1. The set of all bicomplex numbers is

BC = {z1 + jz2 : 21,22 € C}.

In BC, there exist two non-trivial idempotent elements e¢; and e, defined by

ki1
Ty T

el
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They satisfy the relations
_ _ _ 2 __ 2 _
ej+ex=1, eex=ere1 =0, ef=e;, e =en.
Every bicomplex number z = z; + jz» (z1,22 € C) admits a unique idempotent representation as
= Hier + ez,

where the components are given by
W =z1—iz, HMHr=21+1i2.

The Euclidean norm on BC is defined by

lellze = /@3 +53 +c 4 d2 = \JJai P+ |zal? = |/ P+ 1

Let I be an ideal on N and let (x;) be a sequence in BC. Then (x;) is said to be I-convergent to L € BC if for every
>0,
{ke N: ka_LH]BS(C > 8} el

An Orlicz function [6] is a mapping M : [0,0) — [0,00) which is continuous, non-decreasing, convex, satisfies
M(0)=0,M(r) >0fort >0and M(t) = coast — oo,

Let w(BC) denote the space of all bicomplex-valued sequences. Throughout this paper, M denotes an Orlicz
function and / denotes a non-trivial admissible ideal of N.

A bicomplex-valued sequence x = (x;) € w(BC) is said to be generalized I-convergent with respect to (M, u) if for
every € > 0, there exist L € BC and p > 0 such that

{keN:M(M) 28}61,

where u = (1) be a sequence of positive real numbers.

In this case, we write
ug||xx — L
I-limM(ikH k HBC) =0.

2 Main Results

We now define the following classes of sequence spaces by extending the results of B.C. Tripathy et al [9] in the
bicomplex framework. Let u = (u;) be a sequence of positive real numbers and x = (x;) € w(BC).

1. The space of generalized bicomplex /-null sequences is defined by
c%:(M,u) = {xe w(BC) : {ke N:M(%) > 8} 61}.
2. The space of generalized bicomplex /-convergent sequences is defined by

B (M, u) = {xew(IB%(C) : {keN:M(M) 28} el}.

3. The generalized bounded bicomplex /-convergent sequence space is defined by
mPC (M, u) = cEC(M,u) N EC (u),
where

EC () = {x € w(BC) : sup ug||xk|lzc < oo} .
Ik
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4. The generalized bounded bicomplex /-null sequence space is defined by
mps (M,u) = ci§ (M,u) N EEE (u).

Theorem 2.1. The spaces cE© (M, u), cI,Bfg (M, u), mPC(M,u), and m%c (M, u) are linear spaces over the bicomplex
field BC.

Proof. Letx = (x;) and y = (y;) be in ¢fC(M,u) and let o, B € BC. Then there exist L, L, € BC and positive real
numbers pp, p2 such that, for every € > 0,

A(e)=keN:M il —Liflsc) 5 € el,
p1 2

and

Az(s)z{keN:M(W‘Hyl‘;isz”M) zg}el.

Let p = max{2|a|p1, 2|B|p2}. Using the convexity and monotonicity of the Orlicz function M,

M(”kll(axk+ﬁyk)—p(al~1+ﬁL2)\|IB<C) SM(lalukHM})—LIHBC N |l3|uk||y1;)—L2|th>

SM(”kak_LlHB(C> +M(”k”Yk_L2H]BS(C> .
p1 P2

Consequently,

{k cN: M<uk||(Oth +Byk) — (aLi + BLo)||sc
P
Since 1 is an ideal, A (€) UA,(€) € I, and hence ax+ By € cfC (M, u).

Therefore cF'C(M,u) is a linear space over BC. The proofs for other spaces can be done using analogous arguments.
O

) > g} CA1(e)UAs(g).

Theorem 2.2. The spaces m}BC (M,u) and m}?g (M, u) are Banach spaces when endowed with the norm

[|x]] :inf{p > O:supM(M) < 1}.
keN p

Proof. We prove mPC (M, u) is complete.
Consider a Cauchy sequence {x(”)} in m}BC (M,u). Then for every € > 0, there exists ng € N such that

[ —x"M||ge < & for all n,m > ny.

By the definition of the norm,

w5 = 3" |lsc
supM Sk Tk PR ) < 1, forall n,m > ny.
keN €

Fix k € N. Then {x,((")} is a Cauchy sequence in BC. Since BC is complete,
(n)

lim x; " = x,
n—soo

where x; € BC. Let us define x = (x;). We now show that x € mPC(M, u).
Taking the limit as m — oo and using the continuity of M,

(n) _
supM M <1 foralln>nyg.
keN €

Hence ||x") —x|| < & for all n > ng, which shows that x") — x in the norm of mFC (M, u).
¢2C(u) and is closed under this norm, we conclude that x € mPC (M, u).
Therefore, mEB(C (M, u) is complete and hence a Banach space. The proof for m}Big (M, u) will follow similarly. [

Finally, since m}* (M, u) is a subspace of
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Theorem 2.3. The generalized bicomplex sequence spaces admit the following idempotent decompositions:
EC(M,u) = ci(M,u)e; ® c;(M,u)es,
c}Big(Mm) =cro(M,u)e; ®cro(M,u)es,
m}BC(M,u) =my(M,u)e; ®my(M,u)ey,
m?g(M,u) =myo(M,u)ey ®myo(M,u)e;.

Proof. We prove only the first result.
Let x = (x;) € cf©(M,u). Using the idempotent representation of bicomplex numbers, each term x; can be uniquely
written as

Xi = Xp1e1+xp2e2,  Xi1,%k2 € C

By the definition of cf' (M, u), there exist L € BC and p > 0 such that

{keN:M(""”x"’%LHm) ZE}GI

forevery € > 0. Let L= Lie; + Lyes.
By definition of the norm, we have

[lxx — L|lc = \/|xk,1 —Li|?+ |xx2 — Lo f?

M(ukIXk,i—Li\) SM(MkII)Ck—LH]B«C) Ciz12

Hence,

P P

L
{keN:M(W) zs}el,

which shows that (xy ;) € ¢;(M,u). Consequently,

Therefore, for eachi= 1,2,

x€ci(M,u)e; ®ci(M,u)e;.
Conversely, let
x=yer+zez, y= (), 2= (%),
with y,z € ¢;(M,u). Then there exist L;,L, € C and p;,pz > 0 such that

L L
I—limM(M) -0, I—limM(M) —0.
p1 P2

Let L= Lje; + Lyep and p = max{p;,p2}. Using the monotonicity of M,

M(“k”%*ﬂhﬂ%@) SM(Wb’k*h|> +M<uk|2k*L2‘) '
p p1 P2

{ke N:M(M) > s} C A1(€) UAa(e),

Hence,

where A;(g),A(€) € I. Since I is an ideal, their union belongs to 7, and thus x € cfC (M, u).
0

Theorem 2.4. Let M| and M, be Orlicz functions satisfying the Ay-condition. Then the following inclusion relations
hold:

1. cf§(Ma,u) C cf§(MyoMa,u),

2. C}Big(Mhu) ﬂC}Big(MLu) C L}Bg(Ml + My, u).
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The above inclusions also hold for the spaces cF©(M,u), mEC(M,u), and mps (M, u).
Proof. (i) Let x = (x;) € c2§ (Ma,u). Then there exists p > 0 such that for every € > 0,

{keN:Mz(%)ZE}GL )

Since M is continuous at 0 and M;(0) = 0, for a given € > 0 there exists 0 > 0 such that M, (¢) < € for 0 <r < §.

Let
Uk || Xk || BC

For y; < 8, we have M (y;) < €. For y; > 0, using the A,-condition on M|, there exists a constant K > 0 such that

M1 () < K25 M1 (3).

{keN:M1<M2<uk”iﬂ)> ze}c{keN:Mz(%> 28}.

By (1), the right-hand side belongs to /, and hence x € C}Big (M) oM;,u).

Hence,

(ii) Let x = (x¢) € CIIB?g (M, u) ﬂc}Big (M3, u). Then there exists p > 0 such that
[-limM, (7”"”""”BC> —0 and I-limM, (7”’4'”‘”%) —0.
P P
Using the linearity of limits over ideals, we have

[-lim(M, + Ms) (”"Hiﬂ) = 0.

Therefore, x € C}Bié)c (M + My, u).

O
Theorem 2.5. The sequence spaces C}Big (M,u) and m}?g (M, u) are solid.
Proof. Letx= (x;) € C}Big (M, u). Then there exists p > 0 such that
I-limM(%) —0. )

Let @ = (o) be any sequence of scalars in BC such that |o| < 1 for all K € N. Consider the sequence (0yxy).
Using the definition of the norm and the monotonicity of M,

M(”kHO‘I;CkHlBC) SM(HkH)ZcHIBC) for all k€ N,

Therefore, from (2),
I_hmM(ukHakaHBC> o,
p
which implies that (ogx;) € c%c (M,u). Hence c}Bié)C (M, u) is solid.

Here
mp (M,u) = cf§ (M,u) N LEC (u).

As the intersection of two solid spaces is solid, it follows that m%: (M, u) is also solid. We can prove the results for
m}Big (M, u) using analogous arguments. O
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Theorem 2.6. The generalized bicomplex I-null sequence space
C
CIIBEO (M ’ u)
is a sequence algebra.

Proof. Letx = (x) and y = (yi) be in £ (M, u). By the idempotent representation of bicomplex numbers, we can
write

Xp = e1Xk,1 +e2Xk 2, Yk = €1Yk,1 T €2y 2,

where xi ;, yr,; € Cfori=1,2.
Since x € C}Bg (M, u), there exists p; > 0 such that

I- lim M<M> -0, i=1,2.
P1

k—roo
Similarly, since y € C}Bg (M, u), there exists p, > 0 satisfying

I- limM<M> -0, i=1,2.
k—yoo pz

Using the multiplicative property of idempotents, we can write

xXiyk = e1 (X 1y,1) +ea(xoyk2)-

Choose p = p1p2. By the monotonicity and convexity of the Orlicz function M,

M(Ltk|xk,i)’k,i|>SM(Mk|Xk,i|)+M<Mk‘yk.i|>7 =12
p p1 P2

Since the sum of two /-null sequences is again /-null, it follows that

I- an(W) —0, i=1.2.

k—yoo

Consequently,

I-lim M(“kHXkkaIB(c) o,
k—roo P

which shows that (xyx) € cP§ (M, u).

Hence, the space c%c (M, u) is a sequence algebra. O

Now we give one example to illustrate that bicomplex /-convergence is determined by the combined behaviour of
its idempotent components.

Example 2.7. Let I be the density ideal given by I; = {A C N: d(A) = 0}, where d(A) denotes the natural density.
It is an admissible ideal. Let M(t) = ¢ for t > 0, and let u; = 1 for all k € N. Let us define a bicomplex-valued
sequence x = (x) by

1
xk:el%—i—ez(—l)k, keN.

Using the idempotent decomposition, the component sequences are

1
X1 = xip = (=D

Clearly,
. o1
I-I}ggM(lxk.ll) *I‘I}Lﬁolqkj =0,

which shows that (x; ;) is 7-null.
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On the other hand, the sequence (xk,z) is bounded but does not converge in the usual sense, since it oscillates
between 1 and —1. Moreover,

{keN:|x|>e}=N¢l; forany0<e<l,

and hence (xy ) is not /-null.

Here the first component is /-null. Due to the divergence of the second component, the bicomplex sequence (xx)
does not belong to CIIB%: (M, u). This shows that bicomplex /-convergence depends on the joint behaviour of both
components. Howevér, since both component sequences are bounded, we have

x e (BC(u).

3 Conclusions

In this article, we have studied generalized bicomplex /-convergent sequence spaces defined by Orlicz functions
and weight sequences using the idempotent decomposition of bicomplex numbers. This approach allowed us to
extend several classical results, including linearity, completeness, solidity, inclusion relations, and the sequence
algebra property, to the bicomplex framework. The example illustrates that bicomplex convergence depends on
both components. These results provide a useful framework for further investigations on operators and summability
methods in bicomplex functional analysis.
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