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Abstract: In this paper, we introduce a subclass ∑     

 (       )  of bi-univalent and meromorphic 
functions by using Al-Oboudi differential operator on   *      | |   +. Also we obtain bounds of 
coefficients |  | and |  | for functions belongs to ∑     

 (       )  The results obtained in this paper are 
more better and generalized of previous results of various author.  
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1.  Introduction 

 Let   be the class of functions   of the form  
  ( )    ∑   

   
  
      (1) 

 which are meromorphic univalent in the domain   *      | |   + . Since every function   
belong to   has an inverse function     exist and inverse function satisfies conditions:  

    ( ( ))     (   ) 
 and  

  (   ( ))           (  | |       )  
 where  

    ( )   ( )       
  
         

                     
      (2) 

 A function     is said to be meromorphic bi-univalent in   if both   and     are meromorphic 
univalent in  . The class of meromorphic bi-univalent functions of the form (1) in   is denoted by   . 

 Srivastava et al. [17], Safa Salehian and Ahmad Zireh [12], Hamidi et al. [7], Amol Patil and Uday 
Naik [11] and many other researchers (see [4, 5, 8, 9, 10, 14, 15, 18]) have introduced new subclasses of 
meromorphically bi-univalent functions and obtained estimates on the initial coefficients for functions in 
each of these subclasses. 

Let   denote the class of analytic functions  ( ) of the form  
  ( )    ∑   

        (3) 
defined in the unit disc   *    | |   + with normalization  ( )    ( )     . Let the class of 
all normalized analytic univalent functions in the unit disc   is denoted by  . A function     is said to 
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be bi-univalent in   if both   and     are univalent in  . Let the class of analytic bi-univalent functions 
is denoted by   . Brannan and Taha [2], Srivastava et al. [16] and many other researchers (see [3, 6]) 
introduced certain subclasses of bi-univalent function class   . 

Now, Al-Oboudi [1] introduced the Al-Oboudi operator   
      and defined as  

    ( )    
  ( )    ∑   

   ,  (   ) -                 * +      
where     of the form (3). 

Amol Patil and Uday Naik [11] extend the Al-Oboudi operator   
      and defined as  

   ( )    
  ( )    (   )    ∑   

   ,  (   ) -                  * +      
where     of the form (1). 

In 2019, Saideh Hajiparvaneh and Ahmad Zireh [13] define the subclass   
   (   ) consisting of 

meromorphic functions  ( ) of the form (1) satisfies the following conditions:  

      [(   ) . ( )
 /

 
    ( ) . ( )

 /
   

]   ( ) 

 and  

 [(   ) . ( )
 /

 
    ( ) . ( )

 /
   

]   ( )  
 where   is function given by (2). 

Motivated by the aforecited works, we introduce new subclasses of bi-univalent and meromorphic 
functions by using Al-Oboudi Differential operator. Also obtain the coefficient bounds |  | and |  | for 
functions in this new subclasses.  

 
2.  Coefficient Estimates 
Definition 2.1 Let the analytic functions         be  

  ( )      
    

     
              ( )      

    
     

      
such that  

    * ( ( ))  ( ( ))+       (   )   
Definition 2.2 A function  ( ) of the form (1) is said to be in the class   

   (       ),        
* +             and     if satisfies the following conditions :  

      *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+   ( ) (4) 

 and  

 *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+   ( )  (5) 

 where   is the function given by (2).  
For    , the class   

   (       ) become   
   (   ), studied by Saideh Hajiparvaneh and Ahmad Zireh 

[13]. 
Remark 2.1 For various choices of   and  , we get various subclasses of class   

   (       ) as follows: 

 If take  ( )   ( )  (   
 

   
 
)

 
     

     

        (         ) in Definition 2.2, then 

we get subclass   
   (       )    

 (         ), studied by Bobalade and Sangle [4].  

Definition 2.3 [4] A function  ( )    
   (       ) of the form (1) belongs to the class   

 (         ) if  

      |   *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+|    

     (   ) 
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and  

 |   *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+|    

     (   )  

 where        * +                 and       .  

 Remark 2.2 If take  ( )   ( )    (    )
 

   
 

    (   )
   (   )

        (         ) in Definition 

2.2, then we get subclass   
   (       )    

 (         ), studied by Bobalade and Sangle [4].  

Definition 2.4 [4]  A function  ( )    
   (       ) of the form (1) belongs to the class   

 (         ) 
if  

       *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+       (   ) 

 and  

  *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+       (   )  

 where        * +                 and      .  
          If we put     in the classes   

 (         ) and   
 (         ), then we get two classes 

  
 (     ) and   

 (     ) respectively, studied by Orhan et al. [10]. 
  
Theorem 2.1 Let  ( ) of the form (1) belong to the class   

   (       ).Then  

 |  |     *√ |  |  |  | 
 (   ) (   )   √ |  | |  |

|(    )(   )(   )  | + (6) 

 and  

 |  |     * |  | |  |
 |(    )(    ) |  √

|  |  |  | 
 (    ) (    )   (   ) (|  |  |  | ) 

  (   ) (    )  +  (7) 

Proof.  From conditions (4) and (5), we have  

 (   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
  ( )  (   ) (8) 

 and  

 (   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
  ( )  (   )  (9) 

 where  ( ) and  ( ) are functions such that it’s real part positive in   and have forms  
  ( )      

    
     

     (10) 
 and  

  ( )      
    

     
      (11) 

 Implies  

 (   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
     

    
     

     (   ) (12) 

 and  

 (   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
     

    
     

    (   )  (13) 

 Now, equating the coefficients in equation (12) and (13), we obtain  
 (   )(   )        (14) 

  

 (    ) 0(    )    .   
 / (   )    

 1      (15) 
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be bi-univalent in   if both   and     are univalent in  . Let the class of analytic bi-univalent functions 
is denoted by   . Brannan and Taha [2], Srivastava et al. [16] and many other researchers (see [3, 6]) 
introduced certain subclasses of bi-univalent function class   . 

Now, Al-Oboudi [1] introduced the Al-Oboudi operator   
      and defined as  

    ( )    
  ( )    ∑   

   ,  (   ) -                 * +      
where     of the form (3). 
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      and defined as  
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  ( )    (   )    ∑   

   ,  (   ) -                  * +      
where     of the form (1). 

In 2019, Saideh Hajiparvaneh and Ahmad Zireh [13] define the subclass   
   (   ) consisting of 

meromorphic functions  ( ) of the form (1) satisfies the following conditions:  

      [(   ) . ( )
 /

 
    ( ) . ( )

 /
   

]   ( ) 

 and  

 [(   ) . ( )
 /

 
    ( ) . ( )

 /
   

]   ( )  
 where   is function given by (2). 

Motivated by the aforecited works, we introduce new subclasses of bi-univalent and meromorphic 
functions by using Al-Oboudi Differential operator. Also obtain the coefficient bounds |  | and |  | for 
functions in this new subclasses.  
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              ( )      

    
     

      
such that  
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Definition 2.2 A function  ( ) of the form (1) is said to be in the class   

   (       ),        
* +             and     if satisfies the following conditions :  

      *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+   ( ) (4) 

 and  

 *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+   ( )  (5) 

 where   is the function given by (2).  
For    , the class   

   (       ) become   
   (   ), studied by Saideh Hajiparvaneh and Ahmad Zireh 

[13]. 
Remark 2.1 For various choices of   and  , we get various subclasses of class   

   (       ) as follows: 

 If take  ( )   ( )  (   
 

   
 
)

 
     

     

        (         ) in Definition 2.2, then 

we get subclass   
   (       )    

 (         ), studied by Bobalade and Sangle [4].  

Definition 2.3 [4] A function  ( )    
   (       ) of the form (1) belongs to the class   

 (         ) if  

      |   *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+|    

     (   ) 
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and  

 |   *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+|    

     (   )  

 where        * +                 and       .  

 Remark 2.2 If take  ( )   ( )    (    )
 

   
 

    (   )
   (   )

        (         ) in Definition 

2.2, then we get subclass   
   (       )    

 (         ), studied by Bobalade and Sangle [4].  

Definition 2.4 [4]  A function  ( )    
   (       ) of the form (1) belongs to the class   

 (         ) 
if  

       *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+       (   ) 

 and  

  *(   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
+       (   )  

 where        * +                 and      .  
          If we put     in the classes   

 (         ) and   
 (         ), then we get two classes 

  
 (     ) and   

 (     ) respectively, studied by Orhan et al. [10]. 
  
Theorem 2.1 Let  ( ) of the form (1) belong to the class   

   (       ).Then  

 |  |     *√ |  |  |  | 
 (   ) (   )   √ |  | |  |

|(    )(   )(   )  | + (6) 

 and  

 |  |     * |  | |  |
 |(    )(    ) |  √

|  |  |  | 
 (    ) (    )   (   ) (|  |  |  | ) 

  (   ) (    )  +  (7) 

Proof.  From conditions (4) and (5), we have  

 (   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
  ( )  (   ) (8) 

 and  

 (   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
  ( )  (   )  (9) 

 where  ( ) and  ( ) are functions such that it’s real part positive in   and have forms  
  ( )      

    
     

     (10) 
 and  

  ( )      
    

     
      (11) 

 Implies  

 (   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
     

    
     

     (   ) (12) 

 and  

 (   ) (  
  ( )
 )

 
  (  

  ( )) (  
  ( )
 )

   
     

    
     

    (   )  (13) 

 Now, equating the coefficients in equation (12) and (13), we obtain  
 (   )(   )        (14) 

  

 (    ) 0(    )    .   
 / (   )    

 1      (15) 
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  (   )(   )       (16) 

 and  

 (    ) 0 (    )    .    / (   )     1      (17) 
 From equation (14) and equation (17), we get  

        (18) 
 and  

  (   ) (   )               (19) 
 By adding equation (15) to equation (17), we get  

 (    )(   )(   )             (20) 
 Therefore, From equation (19), we get  

     
       

 (   ) (   )   (21) 

 and from equation (20), we get  
     

     
(    )(   )(   )    (22) 

 Hence, from (21) and (22), we find that  

 |  |  
|  |  |  | 

 (   ) (   )   

 and  
 |  |  

|  | |  |
|(    )(   )(   )  |. 

 Hence  

 |  |     *√ |  |  |  | 
 (   ) (   )   √

|  | |  |
|(    )(   )(   )  | +  

 Now, subtracting equation (17) from equation (15), we obtain  
  (    )(    )           (23) 

 By squaring and adding equations (15) and (17), we get new equation. Using equation (19) in new 
equation, we obtain  

     
       

 (    ) (    )   
(   ) (       ) 

  (   ) (    )    (24) 

 By using equations (10), (11) in equation (23) and (24), finally we yield  

 |  |  
|  | |  |

 |(    )(    ) | (25) 

 and  

 |  |  √ |  |  |  | 
 (    ) (    )   

(   ) (|  |  |  | ) 
  (   ) (    )    (26) 

 Hence  

 |  |     * |  | |  |
 |(    )(    ) |  √

|  |  |  | 
 (    ) (    )   

(   ) (|  |  |  | ) 
  (   ) (    )  +  (27) 

 This complete the proof.    
             
3.  Corollaries and Consequences 
 
 If we take     in Theorem 2.1, then obtain following Corollary.  
Corollary 3.1 [13] Let  ( ) of the form (1) be in the class   

   (   ),           . Then  

 |  |     *√|  |  |  | 
 (   )  √ |  | |  |

|(    )(   )| + 
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 and  |  |     * |  | |  | |(    )|  √
|  |  |  | 
 (    )  (   ) (|  |  |  | ) 

  (   )  +  

Remark 3.1 Corollary 3.1 is an improvement result of result obtained by Orhan [10] in Theorem 1.2.  
 

    If we take  ( )   ( )  (  
 
 

   
 
)
 
     

     

    (         )  in Theorem 2.1, then we 

obtain following result.  
Corollary 3.2 Let  ( )of the form (1) belong to the class   (         ), then  

 |  |     [   
|(   )(   ) |  

  
√|(    )(   )(   )  |

 ] 
 and  

 |  |     *    

|(    )(    ) |    
 √  

(    ) (    )   
(   ) 

(   ) (    )  +  

Remark 3.2 Corollary 3.2 is an improvement result of result obtained by Bobalade and Sangle [4] in 
Theorem 2.6. 
   

If we take     in Corollary 3.2, then we obtain following Corollary.  
Corollary 3.3 [13] Let  ( ) of the form (1) belong to the class    (     ), then  

 |  |     [   
(   )  

  
√|(    )(   )| ] 

 and  

 |  |     *    

(    )    
 √  

(    )  
(   ) 
(   )  +  

  

If we take  ( )   ( )    (    )
 

   
 

    (   )
   (   )

        (         )  in Theorem 

2.1, then we obtain following result.  
Corollary 3.4 Let  ( ) of the form (1) be in the class    (         ), then  

 |  |     [  (   )
|(   )(   ) |  √

 (   )
|(    )(   )(   )  | ] 

 and  

 |  |     *  (   )
|(    )(    ) |   (   )√  

(    ) (    )   
(   ) (   ) 
(   ) (    )  +  

Remark 3.3 Corollary 3.4 is an improvement result of result obtained by Bobalade and Sangle [4] in 
Theorem 2.3. 
  
If we take     in Corollary 3.4, then we get following Corollary .  
Corollary 3.5 [13] Let  ( ) of the form (1) belong to the class    (     ), then  

 |  |     [ (   )(   )   √
(   )

|(    )(   )| ] 
 and  

 |  |     * (   )(    )   (   )√  
(    )  

(   ) (   ) 
(   )  +  
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Abstract:  The paper is intended to numerically estimate health insurance out of pocket spending from the 
perspective of the enrollees in order to inform whether health insurance scheme pricing policy delivers value 
to the enrollees. We study the implications of financing health care insurance using a classification model for 
health care insurance under the framework of deductibles and stop loss. The paper is designed for health 
underwriting professionals, particularly those who consult for health insurance schemes. This is essential 
given the form and emergence of treating enrollees fairly, based on regulations that impact on actuarial 
consultants advising on health insurance scheme product lines. The objectives of this paper are to 
demonstrate actuarial methods for estimating (i) total health expenses (ii) out of pocket costs (iii) 
reimbursements by third party insurance. (iv) examine the actuarial implications of the chosen model. In 
computing the out of pocket and reimbursement, the Pitacco’s model was adopted because of its relatively 
computational superiority and the fact that both deductible and stop loss form its core parameters. Our results 
show that there is a positive relationship between total health expense and the share funded by out of pocket 
spending. As the health expenditure increases, the share funded by out of pocket progressively increases. 
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1. Introduction  
 

Health insurance scheme is one of the varied strategies used in funding health care program so as to 
hedge against health uncertainties. A core function of health insurance program is to provide insurance 
protection against the out-of-pocket (OOP) health expenditures. A large amount of health service in Nigeria is 
paid out as OOP by enrollees who have been trapped by abject poverty because of paying health care costs. 
The current techniques of obtaining indirect computation of out of pocket from data reported in demographic 
survey of household expenditure by employing national insurance scheme estimates of household 
consumption data or by integrating data from various sources such as survey of economic activities and 
household survey are not actuarially reliable, inadequate and not mathematically justified. Oftentimes, the 
survey methods may depend on proxy respondents who elicit information on behalf of other enrollees and 
who have not been personally interviewed. By using actuarial procedures, this paper investigates OOP 
estimation procedures and exposure of enrollees with health expenditures following the implementation of 
Pitacco’s health transformation model. Each time the bill of a hospital treatment varies over observed 
enrollees, it could be socially significant to treat only few enrollees and not everyone. Where an enrollee is not 
fully certain of his health condition ex-ante, he could be interested in buying full health insurance covering 
treatments for high-benefit patients while he abandons treatment for low benefit patients. However, where 
potential medical disorders are noticed but not ascertained, health insurance underwriters could have problems 
denying health care to low benefit patients. Deductibles therefore would push low benefits patients to show 
their health condition due to the imposition of marginal health cost on treatment but at a price of incomplete 
risk-sharing and consequently lump-sum indemnities could induce low benefit patients to abandon treatment.   




