Nepal Journal of Mathematical Sciences (NJMS) Research Article

ISSN: 2738-9928 (online), 2738-9812 (print) Received Date: November 12, 2025
Vol. 7, No. 1, 2026 (March): 69-78 Accepted Date: February 10, 2026
DOI: https://doi.org/10.3126/njmathsci.v7i1.92209 Published Date: March 28, 2026

©School of Mathematical Sciences,
Tribhuvan University, Kathmandu, Nepal

Generalized Form of Difference Sequence Space
of Fuzzy Real Number

'Prem Prakash Kaphle, 2Gyan Prasad Paudel* & *Narayan Prasad Pahari

!Department of Mathematics, Tribhuvan Multiple Campus, Tribhuvan University, Tansen, Nepal
2Central Department of Physical and Mathematical Sciences, Mid-West University, Surkhet, Nepal
3Central Department of Mathematics, Tribhuvan University, Kirtipur, Kathmandu, Nepal

Corresponding Author : *gyan.math725114@gmail.com

Abstract: The idea of generalized sequence space by using Orlicz function was firstly initiated by
Lindenstrauss and Tzafriri. This study explores new sequence space of fuzzy real numbers by using
an special type of Orlicz function called modulus functions. We have built a double sequence space
and tried to establish some of the properties like linearity, completeness and some containment
relations. The fuzzy number sequence space, the fuzzy number difference sequence space, and the
fuzzy number multiplier of double sequence space are all the subject of extensive study.
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1. Introduction

A sequence space is a linear space in which real or complex sequences may be represented. In this
paper, the set of real numbers (R) is contrasted with the set of complex numbers(C), while (N)
denotes the set of nonnegative integers. Let w stands for the set of all real or complex sequences;
£ and ¢ for the set of all bounded sequences and the space of convergent sequences, respectively.

Ganie A. H. [1] developed the notions of fuzzy sets and fuzzy set operations. Then, many writers
have addressed different aspects of fuzzy set theory and applications. They studied about fuzzy
topological spaces, similarity relations, fuzzy orderings, fuzzy event measurement, and fuzzy
mathematical programming. In particular, quantum particle physics is profoundly affected by the
concept of fuzzy topology. Most notably, the concept of an intuitionistic fuzzy normed space was
presented with regard to string theory. All convergent fuzzy number series were shown to be
bounded, and their properties were analyzed to establish this. Numerous authors, not only Altinok
et al.[3], have discussed fuzzy number sequences in their own works.

Antesar [2] independently conceptualized the notion of convergence in statistics. Over the years,
and under many labels, researchers in subjects as diverse as Fourier analysis, ergodic theory, and
number theory have studied statistical convergence. He showed Furthermore, there is a strong
relationship between the concepts of probability convergence and statistical convergence and
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studied the Stone-ech compactification of the natural numbers is related to subsets of statistics and
its extensions. Connor, Fridy, Alat, Tripathy and others looked at its ties to summability theory
from a sequence space perspective [2]. Recent statistical convergence generalizations have focused
on both strong integral summability and the structure of ideals of bounded continuous functions on
locally compact spaces.

The Orlicz sequence spaces were defined by Lindenstrauss and Tzafriri [7] in 1979. The study of
Orlicz sequence spaces ¥, by experts in Banach space theory began for a very specific reason.
Lindberg's interest in Orlicz spaces stemmed from his discovery of Banach space with symmetric
Schauder bases and complementary subspaces isomorphic to them ¢, or £,(1 < p < ). Further
research into Orlicz sequence spaces led them to the conclusion that each and every one of these
spaces ¢, contain a subspace isomorphic to £, (1 < p < ). Difference sequence space was firstly
initiated by Kizmaz [6] in 1981. He generalized the classical sequence spaces .., ¢, and ¢ such
that

Z(D) = {x = (xx) € w: (Axy) = (xx — X¢—1) € Z}
where Z = £, ¢y and c. Many mathematicians like Et and Kolak, Pahari, Ghimire and Pahari
generalized the difference sequence spaces and defined more generalized forms of difference
sequence spaces and studied their different linear and topological properties. In 2024, Kaphle et.
al. [5] defined the sequence space € (X, A, a, P) defined by the Orlicz function M and studied the
different containment relation between the spaces.

Hardy [11] developed the concept of regular convergence for double sequences in the sense that
the double sequence has a limit in the Pringsheim sense and has one-sided limits. In 2005, Altay
and Basar [12] defined the double sequence spaces BS, BS(t), CS,, CSpyp, CS, and BV, studied some
of their properties, and demonstrated that they are total paranormed or normed spaces under certain
conditions. In order to study the double statistical convergence of a sequence of fuzzy numbers,
Savas [14] introduced some new double sequence spaces of fuzzy numbers in 2010. Das, M. [13]
introduced certain vector-valued difference double sequences defined by the Orlicz function in
2012 to investigate their various properties. Similarly, Savas and Patterson [15] developed some
new double sequence spaces and investigated some of their features in 2007. Fruitful contributions
towards the sequence spaces of fuzzy real numbers were given by Tripathy and Sharma [16]
[17][18], Talo[19], Dabbas and Battor [20], Mansoor and Battor[21]. Paudel et. al. [8][9][10]
studied about various types of difference sequence spaces, studied their linear, topological,
completeness, solidness properties and studied about various applications of sequence of fuzzy real
numbers in engineering and medical field.

2. Preliminaries and Definitions

2.1 Orlicz Function
Every continuous, non-decreasing, convex function M: R* — R*which also satisfies;
1. M(t) >0,
2. M(t) approaches to oo, as t approaches to oo
is said to be an Orlicz function.

If we replace the convexity property of M by the inequality
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M(x+y)<MXx)+ M),
then the function M is called a modulus function.
Let D be the set of all bounded intervals A = [a, b] on the real line R. For any 4, B € D with A =
[ai, b1] and B = [ay, b,], A € Bifa, < a; and b; < b,. Define a relation d on D by
d(A,B) = max{la; — a,|, |b; — b, [}

Then clearly, d defines a metric on D and obviously ( D, d ) is a complete metric space.

2.2 Fuzzy Real Number

A fuzzy real number is a fuzzy set i.e a mapping y: R — I = [0,1] associating each real number
t € R with its membership value y(t) satisfying that X is
1. normal if there exists a real number t such that y(t) = 1;

2. convexiffort,se Rand 0 <A <1, y(At + (1 —A)s) = min{x(t), x(s)};

3. upper semi continuous if for each e > 0, y ([0, a + €)) is open for all a € I in the usual
topology of R.

2.3 Definitions

The a-level set on a fuzzy set y is denoted by X, and defined by

Xa = {t ER:)(t) 2 a}
The support of a fuzzy number is the set of all those elements of the fuzzy number having
membership value greater than zero.

Suppose R(I) denotes the set of all real fuzzy numbers which are upper semi-continuous and have
compact support. In other words, if y € R(I) then for any a € [0,1],

_[{t:x(®) =z a} fora € (0,1]
e = {{t:)((t) <a} fora=0

The addition and scalar multiplication on R(I) are defined as

X +Ya=Wa) + (Yg) and (ax)e = a(X), forall a € [0,1].
Consider a mapping d: R(I) x R(I) — R by the relation

d(x,Y) = supd(xe, Yg) for0<a <1

Then d defines a metric on R(I) and (R(I), d) forms a complete metric space. Also, forany y,Y €
R(I),x <Y ifandonlyif y, <Y, fora € [0,1] and y, = [xF,xF] and Y, = [y{, y¥].
Let A: R(I) X R(I) = R be defined by A(x,Y) = supl/la()(a,‘ya) where 1,: R(I) X R(I) = Ris

O<as<
defined by

2.1)

Aa(Ka» Yo) = min{|xf — Y|, x5 — Y31}
Similarly, p:R(I) X R(I) » R be defined by p(x,Y) = sup pe(Xa»Yo) Where p,:R(I) X
0<a<1
R(I) — R is defined by
PaXa Yo) = max{lxy — Y7, x5 — Y71}

A sequence of fuzzy numbers X = (X},) is a function y:N — R(I), where N = {0,1,2, ... }. The
number Xy is the k" value of the function at k € N and is the k" term of the sequence.
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In this article we let w as the set of all real or complex-valued double sequences which is a vector
space with coordinate wise addition and scalar multiplication. Then any vector subspace of w is
called sequence space.

3. Double Sequence Space Research for Fuzzy Numbers

A double sequence of fuzzy numbers X = (X,,;) is a function X: N x N — R(I), the set of fuzzy
real numbers. The fuzzy number X, is the value of the function at the point (n, k) € N x N and
is called (n, k)*"-term of the double sequence.

Example 3.1. The function X: N x N — defined by X (n, k) = —is a double sequence. A

double sequence X = (X,) of fuzzy numbers is said to be bounded if there exist fuzzy numbers
M and m such thatm < X, < M foralln,k € N.
A double sequence X = (X,,;) of fuzzy numbers is said to be Cauchy double sequence if Ve >

03ny EN: d(Xflk,X,{k) < € for min(i, j) = n,.
We also say that the double sequence X = (X,,x) of fuzzy numbers converges to a fuzzy number
X, if Xy tends to X, as both n and k independently tend to co.

A double sequence space w of fuzzy numbers is said to be solid if (Y,,;,) € w®, whenever |Y, ;| <
| X, | for all n, k € N for some (X,,;,) € wF.

Tripathy and Sharma [10] in 2011 defined classes of double sequence spaces of fuzzy numbers
defined by Orlicz function as follows:

P d(Xpk, 0)
(2 OO)H;(M) =X = (Xn) € R(J):supM ) < oo, for some p >0
nk
d(Xpie, X
200D = {X = (M) € R(D): lim (%) = 0, for some p > O}
n,

(260)p(M) = {x = (X)) € R(D: limM <w> = 0, for some p > 0}

In 2020, Dabbas and Battor[20] defined the classes of sequences of fuzzy real numbers using double
Orlicz functions as follows:

Pnk
d (X 0)\) ™ A (Y, 0
250, P) = { (Xt Ynie) € wp:sup </1 <¥>} v (p <%)> < oop forsome r >0
nk

Pnk Pk
CFOC,P) =3 (Xt Ynk) € szlrilrlrcl (/1 <M>> v (p <M>> =0 forsome r>0

r r
Ao O\)™ [ (Y OV ™
cE,P) =3 X Ynr) € (Up:lir]l{l (l <+k'>} \% <p <+k'>> =0, forsome r >0
n,

and studies different properties of the classes. Paudel et.al. [8] defined the sequence spaces of
fuzzy real numbers by using the concept of Orlicz function as follows:
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A( X, 0 Xk, 0
25 (M, A, p) = {(Xnk) € wf:supM <%) < o0; supM <M> < oo for some r > 0}
nk

nk

A X s £ Xnjer £
CF(M, A, p) = {(xnk) € " limM (%) = 0; limM <%) =0 for some 1 > 0}
n, n,

A( X, 0 X, 0
cEm,Ap) = {(xnk) € of:limM (%) = 0;limM <M> =0 for some r > 0}
n, n,

They studied different properties like linearity, completeness and solidity of these spaces.

In this article we define the difference sequence spaces of fuzzy real numbers W¥ (AT, F,u,p). A
series of modulus functions and a series of multipliers are used to broaden the scope of this
investigation into fuzzy numbers. Here, we define following class as follows:

n
1 _ Pk
WEAT F,u,p) = {x = (X) € W(E):; E [fk <supdk(ukAzlxk,S,Lk)>] - 0asn — oo}
k
s=1

where,

A Xy s = Xi%o (=D () Xiesvis and F = (fi) be a sequence of modulus functions, p = (py)
consists of a finite series of positive integers, and u = (u;) consists only of positive integers.

Letp = (pk,l) constitute a pairwise sequence of positive real numbers with

0 < py,; < suppy,; = Hy, and let K = max{1,2M71}.
k,l

Then we use the following inequality in this article
|t + bl < K(|awa + [bed ) (3.1)
for the Complex-plane factorable sequences ay; and by, ;. For isolated sequence spaces, we will
employ the next inequality.
Let p = (py) be a sequence of positive real numbers with
0<px< suppy = H,D = max{1, 271}

then
|a + bie[P* < D(Ja[P* + by |P¥) (3.2)
For all k and (ay), (by) € C. Also, forall a € C.
|a|P* < max{1, |a|} (3.3)

4. Main Results

Lemma 4.1. Leta, = 0, b, = 0 for all k consist of an unending succession of complex numbers,
and 1 < p, < suppy, < oo, then

1/M = -
(Z lay + bklpk> < <Z |ak|pk) + (Z |bk|pk> ,Where
k k k

M =max(1,H),H = suppy,.
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Theorem 4.2. Let p = (py) exist as a finite series of positive real numbers and u = (u;) consist
solely of positive integers. Then WF(A™, F,u,p) forms a linear space over the real number.

Proof:
Let X = (X) and Y = (Yx) € WFand a, f € R. Then

Pk
;12;;1 [fk <51;pcfk (ukA’,}lers,Lk)ﬂ —»0asn— o and

S|e

n Pk
Z [fk <Sup‘zk(ukAZlyk,s'Lk)>] —0asn — o
k
s=1

Pk
So, %Z?:l [fk (sgp&k(ukAL"(axk's + :Byk,s)'Lk)>]

Pk

Pk
= 0(;12221 [fk (Sllip‘jk(ukALnxk,s' Lk))] + ﬁ%Z?ﬂ [fk <Sllip(zk(ukALn{yk,s' Lk))]

—-0asn— o

So as a consequence of modulus functions' subadditivity property f(Ax) < (1 + [|A|]Df (x).
aX + pY € WEATLF,u,p).

Hence WF(A™, F,u, p) is a linear space.

Theorem 4.3. Let (Ey, d) follow a regularity in the set of all closed metric spaces and let us
assume that there is a finite sequence (p) of positive real integers such that infp, > 0. Then
WE(A™, F,u,p) is a complete metric space, defined from the point of view of the metric

m 1/M

g, Y) = Z fic <5111(p ak(xk,i'yk,i)> + sup

1=1

n

Pi
1 _
HZ (fk (5111(pdk(ukA$xk,s:ukM?@/k,s))) ]

s=1

Proof:
Let (X @) be a Cauchy sequence in WF (AT, F,u, p) where
(@ — @\* \~ Foam
x@ = ((x )s=1)k=1 € WF(A™, F,u, p) for each q € N.
Then g(X@,x™) > 0asr > o
This means

i

Pk
— 1 —_
Sy fi (sgpdk (2, x; )> + sup [;z;zl (fk (sgpdk (ukAL"x,Efzs),ukAL”x,ETs)))) ] =
Oasr » o
Therefore, it follows that

m

Z fr <S%pcfk (X,E?,X,E?)) —>0asq,r — oo, (4.1)

i=1
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and
n Pk 1/M
1 7 Mm@ . Amoye()
sup - fre | supdy (uply' Xy, 5 ug A Xy —-0asq,r— (4.2)
n k ’
s=1
The resulting equation gives us
fe <sup& (xﬁ),x(r))) -0 (4.3)
k

asq,r > o foreachi=1,2,..,m

In contrast, (f) is a sequence of modulus functions, so we must have
supdy, (X,E?) —>0asqr—>oforeachi=12,..,m
X :
Therefore, {X,EZ)} is a Cauchy sequence in Ej, such that for any k,i=1.2,..,m
Because ( f; ) is a sequence of modulus functions, we again get the following from equation:

supd,, (ukAL”X,EqS),ukAL"JC,E?) - 0asq,r > oo foreachs =1,2,..,n
p : :

Thus, (ukA’,}lX,gZ)) is a Cauchy sequence in the field E; for all s =1,2,...,n and all k € N.
However, considering that every E} exists in its whole. So let X,Efp - Xy asq — oo foreachi =

1,2, ..., m and for all k and ukAL”X,EZ) - U AT X s as q — oo foreach s = 1,2, ...,nand for all k.
Thus, utilizing equations (4.3), we obtain

ka <supdk ki ,Xkl)> - 0,asq » © (4.4)
and
n prq1/M
1 Mm@ . Amae()
sup [nZ (fk (supdk WA X AT ))) ] > 0asq oo (4.5)
s=1
i.e.
g(x(q),x) —>0asr > o
Now,

Let X € WF(AT, F,u, p).Then,

n
93
n
s=1
i.e. for given e > 0, there exists g, € N such that

Pk
<fk (sgp&k (ukAmx,E‘i),ukAL”XIEZ)))) —-0asq—oooforalln eN

Pk
1
o S= (fk <Supdk (ukAmxIE?'ukALnxk,s)>) < 2 (4.6)
for all ¢ > qq and for all n € N.
Since X (@ € WF(A™, F,u, p), we can find L9 such that
Pk
1 -
o us=1 (fk <S“pdk (“kAmxé‘?’L(q))» <3 4.7)
k
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for all n > ny where Lgcq) € Ey.
Similarly, for X ™ € WF(A™, F,u,p) we can find L(") such that

n Pk
1 - £
_ my () () <
nz <fk <S%pdk (ukA XysrLy )>> <3 (4.8)
s=1
for all n > n, where LS:) € Ey.
Consider n, = max(qy, ng,n1). Then
L& Pk
3 <supdk (1o, Lgp)) 23 (5 <supdk (ng),Lgp))
k ns=1 k
1 Pk
< _Z < k(supdk ukAmx,E‘Q,L(q))>)
e
1 Pk
+ ;Z <fk (supdk ukAmX,EZ),ukAZ‘X,ETS)D)
s=1
Pk
1 —_
+;Z?=1 (fk <51;pdk (ukAmxIETS)’L(T))>> < g, 4.9

forall g,r = n,

Choose € = f(&;),& > 0and Then d; (Lgf), Lg)) < g forallq,r >n,

e. L'? constitutes a Cauchy sequence in Ey. S0 L? — L, as ¢ — o. From equation (4.9), we get

n Pk
1 _
ZZ <fk (Sl;pdk (LE\?),LR))) <eVq=n,
s=1
Hence we have

n Pk
1 _
_Z (fk <sup di (WA Xy s uka@/k,s)))

s=1 k

Pk
(fk <51;p dy (ukAmx}E?' ukALnxk,s))>
Pk

(fk <sip(zk (u Amx,ﬁ‘?, L(Q))>)

1

Pk
(fk (sw (L%"%L%”)))
1

5
S§+§+g=?£ foralln > n,.

S

IA
i
3=
:U}
AN

+
wl
Sl S|k

S=
n

+
o

S=

(4.10)

This implies that X € W¥ (AT, F,u,p) and hence WF(A™, F,u,p) contains all possible metrics

and is therefore a complete metric space.
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Theorem 4.4. Let p = (py) and t = (t;,) exist, as positive number sequences, such that 0 < p, <

t, for all k € N and the sequence (t;/py) be bounded. Then WE (AT, F,u,t) € WE(AT, F,u,p).

Proof:
Let X € WF(A™, F,u, t) which implies

tk
%Z?ﬂ (fk <Supdk (ukAle,E?,LkD) > 0asn - oo, (4.11)
" :

tk
ConSider Uk = <fk <Supczk(ukALnXk,S, Lk))) and /‘{k = (pk/tk) be SUCh that 0< /1 S }{k < 1.
k

Define
0, ifpu, =1

{Mk, ifpy =1
Ck = .
P, fp <1

] and d; = {
0, ifu, <1

Then we have p, = ¢ + dy and pp* = ci* + dp*.

Thus, it follows that ¢/ < ¢, <, and dj* < df.

Therefore,
1 = Pk 1 n te
n 1 mx — 1 m (@)
n Szl (fk (Sl;pdk (ukAv xkvs ;Lk))) < nszl (fk (Sllipdk (ukAv xk,s ’ Lk))) s 0asn— o

Which implies, X € WF(A™, F,u,p).

Theorem 5. Let F = (f;) and G = (g ) exist as a pair of modulus sequences. Then we have

WEQ™, F,u,p) n WEQAT, G, u,p) € WEATLF + G,u,p)
WEAT, F,u,p) = WE(AT, G, u,p) if0 < inf@<sup@<oo
e v Gx)~ G
Proof:

The proof is easy so we omit it.

5. Conclusion

In the study, we have used the modulus function to introduce a generalized difference sequence
space WF (AT, F, u, p)of fuzzy real numbers. Also, we have shown linearity property of the space.
Moreover, by defining a suitable metric, the completeness property is proved, and the inclusion
relation WE (AT, F,u,t) € WF(A™, F,u,p) is shown. The finding of the paper spread out the
existing theory related to sequence space of fuzzy real numbers and gives a strong mathematical
framework for the further investigation in the field of functional analysis and fuzzy application.
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