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independent parameter that is not associated with senescence. In human populations, issues connected 
with overestimation in observed death rates at senescence in mortality trajectories aroused the study of 
continuous parsimonious parametric mortality models which are responsible for the unobserved 
heterogeneity and consequently, the cohort population is then partitioned into strata in accordance with an 
observed measure of insured’s exposure to the risk of death. However, in Dragan(2022), we have 
observed that the methods of generating mortality tables were initially developed for cohorts whose 
members have varying characteristics in connection with longevity measures. 
 

Numerical Computation of the  1, 2GM  Parameters 

In Debon, Montes and Sala (2005); Debon, Montes and Sala (2005), the  1, 2GM is defined as 

x
x GH             (1) 

Let  e  and HG ee loglog  , 0   and 0  

The right hand side must be multiplied by  1  throughout by definition of the force of mortality 
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logeK  ; taking  K  as the constant of integration 
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where elog , is the constant of integration.  

 log log log log log
X Xx H x H

e x e e e el             (9) 

Now, equating both sides, we have 
Xx Hx
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Hx

x dsll   




0

      (10) 

Note that the age of the insured is chronological. We can take four of such age with equal intervals at the 
points  0, , 2 , 3x x s x s x s    to have four systems of simultaneous equations 
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Taking logarithms of the two equations above, we have 
   eee

s
ee HHx logloglog1log2log       (41) 

     eee
s

ee HHsx logloglog1log2log      (42) 

Subtracting equation (41) from(42), we obtain 
   




ee

ee
s

eeee
s

ee HHxHHsHx
loglog

loglog1log2logloglog1log2loglog



 (43)  

 eee Hs logloglog          (44) 



21

Nepal Journal of Mathematical Sciences (NJMS), Vol. 4, No. 2, 2023 (August): 17-30Nepal Journal of Mathematical Sciences (NJMS),  Vol. 4, No. 2  , 2023 (August): 17-30
  

21 
 

ss
H

e
ee

e



 loglogloglog 


        (45) 

   eee
s

ee HHx logloglog1log2log       (46) 

substitute (45) into(41)    

  



eee
s

ee H
s
x logloglog1log2log       (47) 

 log log log log 2 log 1s
e e e e e

x H
s

 


         (48) 

     2 2
log log log log log 1 log 1

x x
s ss s

e e e e e eH H  
 

 
            

   
 (49) 

Equation (49) then becomes   21log 








 ss

x

e H

     (50) 

   eee
s

ee HHx logloglog1log2log       (51) 

Eqn (46) is re-expressed as 
   1loglogloglog1loglog  s

eeee
s

ee HHHx     (52) 

   
log 1 log log

1
x s

e e e s
H H

H
    

      (53) 

   1
log1


 se

sx

H
HH          (54) 

   e
sx

exesxe HHsll log1logloglog       (55) 

Substituting equation (54) in (55), we have  

 
log log log

1e x s e x e s
l l s

H
   


      (56) 

 1
logloglog


  sxesxee H

lls        (57) 

 

























s
H

ll sxesxe

e
1

loglog
log



       (58) 

Recall from (52) that    1loglogloglog1loglog  s
eeee

s
ee HHHx   (59)   



22

Ogungbenle G. Michael, Ihedioha S. Abahia & Ogungbenle O. Gladys / The Gradshteyn and Ryzhik’s Integral …Ogungbenle G. Michael, Ihedioha S. Abahia & Ogungbenle O. Gladys / The Gradshteyn and Ryzhik’s Integral  … 

22 
 

  2
log log log log log 1s

e e e e ex H H 


         (60) 

  2
log log log 1x s

e e eH H 


            (61) 

  21log 
 s

e
x HH          (62) 

  21
log


 s

e

x HH


         (63) 

Recall that   xee
x

ee lHx loglogloglog        (64) 

  x
exee Hxl  loglogloglog        (65) 

Inserting (58), (63) into (64)  

    211
loglog

loglog 
























 s

sxesxe

xee H
s

H
ll

xl 



    (66)   

 elog  

 

 

























s
H

ll sxesxe 1
loglog 

        (67) 

and by the initial definition HG ee loglog   

recall

1log
log log

e s

e eH
s





    
 

       (68) 

s
H

1











          (69) 

Note that 
 




e
e

s
G loglog
        (70) 

And   21
log


 s

e

x HH


         (71) 

 

x
x GH  becomes 



23

Nepal Journal of Mathematical Sciences (NJMS), Vol. 4, No. 2, 2023 (August): 17-30Nepal Journal of Mathematical Sciences (NJMS),  Vol. 4, No. 2  , 2023 (August): 17-30
  

23 
 

   
log log

1 log
log

xe x s e x s
se

x e

l l
H

s s


  

 


                  
  

   (72) 

   
log

1 log
log

x s
xe s
sx e

x e

l
l H

s s


 

 

           
 
  

    (73) 

     








 e
es

x
sxse

x ss
H

P
loglog1

log






























     (74) 

 
   








 e

es
x

s
HH

e

x ss
H

sx

loglog1
log 12


































   (75) 

Recall 

1
s sH H 

 
        
   

       (76) 

So when s x , we have  

xH 

   
 

          (77) 

 
 

2

3 2
2

2

1 loglog 2log log
log 2log log 1 log

x s s
e xe x s e x s e x s

x s
e x s e x s e x e

H Hl l l H
l l l H H

 




  

 

          
  (78) 

Inserting Equation (37) and (38) into equation (78), we have 
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Materials and Methods 
 
Let  log 1e i    be the force of interest where i  is the valuation interest rate 

Following Neil (1979); Chowdhury (2012); Kara (2021); Patricio, Castellares and Queiroz (2023), the 
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Where  .  is the gamma function 
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Discussion of results 
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Conclusion 
 
Life annuity plays an important role in defined benefits schemes under defined contribution pension plans 
and hence it represents a modified version of a defined benefit structure. Consequently, it lends itself as a 
good alternative measure to defined benefits schemes to assist retirees in earning income streams 
provided the annuitant survives. This paper contributes to this field by providing an analytical technique 
for computing the fully continuous life annuities and continuous life insurance under the framework of 
mortality rate intensity defining the trend of human mortality. The development of actuarially robust 
analytical computation of fully continuous life annuities and fully continuous life insurance has 
continually posed core challenges for actuaries and life offices. In insured populations having reasonably 
good track records of death statistics, there seems to be disturbances in the function of a low number of 
events representing limitations in the information on the survival data at different ages. The applicable 
pricing assumptions available in life insurance especially in annuity-linked securities take into account 
changes in demographic statistics and mortality changes. The mathematical technique through the 
Gamma function is used to evaluate attempts to model and generate mortality rate intensities further 
employed in computing pension and death benefits. The continuous life annuities in a probabilistic 
mortality model aptly defines the actuarial present value of the underlying death density function such 
that the analytically closed form solution for the annuity integral contains special function in the form 
Gamma, upper Incomplete Gamma, and Lower Incomplete Gamma function. In particular, the lower 
Incomplete Gamma function was constructed with series representation to allow approximations of first-
order and second-order basis when the initial level of mortality is infinitesimally small. 
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