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Abstract: Lotfi A. Zadeh developed the concept of fuzzy logic in 1965, and it has since been applied  
to the study of various class spaces. This research aims to investigate the linearity and some 
 topological properties of the generalized form of difference sequence spaces  𝐹𝐹�(�̅�𝜌 , ℳ, 𝑝𝑝 , 𝐴𝐴) 
, 𝐹𝐹(�̅�𝜌 , ℳ, 𝑝𝑝 , 𝐴𝐴 )𝑎𝑎𝑎𝑎𝑎𝑎  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) of  fuzzy real numbers defined by the Orlicz function in its  
generalized form by defining new metrics. 
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1. Introduction 

A large number of research projects have been carried out in mathematical structures built with real 
or complex numbers so far. In recent years, many researchers have investigated many results of 
replacing these mathematical structures with fuzzy numbers and interval numbers. Prior to the 
introduction of fuzzy logic and fuzzy sets, mathematics could only reach two conclusions: true or 
false (denoted by 1 and 0). In 1965, Zadeh [26] introduced the concept of fuzzy logic and fuzzy sets 
based on the notion of the relative degree of membership, which is inspired by the process of human 
perception and knowledge. Then, slowly and gradually, the use of fuzzy logic and fuzzy sets is 
increased. Many researchers are motivated towards further investigation and application of it. The 
fuzzy set and fuzzy real numbers have been studied by a wide number of academics in many classes 
of sequence space with their different properties. Matloka [13] analyzed bounded and convergent 
sequences of fuzzy numbers in 1986 and proved that every convergent sequence of fuzzy numbers is 
bounded. In 2004, Savas and Savas [21] proposed a new idea of λ-strong convergence with regard to 
an Orlicz function and investigated some of its features. Rifat,  and colleagues [ 1 8 ] , in 2009 

proposed the difference operator Δm and an Orlicz function to analyze several sequence spaces of 
fuzzy numbers and studied some of their properties such as completeness, solidity, symmetry, and so 
on and also provided some relationships connected to these spaces. In 2010, Faried and Barkey [7] 
proposed the Orlicz-Cesaro difference sequence space with distinct paranormed sequences. Also, in 
2010, Faried and Barkey [8] presented the Musielak-Orlicz difference sequence space, paranormed 
the difference, and examined several inclusion relations. Sarma [19] in 2012 proposed some I-
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convergent sequence spaces of fuzzy real numbers defined by the Orlicz function to investigate some 
of their features. Pahari [14] developed a new class of sequences with values in 2- Banach space as 
an extension of the conventional spaces of summable sequences in 2014 and investigated some 
topological structures.  Also in 2014, Tripathy and Borgohain [23] studied sequence space of fuzzy 
real numbers using metric space. Sarma [20] developed certain fuzzy sequence spaces formed by the 
Orlicz function in 2015, studied their various features, and established some inclusion properties 
among them. In 2016, Dutta and et al.[3] examined classes of real numbers sequence over 2- 
normed spaces defined by means of Orlicz function, bounded sequence of strict positive real 
numbers.  In 2018, Ebadullah [4] created a class of sequence spaces defined by a sequence of 
modulii and examined the topology that evolved in those spaces. Basu [2] formed a new class of 
fuzzy number sequences in 2018 applying the Orlicz function to produce numerous useful classes 
with rich structural features, and topological behavior was examined for these new classes. Recently, 
in 2021, Kim and Lee [11] studied the sequence spaces of fuzzy normed space with new concept. 

Wladyslaw  Orlicz, firstly  introduced  Orlicz  spaces  in  1932.  Later on,  Lindenstrauss  and 
Tzafriri [12] used the idea of Orlicz function to construct the sequence space  

𝑙𝑙� = �  𝑥𝑥 ∈ 𝜔𝜔: � 𝑀𝑀 �
|𝑥𝑥|
𝜌𝜌 �

�

���

< ∞ 𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑓𝑓𝑠𝑠𝑠𝑠 𝜌𝜌 > 0�  

The space 𝑙𝑙� with the norm ‖𝑥𝑥‖ defined by ‖𝑥𝑥‖ = inf  �  𝜌𝜌: ∑ 𝑀𝑀 �|�|
�

��
��� ≤ 1� becomes a Banach 

space and it is called Orlicz Sequence Space. 

The following is how the work is organized: in Section 2, we review some background 
material on fuzzy set theory, the concept of Orlicz function, set of fuzzy real numbers, 
sequence of fuzzy numbers, Cauchy sequence, convergent sequence, and bounded fuzzy 
sequence. In Section 3, we will look at different difference sequence spaces of fuzzy 
numbers that have been examined by researchers. In Section 4, we will look at the paper’s 
primary findings. Section 5 contains a discussion and conclusion. 

 2.  Preliminaries and Definitions 

Definition 2.1 [15]: A function  ℳ ∶ [ 0, ∞) → [ 0, ∞), which is continuous, non-decreasing, and convex 
with the properties that ℳ(0) = 0 , 𝑀𝑀(𝑡𝑡) > 0 for t> 0 and ℳ(𝑡𝑡) → ∞  as 𝑡𝑡 →  ∞, is called an Orlicz 
function.                                                                                                                        
Example 1:  The function defined by ℳ(𝑡𝑡) = |𝑡𝑡|� for all  𝑡𝑡 ∈ ℝ and 𝜂𝜂 ≥ 0 is an Orlicz function.                                                                                                                             
Example 2:  The function ℳ: ℝ� → ℝ� defined by ℳ(𝑡𝑡) =  𝑠𝑠|�| − 𝑡𝑡 − 1 , ∀ 𝑡𝑡 ∈  ℝ�  
 is an Orlicz function. The Orlicz function ℳ is said to be convex if  

ℳ(𝛼𝛼 𝑡𝑡� + (1 − 𝛼𝛼)𝑡𝑡�  ≤ 𝛼𝛼ℳ(𝑡𝑡�) + (1 − 𝛼𝛼)ℳ(𝑡𝑡�) 
 If we replace the Orlicz function ℳ by ℳ(𝑡𝑡 + 𝑠𝑠) ≤ ℳ(𝑡𝑡) + ℳ(𝑠𝑠), then the function ℳis a modulus 
function. 
Definition 2.2  An Orlicz function ℳ is said to satisfy ∆� −condition for all values of t  if there exists a 
constant 𝜆𝜆 > 0 such that ℳ(2𝑡𝑡) ≤ 𝜆𝜆ℳ(𝑡𝑡), ∀ 𝑡𝑡 ≥ 0. 
We note that an Orlicz function ℳ satisfies the relation ℳ(𝑘𝑘𝑡𝑡) ≤ 𝑘𝑘ℳ(𝑡𝑡), ∀𝑡𝑡 with 0 < k  < 1. 
Let, 𝔗𝔗  be the set of all bounded interval ℬ( 𝑏𝑏�,  𝑏𝑏�) on the real line ℝ. For any ℬ , 𝒞𝒞 with ℬ = [ 𝑏𝑏�, 𝑏𝑏�) 
and 𝒞𝒞 = [ 𝑐𝑐�, 𝑐𝑐�], we have ℬ ≤ 𝒞𝒞  if  𝑐𝑐� ≤  𝑏𝑏�  and  𝑏𝑏� ≤  𝑐𝑐� . Define a relation 𝜌𝜌 on  𝔗𝔗 by  𝔗𝔗 ( ℬ, 𝒞𝒞 ) =
max{|b� − c�| , |b� − c�|} .  Then clearly,  𝜌𝜌  defines a metric on  𝔗𝔗 and  (𝔗𝔗, 𝜌𝜌 ) a complete metric space.  
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Definition 2.3: A fuzzy real number is a fuzzy set, that is, a mapping ℱ: ℝ → 𝐼𝐼 = [0,1] associating each 
real number 𝑡𝑡 ∈ ℝ with the membership function ℱ(𝑡𝑡) such that 
the fuzzy number ℱ  is said to be  
  i. Normal if there exists 𝑡𝑡 ∈ ℝ such that ℱ (t) = 1 
  ii.  Convex if for 𝑡𝑡 , 𝑠𝑠 ∈ ℝ and 0  ≤ 𝜃𝜃 ≤ 1 ,  ℱ (𝜃𝜃 t + ( 1 – 𝜃𝜃) s) ≥  min { ℱ (t) , ℱ (s) } 
  iii. A fuzzy real number ℱ  is said to be upper semi-continuous if for𝜀𝜀 > 0, ℱ��([0, 𝑎𝑎 + 𝜀𝜀)), ∀𝑎𝑎 ∈ 𝐼𝐼 is 
open in the usual topology of ℝ. 
The 𝛼𝛼- level set on fuzzy set ℱ is denoted by ℱ�  and defined by ℱ� = { 𝑡𝑡 𝜖𝜖 ℝ ∶  ℱ(𝑡𝑡) ≥ 𝛼𝛼 }. 

Support of a fuzzy number is the set of all those fuzzy numbers having membership values greater than zero. 

Suppose ℝ(𝐼𝐼) denotes the set of all fuzzy numbers which are upper semi-continuous and have compact 
support. In other words, ℱ ∈ ℝ(I) then for any 𝛼𝛼𝜖𝜖[0, 1],   

ℱ� =  �
𝑡𝑡 ∶   ℱ(𝑡𝑡) ≥  𝛼𝛼 𝑓𝑓𝑓𝑓𝑓𝑓  𝛼𝛼𝜖𝜖 ( 0, 1]

𝑡𝑡 ∶   ℱ(𝑡𝑡) > 𝛼𝛼 𝑓𝑓𝑓𝑓𝑓𝑓  𝛼𝛼 = 0 
  

Let us consider a mapping 𝜌𝜌 � ( ℱ , 𝒢𝒢 ) = sup 𝜌𝜌( ℱ� , 𝒢𝒢� ) 𝑓𝑓𝑓𝑓𝑓𝑓 0 ≤ 𝛼𝛼 ≤ 1 . Then clearly, 𝜌𝜌 �  defines a 
metric on ℝ(𝐼𝐼)   and   (ℝ(𝐼𝐼), 𝜌𝜌 � ) forms a complete metric space. 

A sequence of fuzzy real numbers ℱ = (ℱ�) is said to be convergent to a fuzzy real number ℱ�  ∈  ℝ  if 
∀ 𝜀𝜀 > 0 , ∃ 𝑛𝑛� ∈  ℕ such that 𝜌𝜌 � (ℱ� , ℱ� ) <  𝜀𝜀 , ∀ 𝑘𝑘 ≥ 𝑛𝑛� and we write lim�→� ℱ� =  ℱ� .  

It is said to be Cauchy sequence if ∀ 𝜀𝜀 > 0, ∃ 𝑛𝑛� ∈  ℕ ∶ ∀ 𝑚𝑚 , 𝑛𝑛 ≥ 𝑛𝑛�  ⟹  𝜌𝜌 � (ℱ�, ℱ� ) < 𝜀𝜀. 

3. Difference Sequence Spaces 

The idea of difference sequence space was firstly used by Kizmaz [10] in 1981  𝑙𝑙�(∆),   𝐶𝐶(∆), 𝐶𝐶�(∆) as 
follows 
          𝑙𝑙�(∆) = { 𝑋𝑋 = 𝑋𝑋�: ∆𝑋𝑋 ∈ 𝑙𝑙�}                                                                                                                                
                         𝐶𝐶(∆) = { 𝑋𝑋 = 𝑋𝑋�: ∆𝑋𝑋 ∈ 𝐶𝐶}                                                                                                                                    
                        𝐶𝐶�(∆) = { 𝑋𝑋 = 𝑋𝑋�: ∆𝑋𝑋 ∈ 𝐶𝐶�}, where  ∆𝑋𝑋 = Xk − Xk+1 

and showed that these from s Banach  Space with respect to the norm  ‖𝑋𝑋‖∆ =  |𝑋𝑋�| + ‖∆𝑋𝑋‖�. 
In 1995, Colka and Et.[6]  generalized the difference sequence spaces of  real and complex numbers to 
study different  properties of the sequence spaces  𝑙𝑙�(∆�),   𝐶𝐶(∆�), 𝐶𝐶�(∆�) defined as follow 
 

                        𝑙𝑙�(∆�) = { 𝑋𝑋 = 𝑋𝑋�  ∈ 𝜔𝜔 ∶  (∆�𝑋𝑋) ∈ 𝑙𝑙�}                                                                                                                             
                           𝐶𝐶(∆) = { 𝑋𝑋 = 𝑋𝑋� ∈ 𝜔𝜔 ∶  (∆�𝑋𝑋) ∈ 𝐶𝐶}                                                                                                                                    
                          𝐶𝐶�(∆) = { 𝑋𝑋 = 𝑋𝑋� ∈ 𝜔𝜔 ∶  (∆�𝑋𝑋) ∈ 𝐶𝐶�}. 
To examine the diverse properties of the difference sequence spaces  𝑙𝑙�

� ( ∆�), 𝐶𝐶�( ∆�) and 𝐶𝐶�
�( ∆�)  of 

fuzzy numbers, Baruah and Tripathy [1] established the notation of difference operator  ∆�  in 2009. 
Tripathy and Sharma [25] studied different properties of the convergent, null, and bounded sequence of 
fuzzy real numbers defined by the Orlicz function as follows:             

(𝑙𝑙�)�(ℳ ) =  �ℱ = (ℱ�) ∶ sup
k  ℳ �

ρ�( ℱ� , 0 �)
ξ � < ∞  𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑓𝑓𝑚𝑚𝑠𝑠 𝜉𝜉 > 0 �  

      C�(ℳ ) =  �ℱ = (ℱ�) ∶ lim
k  ℳ ���( ℱ� ,   �)

�
� = 0  for some ξ > 0 𝑎𝑎𝑛𝑛𝑎𝑎 𝐿𝐿 ∈ ℝ � 

                     (C�)�(ℳ ) =  �ℱ = (ℱ�) ∶ lim
k  ℳ ���( ℱ� ,�)

�
� = 0  for some ξ > 0 �.  

and studied different topological properties  of  the spaces. 
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Tripathy and Borgohain [24] introduced the classes of generalized difference bounded, convergent, and 
null sequences of fuzzy real numbers defined by an Orlicz function and some properties of these sequence 
spaces like solidness, symmetricity and convergence are studied, and obtain some inclusion relations 
involving these sequence spaces. 
In 2012,  to study the various propertied of difference sequence spaces using the difference operator  ∆�, 
where  m  is fixed positive integer , and Orlicz function N. Subramaninan  et al. [ 22]  introduced  
following  sequence spaces  

      ⋀ℳ
� (∆�)  = �(𝑋𝑋�)  ∈ ω(𝐹𝐹): 𝑠𝑠𝑠𝑠𝑠𝑠

𝑘𝑘  ℳ �
��|∆� ��|

�
� ,���

�
� < ∞ 𝑓𝑓𝑓𝑓𝑓𝑓 some 𝜉𝜉 > 0� 

      𝑋𝑋ℳ
� (∆�)  = �(𝑋𝑋�)  ∈ ω(𝐹𝐹):  ℳ �

��(�!|∆� ��|
�

)� ,���

�
� → 0 as k → ∞ , for some ξ > 0� 

       Γℳ
� (∆�)  = �(𝑋𝑋�) ∈ ω(𝐹𝐹):  ℳ �

��|∆� ��|
�
� ,���

�
� → 0 as k → ∞ for some ξ > 0� 

𝜒𝜒ℳ
� (∆� , ∅)  = �(𝑋𝑋�)  ∈ ω(𝐹𝐹):  �

∅�
ℳ �

��(�!|∆� ��|
�

)� ,���

�
� → 0 as k → ∞ , s → 0   for k ∈ σ ∈ P�� 

Γℳ
� (∆� , ∅) =   �(𝑋𝑋�)  ∈ ω(𝐹𝐹):  �

∅�
ℳ �

��|∆� ��|
�
� ,���

�
� → 0 as k → ∞ , s → 0   for k ∈ σ ∈ P�� 

In 2012, Sarma [20] introduced  I – convergent sequence of fuzzy real numbers defined by Orlicz 
function as follow: 

(C�)�(ℳ) = �ℱ = (ℱ�) ∶  �𝑘𝑘 ∶  ℳ �
ρ�( ℱ�, 𝐿𝐿)

𝑓𝑓
� ≥ ε for some 𝑓𝑓 > 0 𝑎𝑎𝑎𝑎𝑎𝑎  𝐿𝐿 ∈ ℝ(I)� ∈ I� 

            ( 𝑙𝑙�
� )�(ℳ) = �ℱ = (ℱ�) ∶  �𝑘𝑘 ∶  ℳ ���( ℱ�,)

�
� ≥ ε for some 𝑓𝑓 > 0 � ∈ I� 

and studied different properties like solidity and symmetricity. 

Savas and Altinok [5]  introduced some classes of fuzzy number sequences, looked at them, and studied 
some of their characteristics including completeness, solidity, symmetry and convergence free. They also 
looked at some inclusion relations that were relevant to these classes. Further, in 2017, Ebadullah [4] 
introduced certain classes of sequence spaces of fuzzy numbers defined by sequence of modulii and 
studied their topology. Then, Sarma [21] introduced the  notations  𝑊𝑊�(ℳ , P ), 𝑊𝑊�

�(ℳ , P ) and 
 𝑊𝑊�

�(ℳ , P ) of fuzzy sequence spaces defined by Orlicz  function and studied  various properties such as 
completeness, symmetricity and  established some inclusion relation. By using the sequence for modulo 
function, Ganie and Gupkari [9] introduced and investigated various new ways of difference 
sequences of fuzzy real numbers in 2021. 
 

Paudel and Pahari [16] studied some topological structures of fuzzy metric space in 2021 
using the concept of fuzzy. Additionally, in 2022, Paudel and et al.[17] introduced the 
generalized form of the p-bounded variation of fuzzy real numbers, which is defined as 
follows: 

                                                    𝑏𝑏𝑏𝑏�
 �(∆�ℱ) =  { ℱ = (ℱ�) ∈ 𝜔𝜔(𝐹𝐹): ∑ {�̅�𝑎(∆�ℱ� , 0� )}�∞

��� < ∞} 
for  1 ≤ 𝑠𝑠 < ∞ ,  where ∆�ℱ� = ℱ�−ℱ��� 

and looked at a few findings that describe the topological structure of the novel class of  
P-bounded variants of the generalized difference sequence space of fuzzy real numbers.   
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�
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�(ℳ , P ) of fuzzy sequence spaces defined by Orlicz  function and studied  various properties such as 
completeness, symmetricity and  established some inclusion relation. By using the sequence for modulo 
function, Ganie and Gupkari [9] introduced and investigated various new ways of difference 
sequences of fuzzy real numbers in 2021. 
 

Paudel and Pahari [16] studied some topological structures of fuzzy metric space in 2021 
using the concept of fuzzy. Additionally, in 2022, Paudel and et al.[17] introduced the 
generalized form of the p-bounded variation of fuzzy real numbers, which is defined as 
follows: 
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 4. Main Results 

In this paper, we introduce generalized difference sequence classes of fuzzy real numbers defined by 
Orlicz function as follow: 

         𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) =  �ℱ = (ℱ�) ∈ 𝜔𝜔�: 𝑠𝑠𝑠𝑠𝑝𝑝 
𝑘𝑘 �ℳ �� � (��(∆� ℱ�) ,�� )

�
��

��
< ∞ � 

          𝐹𝐹(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) =  �ℱ = (ℱ�) ∈ 𝜔𝜔�: 𝑙𝑙𝑙𝑙𝑙𝑙 
𝑘𝑘 �ℳ �� � (��(∆� ℱ�) ,ℱ��)

�
��

��
= 0 �  

𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) =  �ℱ = (ℱ�) ∈ 𝜔𝜔�: 𝑙𝑙𝑙𝑙𝑙𝑙 
𝑘𝑘 �ℳ �

ρ �(𝑎𝑎�(∆� ℱ�) , ℱ��)
ξ ��

��

= 0  𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑓𝑓𝑙𝑙𝑠𝑠 𝜌𝜌 > 0� 

where 𝑝𝑝 = (𝑝𝑝�), a sequence of strictly positive real number     𝐴𝐴 =  (𝑎𝑎�) , a sequence of real numbers and 
∆�ℱ� =  ℱ� − ℱ���    
Theorem 4.1:   

The classes 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ), 𝐹𝐹(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 )  and 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) are linear spaces. 
Proof:  
To prove the linearity of the classes , we firstly show that 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) is linear and then other proof 
is similar. 
Let  ℱ = (ℱ�) and ℋ = (ℋ�) are from  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ). Then there exists ξ� > 0  ξ� > 0 such  

that 
𝑠𝑠𝑠𝑠𝑝𝑝 

𝑘𝑘 �ℳ �� � (��(∆� ℱ) ,�� )
��

��
��

< ∞ and 
𝑠𝑠𝑠𝑠𝑝𝑝 

𝑘𝑘 �ℳ �� � (��(∆� ℋ) ,�� )
��

��
��

< ∞. 

Then for any 𝛼𝛼 , 𝛽𝛽 and ξ = max�2𝛼𝛼ξ� ,2βξ��, we have 
𝑠𝑠𝑠𝑠𝑝𝑝

𝑘𝑘  �ℳ �� � (��(∆�� ℱ�)���(∆�� ℋ�) ,��)
�

��
��

  ≤ 𝑠𝑠𝑠𝑠𝑝𝑝
𝑘𝑘  �ℳ �𝛼𝛼 � � (��(∆� ℱ�) ��))

�
+ 𝛽𝛽 � � (��(∆� ℋ�) ��))

�
��

��
 

                                                      ≤ 𝑠𝑠𝑠𝑠𝑝𝑝
𝑘𝑘  �ℳ ��

�
� � (��(∆� ℱ�) ��))

��
+ �

�
� � (��(∆� ℋ�) ��))

��
��

��
                                                                                                           

                                                                      ≤ 𝐺𝐺 𝑠𝑠𝑠𝑠𝑝𝑝
𝑘𝑘  �ℳ �� � (��(∆� ℱ�) ��))

��
��

��
+ 𝐺𝐺 𝑠𝑠𝑠𝑠𝑝𝑝

𝑘𝑘 �� � (��(∆� ℋ�) ��))
��

�
��

   

< ∞ 

where, 𝐺𝐺 = max{1 , 2���} , 𝜇𝜇 = 𝑠𝑠𝑠𝑠𝑝𝑝
𝑘𝑘  𝑝𝑝� .  

So that  
𝑠𝑠𝑠𝑠𝑝𝑝

𝑘𝑘  �ℳ �� � (��(∆�� ℱ�)���(∆�� ℋ�) ,��)
�

��
��

< ∞ and so  𝛼𝛼ℱ +  𝛽𝛽ℋ ∈ 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) and hence 
the sequence of class 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) is linear.  
 

Theorem 4.2 :   
Suppose 𝑝𝑝 = (𝑝𝑝�) and 𝑞𝑞 = (𝑞𝑞�)  be two positive strictly  increasing sequence such that 0 < 𝑝𝑝� ≤  𝑞𝑞� <
∞ for all values of k, then the following relation holds: 

(i) 𝐹𝐹(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) ⊆  𝐹𝐹(�̅�𝜌 , ℳ , 𝑞𝑞 , 𝐴𝐴 )   (ii)  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) ⊆  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑞𝑞 , 𝐴𝐴 ) 
 

Proof :   
Suppose  𝑝𝑝 = (𝑝𝑝�) and 𝑞𝑞 = (𝑞𝑞�)  be two positive strictly  increasing sequence such that 0 < 𝑝𝑝� ≤  𝑞𝑞� <
∞ for all values of  k . Let  ℱ = (ℱ�) ∈ 𝐹𝐹(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ). Then there exists ξ > 0 such that  
𝑙𝑙𝑙𝑙𝑙𝑙 

𝑘𝑘 �ℳ �� � (��(∆� ℱ�) ,ℱ��)
�

��
��

= 0.  

This relation is true only for  �ℳ �� � (��(∆� ℱ) ,ℱ��)
�

��
��

≤ 1 for sufficiently large value of  k. Since,  

𝑝𝑝� ≤  𝑞𝑞� for all values of k, we have 
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  �ℳ �� � (��(∆� ℱ) ,ℱ��)
�

��
��

≤ �ℳ �� � (��(∆� ℱ) ,ℱ��)
�

��
��

.  

Taking  limit 𝑘𝑘 → ∞ ,   
𝑙𝑙𝑙𝑙𝑙𝑙 

𝑘𝑘 → ∞ �ℳ �� � (��(∆� ℱ�) ,ℱ��)
�

��
��

≤ 𝑙𝑙𝑙𝑙𝑙𝑙 
𝑘𝑘 → ∞ �ℳ �� � (��(∆� ℱ�) ,ℱ��)

�
��

��
= 0    

⟹ 𝑙𝑙𝑙𝑙𝑙𝑙 
𝑘𝑘 → ∞ �ℳ �� � (��(∆� ℱ�) ,ℱ��)

�
��

��
= 0 

⟹  ℱ = (ℱ�) ∈ 𝐹𝐹(�̅�𝜌 , ℳ , 𝑞𝑞 , 𝐴𝐴 ) 
⟹ 𝐹𝐹(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) ⊆  𝐹𝐹(�̅�𝜌 , ℳ , 𝑞𝑞 , 𝐴𝐴 ) 
Similarly, we can show that 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) ⊆  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑞𝑞 , 𝐴𝐴 ). This completes the proof. 
 

Theorem 4.3:  

The space  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) =  �ℱ = (ℱ�) ∈ 𝜔𝜔�: 𝑠𝑠𝑠𝑠𝑝𝑝 
𝑘𝑘 �ℳ �� � (��(∆� ℱ�) ,�� )

�
��

��
< ∞� is a complete 

metric space with the metric defined as  

�̅�𝑑�(ℱ , ℋ) = inf �ξ
��
� ∶  𝑠𝑠𝑠𝑠𝑝𝑝 

𝑘𝑘 ��ℳ �
ρ �(𝑎𝑎�(∆� ℱ�) , 𝑎𝑎�(∆� ℋ�))

𝜉𝜉 ��
��

�

�
�

≤ 1�  

where, 𝑝𝑝 = 𝑝𝑝�, be a sequence of strictly positive real numbers , 𝐴𝐴 = (𝑎𝑎�), a sequence of real numbers. 
Proof:  
Let {ℱ�} be a Cauchy sequence in  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ). Then for 𝜀𝜀 > 0, let us choose 𝑠𝑠 > 0, and 𝜂𝜂 > 0 such that  

ℳ �
𝑠𝑠𝜂𝜂
2

� ≥ 1 … … … . (∗) 

Then for 𝜀𝜀 > 0, ∃𝑛𝑛� ∈ ℕ ∶  ∀ 𝑙𝑙, 𝑗𝑗 ≥ 𝑛𝑛�, we have 

�̅�𝑑��ℱ� , ℱ�� <
𝜀𝜀

𝑠𝑠𝜂𝜂
 

 By the definition of  �̅�𝑑� we have, 

�̅�𝑑��ℱ� , ℱ�� = inf �ξ
��
� ∶  𝑠𝑠𝑠𝑠𝑝𝑝 

𝑘𝑘 ��ℳ �
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
��

��

�

�
�

�  ≤ 1 

                                          ⟹ �ℳ �
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
��

��

≤ 1 

                                          ⟹ �ℳ �
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
��

��

≤ 1 ≤ ℳ �
𝑠𝑠𝜂𝜂
2

� 

 Since, ℳ is a non-decreasing function,  
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
 ≤  

𝑠𝑠𝜂𝜂
2

 

Since, 𝜉𝜉 > 0 let us choose =  �
��

 , so that  

ρ ��𝑎𝑎�(∆� ℱ�
� ) , 𝑎𝑎�(∆� ℱ�

�)�
𝜉𝜉

 ≤  
𝑠𝑠𝜂𝜂
2

.
𝜀𝜀

𝑠𝑠𝜂𝜂
< 𝜀𝜀 

∴  
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
 < 𝜀𝜀 ∀ 𝑙𝑙 , 𝑗𝑗 ≥ 𝑛𝑛� 

This shows that  �𝑎𝑎�(∆� ℱ�
� ) � is a Cauchy sequence in ℝ(I) for all 𝑘𝑘 ∈ ℕ. Since ℝ(I) is complete, the 

sequence �𝑎𝑎�(∆� ℱ�
� ) � converges in ℝ(I) and say  
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��
��
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�

��
��
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��
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�
��

��
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�
��

��
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�
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< ∞� is a complete 

metric space with the metric defined as  

�̅�𝑑�(ℱ , ℋ) = inf �ξ
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�

�
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Proof:  
Let {ℱ�} be a Cauchy sequence in  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ). Then for 𝜀𝜀 > 0, let us choose 𝑠𝑠 > 0, and 𝜂𝜂 > 0 such that  

ℳ �
𝑠𝑠𝜂𝜂
2

� ≥ 1 … … … . (∗) 

Then for 𝜀𝜀 > 0, ∃𝑛𝑛� ∈ ℕ ∶  ∀ 𝑙𝑙, 𝑗𝑗 ≥ 𝑛𝑛�, we have 

�̅�𝑑��ℱ� , ℱ�� <
𝜀𝜀

𝑠𝑠𝜂𝜂
 

 By the definition of  �̅�𝑑� we have, 

�̅�𝑑��ℱ� , ℱ�� = inf �ξ
��
� ∶  𝑠𝑠𝑠𝑠𝑝𝑝 

𝑘𝑘 ��ℳ �
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
��

��

�

�
�

�  ≤ 1 

                                          ⟹ �ℳ �
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
��

��

≤ 1 

                                          ⟹ �ℳ �
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
��

��

≤ 1 ≤ ℳ �
𝑠𝑠𝜂𝜂
2

� 

 Since, ℳ is a non-decreasing function,  
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
 ≤  

𝑠𝑠𝜂𝜂
2

 

Since, 𝜉𝜉 > 0 let us choose =  �
��

 , so that  

ρ ��𝑎𝑎�(∆� ℱ�
� ) , 𝑎𝑎�(∆� ℱ�

�)�
𝜉𝜉

 ≤  
𝑠𝑠𝜂𝜂
2

.
𝜀𝜀

𝑠𝑠𝜂𝜂
< 𝜀𝜀 

∴  
ρ ��𝑎𝑎�(∆� ℱ�

� ) , 𝑎𝑎�(∆� ℱ�
�)�

𝜉𝜉
 < 𝜀𝜀 ∀ 𝑙𝑙 , 𝑗𝑗 ≥ 𝑛𝑛� 

This shows that  �𝑎𝑎�(∆� ℱ�
� ) � is a Cauchy sequence in ℝ(I) for all 𝑘𝑘 ∈ ℕ. Since ℝ(I) is complete, the 

sequence �𝑎𝑎�(∆� ℱ�
� ) � converges in ℝ(I) and say  
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                    𝑙𝑙𝑙𝑙𝑙𝑙
𝑙𝑙 → ∞ 𝑎𝑎�∆�ℱ�

�  =  𝑎𝑎�∆�ℱ� 

                    ⟹ 𝑙𝑙𝑙𝑙𝑙𝑙
𝑙𝑙 → ∞ �ℱ�

� − ℱ���
� � =  ℱ� − ℱ��� 

                   ⟹ 𝑙𝑙𝑙𝑙𝑙𝑙
𝑙𝑙 → ∞ ℱ�

� = ℱ�  

         ∴  𝑙𝑙𝑙𝑙𝑙𝑙
𝑙𝑙 → ∞ ℱ� = ℱ  , where ℱ =  ℱ� 

To complete proof , we show  that   ℱ ∈ 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ). For , we have,  

�̅�𝑑�(ℱ , ℋ) = inf �ξ
��
� ∶  𝑠𝑠𝑠𝑠𝑝𝑝 

𝑘𝑘 ��ℳ �
ρ �(𝑎𝑎�(∆� ℱ�) , 𝑎𝑎�(∆� ℋ�))

𝜉𝜉 ��
��

�

�
�

≤ 1�  

Now, inf �ξ
��
� ∶  𝑠𝑠𝑠𝑠𝑝𝑝 

𝑘𝑘 ��ℳ �� � (��(∆� ℱ�) ,�)
�

��
��

�
�
�

� =  �̅�𝑑�(ℱ , 0�) 

                                                                                ≤ �̅�𝑑�(ℱ , ℋ) + �̅�𝑑��ℱ�, 0�� 
                                                                                 < 𝜀𝜀� +  �̅�𝑑��ℱ�, 0�� < ∞ 
  ⟹  ℱ ∈ 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ). Hence  𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) is complete.  
Similarly, we can show that space 𝐹𝐹(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) and ℱ ∈ 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 )  are complete. 
 

 Conclusion 
In this paper, we have used the fuzzy real numbers and Orlicz function to study the generalized 
form of difference sequence spaces of fuzzy real numbers. We have shown that the classes 
(�̅�𝜌 , ℳ, 𝑝𝑝 , 𝐴𝐴 ) , 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) and 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴 ) are linear and complete metric spaces with the 
metric �̅�𝑑�. More over the inclusion relation 𝐹𝐹(�̅�𝜌, ℳ, 𝑝𝑝, 𝐴𝐴) ⊆ 𝐹𝐹(�̅�𝜌, ℳ, 𝑞𝑞, 𝐴𝐴) and 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑝𝑝 , 𝐴𝐴) ⊆
 𝐹𝐹�(�̅�𝜌 , ℳ , 𝑞𝑞 , 𝐴𝐴 ) are shown. 
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Abstract: Under the Bayesian environment we have analyzed the Weibull inverse Rayleigh model. The 
parameters of the model are estimated and predicted through posterior samples which are generated 
using Markov Chain Monte Carlo (MCMC) technique. The concern model is fitted using Stan software (a 
probabilistic programming language), utilizing the Hamiltonian Monte Carlo (HMC) algorithm and its 
adaptive variant the No-U-turn sampler (NUTS). For the illustration, we have considered a real data 
set and performed Bayesian analysis numerically and graphically using weakly Gamma informative 
priors. The posterior predictive check is also carried out to accesses the predictability of the model. 
The tools and methods used in this article are under the Bayesian approach which is implemented in R 
statistical programming language. 
 

Keywords: Hamiltonian Monte Carlo, Inverse Rayleigh distribution, Gamma prior, Credible interval,  
                  Bayesian estimation. 
 

1. Introduction 
 
The inverse Rayleigh (IR) distribution is a flexible model and plays a vital role in modeling reliability 
datasets, which was developed by Treyer [1]. The distribution function (CDF) and density function (PDF) 
of IR distribution with a parameter λ, can be expressed as 

   2; exp /  ; 0,  0G x x x       and                                                                    (1) 

   3 2; 2 exp /  ; 0,  0g x x x x        respectively.                                            (2) 

Voda [39] has studied the properties and estimated the parameters of the IR distribution. Similarly, 
Gharraph [19] has provided a detailed closed-form illustration for the arithmetic mean, harmonic mean, 
median, geometric mean, and mode of IR distribution.  

 Using various generating techniques, the extension of IR distribution has been provided by 
different researchers, some of them are, the study of acceptance sampling method based on the IR 
distribution introduced by Rosaiah & Kantam [33]. Further IR distribution was used in estimation and 
prediction depending on the lower record values by Soliman et al. [34]. Ahmad et al. [2] have defined the 
transmuted IR distribution. Khan [22] has developed an extension of IR distribution that can have a 
bathtub hazard function called modified inverse Rayleigh distribution with parameters α and β. Further, 
Khan [23] has introduced another extension of IR distribution having three parameters named transmuted 
modified IR distribution. The Kumaraswamy exponentiated  IR distribution was presented by Ul Haq 
[37]. Fatima and Ahmad [10] have studied the weighted IR distribution. Fatima et al. [11] have studied 
several structural properties of exponentiated generalized IR distribution. Another extension of IR 
distribution has been studied by Elgarhy & Alrajhi [9] named odd frechet IR distribution with upside-
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