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Abstract: Considering the risk connected with the expectation of life at retirement as a result of the
unavailable actuarially modeled life annuity to price life insurance products, this study explores the gains
in an annuity that would be advantageous to lives who choose life annuity option at retirement under
defined condition of actuarially fair annuity value. When continuous parsimonious parametric mortality
intensities are Makehamised, then the life table functions used in computing the actuarial present values
of the fully continuous whole life insurance and the fully continuous life annuity could be expressed in
terms of special functions such as Gamma, Incomplete lower Gamma and Incomplete upper Gamma
functions for a homogeneous insured population. In this study, the objective is to
(1) Construct mathematical estimations through single life parameterization through algebraic technique
(11) Apply the mean value theorem to construct modification theorems under the framework of policy alterations
(1) Employ the properties of the aforementioned special functions to construct estimations which could
permit us to compute closed-form expressions for continuous whole life insurance and continuous
whole life expectancy applicable in classical life contingencies.
(iv) Apply the commutation function to develop a mathematical model for the employer liability.
From our results, Gradshteyn and Ryzhik’s analytic integral technique presents an advanced technique
for computing life insurance biometric functions and ignores the need for any algorithmic numerical
procedures.

Keywords: GM (1, 2) , Whole life insurance, whole life annuity, Gradshteyn and Ryzhik’s integral,
Gamma functions.
1. Introduction to GM (m,n) Class
In human mortality, intensity is applied to define the trends of mortality where the management of life
office assets and liability depend on the death rate of the insured Siswono, Azmi, and Syaifudin(2021).

Following Lageras, 2009; Missov and Lennart (2013), continuous parametric functions such as
assume that the mortality rate increases as age advances. However, the intensity law adds an age-
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independent parameter that is not associated with senescence. In human populations, issues connected
with overestimation in observed death rates at senescence in mortality trajectories aroused the study of
continuous parsimonious parametric mortality models which are responsible for the unobserved
heterogeneity and consequently, the cohort population is then partitioned into strata in accordance with an
observed measure of insured’s exposure to the risk of death. However, in Dragan(2022), we have
observed that the methods of generating mortality tables were initially developed for cohorts whose
members have varying characteristics in connection with longevity measures.

Numerical Computation of the GM (1,2) Parameters

In Debon, Montes and Sala (2005); Debon, Montes and Sala (2005), the GM (1, 2) is defined as
u, =p+GH* (1
Let { =e” andG =—-log,dlog, H,{ >0 andd >0

The right hand side must be multiplied by (—1) throughout by definition of the force of mortality

U, :—loge§+(— loge5logeH) * 2)
__Ldl, __dlogl, 3)
BT dx
dlog, [
L. =_%= ~log, ¢ +(~log, Slog, H)H" (4)
X
dloge . x
J I log,¢ +(—log, Slog, H)H dx+K 5)

X

log, I, = xlog, ¢ +(log, 5log, H) | ", log, 2 (6)

og, H

K =log, A; taking K as the constant of integration

log, I, =log, {* +(log, Slog, H) IOHX +log, A (7)

log, I, =log, & +(log, S)H" +log, A (8)

where log, 4, is the constant of integration.

log, /. =log, ¢* + (1og Pl )+ log, A =log, AC*6"" )

Now, equating both sides, we have

I, =Ag6" :»Tlmumds =576 (10)
0

Note that the age of the insured is chronological. We can take four of such age with equal intervals at the

points {x +0,x+s,x+2s,x+ 3s} to have four systems of simultaneous equations
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L, =256 (10
[y = AL (12)
Ly = AL (13)

xt+s oH™ s H™™ o|HS-1
ot A6 O £ =§S5H( | (14)
lx /flé/,ré‘H é‘H

Considering 4 consecutive values of function log, /,

log, I, =xlog, £ +(log, §)H* +log, A (15)
log, .., =(x+s)log, ¢+ (log, §)H™ +log, A (16)
log, I, =(x+2s)log, ¢ +(log, §)H"™* +log, A (17)
log, .., = (x+3s)log, ¢ +(log, §)H*™ +log, A (18)
log, 1., —log, 1. =(x+s)log, ¢ +(log, §) H*" +log, A

—xlog, ¢ +(log, §) H* +log, A (19
log, 1., —log, I, = (slog, &)+ (log, 5)H H* —(log, 5)H* (20)
log, 1., —log, 1, =slog, & + H'(H* ~1)log, & 1)
log, I,,,, —log, I, =slog, & +H" (H* ~1)log, & (22)
log, I.,,, —log, 1,,,, =slog, & + H*> (H* ~1)log, & (23)
log, 1, —2log, [, +log, [ =(x+2s)log, & +(log, &) H*** +log, A —

2[ (x+5)(log, &) +(log, 8) H* +log, A |+x(log, &) +(log, §) H* +(log, A) 4
log, 1., —2log, 1., +log, I =xlog, ¢ +2slog,  +(log, §) H*** +log, 2 o3)
~2xlog, { —2slog, & —2(log, §) H*** —2log, A+ xlog, ¢ +(log, §) H* +log,

log, 1,,,,—2log, L., +log, I, =(log, §) H** ~2(log, §) """ +(log, 5) H"  (26)
log, /,.,, —2log,1,., +log, I, =(log, §) H" | H* —2H" +1] 27)
Let U = H°, then

log, /,.,, —2log, I, +log, I, = (log, §)U[U* =2U" +1] (28)
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log, 1., —2log, I, +log, . =(log,§)U (U ~1)’ (29)
2

log, /., —2log, 1., +log, I, = (log, ) H* (H" ~1) (30)

Similarly,

log, I .5, —2log, [, +log, I . =(x+3s)log,{ +(log, §)H™™ +log, A

—2[(x+ 2s)log, ¢ +(log, §)H* +log, /1] +(x+s)log, ¢ +(log, §) H™ +log, A

log, [ .5, —2log, [, +log, [ =xlog,{ +3slog, & +(log, §) H™™ +log, A

—2xlog, ¢ —4slog, ¢ —2(log, ) H*™* —2log, A+ xlog, { +slog, ¢ +(log, §)H**
+log, A

log, l,.;, —2log, I, +log, 1, =(log, &) H"™ ~2(log, §) H*"™ +(log, ) H™"
log, [, —2log, I ,, +log, [ =(log,6)H"" [st -2H" + 1]
loge Ix+3s - 210ge Zx+25 + loge lx+s = HXJrS (P[Y - 1)2 loge 5 (35)
xX+s s 2

loge Zx+3s — 2 loge l‘c+23 + loge lx+s B H (H B 1) lOge 5 X

2 = 5 =H (36)

loge lx+2s - Zloge ZX‘FS + loge ZX HX (HS _1) loge 5
Let log,/ ,,, —2log, [ ., +log, /| =« (37)
loge lx+3s - 2 loge lx+2s + loge lx+s = ﬂ (38)
HY(H* =1 log, 5 = (39)
2

H* (Hf -1) log, 5=/ (40)
Taking logarithms of the two equations above, we have
xlogeH+2loge(HS —1)+10geloge5:10gea (41)
(x + S)loge H+ 210gE(HS - 1)+ log,log, 0 =log, B (42)

Subtracting equation (41) from(42), we obtain
xlog, H +slog, H + 210g(HS ~ 1)+ log, log, 6 —xlog, H —2log, (H“ - 1)— log, log, 0
- log, B~ log,

slog, H =log, B—log, « (44)
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14
log,
1 -1 ¢
loge H = 0og, ﬂ 0g, — a (45)
s s
xlog, H + 210ge(HS - 1)+ log,log, 0 =log, (46)
substitute (45) into(41)
x. B s
—loge—+210ge(H —1)+10geloge5=logea (47)
s a
x, B s
log, log, o =log, o ——log, ——2log, (H —l) (48)
s a
log, [loge 5] =log, o +log, (ﬁ] ' +log, (HS —1)_2 =log, (ﬁj ' (HS —1)_2 (49)
a a
. ﬂ _T; s 2
Equation (49) then becomeslog, 6 = | — (H - 1) (50)
a
xlogeH+210ge(Hs —1)+10g€10ge5=10g€a (51)
Eqn (46) is re-expressed as
xlog, H + loge(H“' - 1)+ log, log, 6 =log, o — logE(H“' - 1) (52)
a
log,| H*(H’ -1)log, d |=log, —— (53)
g [ ( ) g } g (HS _1)
a
H*\H* —1)log, 0 = 54
(1" ~1og, 6= 7 (54)
log,/ . —log, [ =slog, {+ H'”(Hs - l)loge 0 (55)
Substituting equation (54) in (55), we have
a
log,/ ., —log, [ =slog, &+ (56)
g g g.¢ (i 1)
slog, & =log, I —log, [ — 2% (57)
ge ge xX+s g@ X HS _1
log, /., ~log. 1, ~ .
log, ¢ = - (58)
s

Recall from (52) that xlog, H + loge(Hs - 1)+ log,log, 0 =log, a — loge(Hs - 1) (59)
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xlog, H +log,log, o =log, o +log, (HS - 1)_2 (60)
log, [Hx log, 5]zlogea(HS —1)_2 (61)
H*log, 5 =a(H’ -1)” (62)
a -2

H* = H' -1 63

log, 5< ) ()
Recall that xlog, & + (loge 5)Hx +log, A =log, I, (64)
log, A=log, ! —xlog, { — (logé') * (65)
Inserting (58), (63) into (64)

loge l)C+S‘ _loge X - a
‘ H' -1 s )2
log, A =log, I, —x —a(H* -1) (66)
s
log.&=p
o
log,/ . —lo -
ge X+s ge X HS _1
p= (67)
s
and by the initial definition G = —log, dlog, H
log, — B é
recalllog, H =——% =log, (—] (68)
s a
!

i = (ﬁj“ (69)

a

—log, o
Note that G = Mloge I (70)
s o
a =)
And H* = H' -1 71
log, 5( ) 7h

U, = p+ GH " becomes
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log, 1., —log,I .
e "x+s e X HS _1 _10 5 f
= ) {( )16 eﬁ}(ﬁj 72)
S s
_log S @
‘ lx HS _1 f —1 5
" (#-1) +(ﬁj( 08 9) . B -
s a s
- a
log,(,P,)- x
e\s” x s B _1 5
u = "ol [ﬁj (clog. 0)y £ (74)
s a s a
i x(zrs [04
log, £*6" 1) _ x
e s B —l
“, = e (ﬁj Cloe. 9)yo £ (75)
s a N a
1
Recall H = (ﬁjb = H' = (ﬁj (76)
o a
So when s = X, we have
- (ﬁj (77)
o
xX+s S 2
loge lx+33 - Zloge lx+25 + loge lx+s — H (H _1) lOge 5 — Hx — (ﬁj (78)
log, /..o, =2log, L. +log, I, f(H* -1) log, o
Inserting Equation (37) and (38) into equation (78), we have
_log 4,2511*(11‘71) B a
‘ H’ -1
(|
N
Hence, we obtain 1, = (79)

éj: (_ loge 5) 10 (loge lx+3s - 2 loge lx+2s loge lx+s)
(24

s ¢ log,l,., —2log, I +log,I,

x+2s
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lo Sé‘H"(HS—l) o
g.¢ T 1
H. = +
S
(80)
( ﬁjs (~log, &) log (loge ACESTT Z2log, AT ST +log, A ST )
a s © log, ACTESTT —2log, ACHST +log, AT ST
o Sé,HX(H‘—l) . «a
ge é, (HY _ 1)
ﬂx = +
s
x+3s GH3S x+2s oH™? xt+s oH™ (81)
log, A" 70" —log, AC™°6"  +log, AL™6
( ﬂj: (~log.5)  |-log, AL
- Oge x+3s X+s x
a s log, AC8" " ~log, AL 6™ +log, AT 6"
—log, AL
1o Sé‘HX( —1) _ 24
g.¢ 71
H, = +
s
+3s 81
/14/)&355H /14/)&35H ( a)
X loge x+2s + loge L he ggre2s
(ﬂ J (- log, 8), log, A5™"6" igs”
— 0g. x+3s B
104 Ky log /»{(é'x+2s5H IOge /Ié/xé‘H
€ IOge A«é/XJrSéH ' € /*lé/thévH“'“
log 4135H (H —1) o
¢ H' -1
H, = +
s
' ] (82)
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Materials and Methods

Let o =log, (1 +1i ) be the force of interest where i is the valuation interest rate

Following Neil (1979); Chowdhury (2012); Kara (2021); Patricio, Castellares and Queiroz (2023), the
continuous whole life annuity. Suppose, ( is the maximum age in a mortality table, then

_ Q—x
E(aﬂ) =d. :ll J. VI, dt (83)
x 0
_ Q-x
a.= [ e (Pt (84)
0
p— Q_x X t
ax = g”é'H (# _l)e"”dt (85)

(H”LHX) 3 e*m 15(HM)

thefcrt _ efcrté/zé-H‘Y(HLl) — efatézta 5HX (86)
e ot i (H) exp(H'H log, o +tlog, (e ¢
t})xefal — efaté/lé‘H (H 1) — € ig — ( 5]_[‘( ( )) (87)
Observe that H' = %11 = g% 1! (88)
v oot et ) exp((e% ) (H xlog, g)+tlog, e ¢
tﬂe_m _ e_o—té,té‘H (1 1) _e i[;g _ (( )( i ) ) (89)
. exp((e”"ng )(H" xlog, 5) +tlog, e*"g”)
aAx = . dt (90)
0 5"
n
Let n=tlog H = =t 91
n=tlog H =3 O
When 1 =0, =0
When ¢ =Q—x, n=(Q-x)log, H =log, H@) (92)
‘;—’Z =log, H = dr = log, Hd = - d”H = dt (93)
0g,
L g exp(e” (H)r xlog, 5) + | n I xlog, e”{} i
ax = < 94
! 5" log, H .
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(@)

- I o . n .

ax = (loge H)(&HX ) ! exp (e” x H" xlog, §)+ log 71 xlog, e g”]dn
- 1 e e X loge efo_é’

dx = eXp (H Xloge5)e”+ lOg—H nan

(log, H)(8" ) 3

Following Gradshteyn and Ryzhik (n.d, pp. 356, formula, E71147 (37))
Iexp(—aey —EY)dY = a‘5F<—5, a)

0

e

Where F() is the gamma function

a=a+ib, i=\/—_l anda>OandaSRe|a|

_ 1 log, H

(@)
. log, e °¢
ax:(logeH)(éHx) ! exp(_(_H Xlogeg)en_[_%y}dn

K log, e ¢

exp| —(—-H" xlog o)e" —| ——=——= =
! p[( £.%) ( log, H ]n]dn
log, H®™)

! exp(—(—H" xlog, 5) e’ —(—%)n}dn
+ T(m) exp[—(—Hx xlog, 5)9’7 _(_ loliegj;gjnjdﬂ

log, H

Consequently,

Iexp(—(—H“‘ xlog, 5)6” —(—loliegee;f)ﬂ]dn—

® ) log, ™

) loge;[m_x) exp[—(—[—[v xlog, 5)e’7 _[_ Oligeerjanﬂ
(log, H)(é'Hx)

oEexp[—(—H" xlog, §)e’7 —[—%]U}d?]—

(log, H)(gHX ) T exp{—(—H" xlog, 5)e’7 _(_—loge e_ggjﬂ)dﬂ

log, 7O log‘-’ H
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J, = Texp(—(—H" xlog, 5)@'7 —(—M}]Jdn =
0

log, H
(103)
_log, &
[(_Hxxloge 5)][ logeH]l—w(_( logee ;J ( Hxxloge 5)J
log, H

J, = J. exp —(—Hxxlogeﬁ)e”— _log.e” ndn (104)

log 1(9) log, H

og, H
Let £ =n—log, H®™ (105)
Let E+log, H " =7 (106)
dé=dn (107)

When 77 =0, £ =0 and when 77 =log, H*™, £=0

Therefore, J, = Iexp [— (—Hx xlog, 5) efHoe T _ (—%j (§ +log, H™™" )}df (108)
0g,

*xlog, 5 log, H™ )& _loge—eé/ E+ _loge—eé/ 1OgeHQ‘x dE (109)
log, H log, H

H
- log e ¢ log e ¢
H” xlo HQ“ Cp| B B g =B 2 (- log H)dE (110

g0 ¢ ( log, H Jé( log, H ( x)( S ) s (110

{ _
J, = exp{ (~log, §) H%" +— ( log, & QVJ (—logee“’é")(Q—X)}di (111)
ool
ool
ool

log, H
Q¢ log e é,
J, = exp log 5 Hf% +—| ——=—2 |E+log, £ tdE (112)
_ a¢, | loge”d ()
J, = exp loge H e +—| ——=—|&+log, e & (113)
log, H
(~log, 8) H%" +- _log.e7e £-o(Q-x) & (114)
2= log, H
J,=¢ " [exp|—(~log, §) H® xe* - g ooy (115)
? o ‘ log, H
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J, e_U(Q_X)JeXp{—(—loge S)H" x¢f —[
0

log,

e o) [(— log, 6)H* ](

1
(log, H)(ﬁm)

ax

(Jl_Jz)

1
(log, H)(é'HX )

ax

1
(log, H)(éH'X)

Q|
=

a(H 1)

X

log, o =

[(—H" xlog, 5)][ :

e ¢ -
log, H ] I (_(_M

e o™ [(— log, §)H® ](

B log, e ?¢

log, H

J

log, H

o

(—log, 5)H9j

log,e™?¢ ]
og, H 1—* [

log, e

28

log, H

“lr([

:>Hxloge5:a(Hs —1)_2 = log, 6™ :a(HS —1)

log, e ?¢
log, H

log, e "¢
log, H

(116)

(118)

(119)

(121)

-2

(122)

(123)

j,(—H" xlog, 5)} -

j,(—loge 5)HQJ

(124)
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If [ = .[ [ M. dsand [, :J.IHHSE,UX ..(£)dE | then following de Souza (2018), the continuous
0 0

annuity in equation (124) is bounded as follows

(zm 1 eS¢ de ] << {zx e +81, e v J (125)
51, l.o
Discussion of results
lima = I pdé=e. (126)
o 5o}
tlfi_lgax = (log Hl)(y;)},lg% (_mgeef“g] p log, e ¢
e e[ (~log, 5)H® | ut r(( 1§g H J’(_loge 5)HQJ
(127)
) [(~H" xlog, 5)}[‘1521 r (( llggeg j J(~H" xlog, 5)} -
[.pdé= 0 Hl)(gm ) - 1 s (128)
o _log,
° 8 [(—IOge §)HQ][ 1ogeHJF{(%],(—loge §)HQJ
Conclusion

Life annuity plays an important role in defined benefits schemes under defined contribution pension plans
and hence it represents a modified version of a defined benefit structure. Consequently, it lends itself as a
good alternative measure to defined benefits schemes to assist retirees in earning income streams
provided the annuitant survives. This paper contributes to this field by providing an analytical technique
for computing the fully continuous life annuities and continuous life insurance under the framework of
mortality rate intensity defining the trend of human mortality. The development of actuarially robust
analytical computation of fully continuous life annuities and fully continuous life insurance has
continually posed core challenges for actuaries and life offices. In insured populations having reasonably
good track records of death statistics, there seems to be disturbances in the function of a low number of
events representing limitations in the information on the survival data at different ages. The applicable
pricing assumptions available in life insurance especially in annuity-linked securities take into account
changes in demographic statistics and mortality changes. The mathematical technique through the
Gamma function is used to evaluate attempts to model and generate mortality rate intensities further
employed in computing pension and death benefits. The continuous life annuities in a probabilistic
mortality model aptly defines the actuarial present value of the underlying death density function such
that the analytically closed form solution for the annuity integral contains special function in the form
Gamma, upper Incomplete Gamma, and Lower Incomplete Gamma function. In particular, the lower
Incomplete Gamma function was constructed with series representation to allow approximations of first-
order and second-order basis when the initial level of mortality is infinitesimally small.
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