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Abstract:
The purpose of the present paper is to generalize the concept of recurrent Finsler connection by taking h-

connection by applying h-covariant derivative of (Z)g.))as recurrent. Such a connection will be called a

generalized h-recurrent Finsler connection. The relation between curvature tensors of Cartan's

connection CI' and generalized h-recurrent Finsler connection has been established.
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1. Introduction

Cartan (Cartan,1994) published his monograph 'les espaces de Finsler' and fixed his method to
determine a notion of connection in the Geometry of Finsler space. Matsumoto (Matsumoto, 2008)
determined uniquely the Cartan's connection CT by following conditions: (1) the connection is metrical;
(2) the deflection tensor field vanishes; (3) the torsion tensor field 7 vanishes; (4) the torsion tensor field S
vanishes.

Hozo (Hojo, 2016, Hashiguchi, 1998) introduced the connections, which depend on a real

parameter P and make v-covariant derivative (Z)g’) || of Q)g.’)

of CT'. The cartan's connection is really the case when P takes its value two and so the connection

(= 0;0;L7)zero just like as g;;l; = 0 in case

determined by Hozo is a generalization of CT.

Recently Prasad and Srivastava (2012) have introduced a recurrent Finsler connection which is
neither h-metricalnor v-metrical, but is is recurrent with respect to both h-and v-covariant, derivatives.
Suh a Finsler connection has been called an hv-recurrent Finsler connection.

To avoid confusions, we use h- and v-covariant derivatives with respect to Cartan's connection by
Ik and |k while these covariant derivatives with respect to generalized h-recurrent Finsler connection
will be denoted by Il k£ and Il & respectively.

The quantities corresponding to generalized h-recurrent Finsler connection will be denoted by
putting p on the top of the quantity followed by putting (a) in front of the quantity, while the quantities
corresponding to Cartan's connection will be denoted as usual.

We have not used the raising and lowering of indices of objects, but if anywhere necessary, the
metric g/ will be used.
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2. Fundamental Formulae

A Finsler manifold (F", L) of dimension 7 is a manifold F" associated with a fundamental function
L(x.,y), where x(=x") denotes the positional variable of F" and y (=)') denotes the components of a tangent
vector with respect to x'.

A Finsler connection of (M ", L) is triad ( jik, Ni, Cjik) of a V-connection Fjika non-linear

connection N,i and vertical connection C jik(Matsumoto,1970). If a Finsler connection is given, the h- and
covariant derivatives of any tensor field Vji are defined as

e = AV} + VI Fiy = VR Ey @.1)

ik = OV VGl — Vi O

b

where d;, = ék — N0, and by = o

2.2)

For any Finsler connection (Fjj, Ni,Cj,) we have five torsion tensors and three curvature tensors,

which are given by

(h) h-tensor : T]lk = F]‘k - F,i g (2.3)
(V) v-tensor : jik = jik — C,i 5 2.4)
(h) hv-tensor jik = as the connection jik (2.5)
(v) h-tensor : R}k =dy Nji —d; N,i (2.6)
(V) hv-tensor  : jik = &y Nji - F,ﬁ j 2.7
h-curvature R jx = di Fj; — d; Fly + FiNFLy —FieFri + ChnRE  (2.8)
h-curvature Pijx = d Fij — Cyj + ChmPIE (2.9)
v-curvature Skjk = dk Chj — 0; Chy + CliCryc it — Crrji (2.10)

3. Generalized /#-Recurrent Finsler Connection
Let p# 1 be a real number. We define o )(x, y)as
c)(P):i LP,(p # 0),0©=1log L. (3.1)
We denote
b,6® and b;0;0Pas@Pand ¢
and so on. Thus
o = L”‘lli.ﬁg’) = LP7%(gy + (0 — DUy (32)
»
ij

In the following, we restrict our consideration to a domain, where the matrix ||;;’|| is regular and

then its inverse @®¥is given by
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®ij — j--2) [, — ®=2)i;j
¢ L [g (p_l)u] (3.3)

Differentiating (3.2) w.r.t. y* we have

(2)82 = Lp—Z [2Cl]k + (p - Z)L_l{hijlk + hjkli + hkilj + (p - 1)llljlk}]

Let a;be the component of a vector field, which is positively homogeneous of degree zero in y*,
then a finsler connection

ED (@), NP (@), ¢ (@)}
will be called generalized h-recurrent Finsler connection, if 4-covariant derivative of g;; is recurrent and
v-covariant derivative of (Z)g;’) vanishes
i.e. gij||k = akgl-jand @Eﬂ?k =0.
To determine such a Finsler connection we have the following theorem.

Theorem 3.1:
Given a covariant vector field ay, there exists a unique Finsler connection {F}(kp)i(a), N]Ep)i(a), Cj(,f)i(a)}
satisfying the axioms:
)  gijik = Jij
(c2) gﬁk =0
(c3) the deflection tensor factor D,gp)i(a) vanishes i.e. ,ngp)i(a) =yt pj(kp)i( a)
(cs)  the torsion tensor field Y}%p)i(a) vanishes i.e. Fj(kp)i(a) - Fg)i (@)
(cs)  thetorsion tensor fold S j(,f )'(@) vanishes i.e. Cj(lf)i(a) - C}Ezjq)i (@).
Proof:

From (c,) of Theorem 3.1, it follows that

® _ 4® (») » _
Dk = Bije — Cijr (@) = Ciii, =0 (3.4)

where

e (@) = 0P cPr ().

By cyclic interchanges of indices 7, j and &, we get

(2] _1.4m, 4+®) )N _ 14®
Cijk (a) = 2 (‘Dijk"‘@jki - <2)kij) - E(Z)ijk
which implies

T 1 T
cP @ =5 @P 0L = cj + o (3.5)

where O'i(:)r are as given below by (3.3)

o = T2 (65 + 61l + 2 1T — Ll l"). (3.6)

From (¢,),(c3) and (c,4) of Theorem 3.1 we have
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Fi (@) = I+ Qjy (3.7)
and

NPi(@) = af + T, (3.8)
where

. 1 . . . .
Q]l'k = 2 {aO jlk + L? (lemclzn + Clim jrlrcl - CjillcCrln)
—(Clyie + Clyy = Ciey') = (@S} + ;65 — algj) (3.9)

Ty =5 @'y + ay' — aody — L*Cy) (3.10)
and

Cl = Chd.

Thus the connection is uniquely determined.

Since the conditions (c1), (c3) and (c4) of Theorem 3.1 are the same as the condition for the Av-
recurrent Finsler connections, the v-connection and non-linear connection of Av Recurrent Finsler
connection and generalized A-recurrent Finsler connection are identical.((Prasad et al., 2012)

for the case p # 0, we can replace the condition (¢;) of Theorem 3.1 by
0@ L 4@
ijllk = 3 P 4P
and we have
Theorem 3.2: A connection is uniquely determined for p # 0, by
m _1 ()
©) P =5 Py
® _
(@) Py =0
(c3) The deflection tensor field D,Ep)i(a) =0; (3.11)
(cq) The torsion tensor field Tjgcp)"(a) =0;

(cs) The deflection tensor field S j(,f )i(a) = 0;
and is the same connection as that determined in Theorem 3.1.

Proof:

We take the connection {Fjgcp)"(a),N,gp)"(a), C’j(,f)"(a)} determined in Theorem 3.1, then from the

condition (c;) of Theorem 3.1 we have
1 1
L||k = EakL and l||k = Eakli.
From (3.2), it is obvious that

1
» _ »
Dijine =5 P @Dy
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Conversely, if the connection {F}(kp)"(a),N,Ep)"(a),Cj(,f)"(a)} satisfies the conditions (3.11) (c;) from

homogeneity of Q)g.’)and (Z)gp), we get

1 1
(Dgﬁ,){ =3P ak(Dgp)and Ly = ELak'

Thus (3.2) leads to

1
li||k = Eakli and dij|k = Ak Yij-
Uniqueness then follows from Theorem 3.1.

4. The Relation between Torsion and Curative Tensors of CI' and Generalized h-
Recurrent Finsler Connection

In the work (Prasad et al., 2014), the relation between (v) A-torsion tensor and (v) Av torsion tensors
corresponding to Av-recurrent Finsler connection and Cartan's connection have been established. These

are
Rji(a,b) = Rji + Tjgey = Tagjy + T/ OmTic = T O T} (4.1)
and
P} (a,b) = P}, + 0xT} — Qf; (4.2)
When Rjik and Pjik are the (v) A-torsion and (v) Av-torsion tensor of Cartan's connection respectively and
(k) denotes the h-covariant derivative with respect to Berwald's connection.

In view of (2.6) and (2.7) it follows that (v) A-torsion tensor and (v) Av-torsion tensor depends

only upon v-connection and non-linear connection.

Thus (v) 4 torsion tensor Rj(,f )i (a) and (v) hv-torsion tensor Pjgcp)" (a) of generalized h-recurrent

Finsler connection is also given by (4.1) and (4.2).

In view of (2.8), (3.7), (3.8) and (4.1) we have the following relations between A-curvature

tensors of the generalized /-recurrent Finsler connection and Cartan's connection.
R,(l?,)ci(a) = Rijie + Qnjivk = Qniej = TH Omlyy — Té"0m Qi
T/ O L + T O Qi + QR Qe — Qhk O
+ O R+ (Chon + 0 YTl = Ty +T7 8T = QRO T™)

The relation between hv-curvature tensor of generalized A-recurrent Finsler connection and

Cartan's connection will be determined from (2.9), (3.7), (3.8) and (4.2). This relation is given by
Ph(flzi(a) = Ppjic + T{"0m, (Ciilk + J}(li)i) + (Ch + 0RO, T
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+ thlk - O-hil)]l + o-i?rjrzl ]TI? + th jk T Uhk)QO1+ O_(p)lth (4’4)

The relation between v-curvature tensor of generalized A-recurrent Finsler connection and

Cartan's connection will be determined from (2.10) and (3.5), which is given by.

. 2 )
Sf(lz;l)cl( ):S’lljk 4((p 1))L2 (hh]hk h!hhk)- (4.5)

As the expressions (4.2), (4.4) and (4.5) are complicated to study the further properties of curvature
tensors of generalized /-recurrent Finsler connections, in the next article we shall assume the particular

form of the recurrence vector ay.

5. A Particular From of Recurrence Vector a;
If a; be the vector along the unit vector [;, then from(3.10), (3.11) we get

Ti=—2L8},CL =0 (5.1)
and
. 1 . . . .
Qjr =5 (L Cjg — LGS + U'g i) (5.2)
Substituting the value of Tji, Q;k and aj(lf)‘ from (5.1), (5.2) and (3.6) in the relation (4.3) we get

@iy —pi o lepi _pi a1z
th])k (@) = Rpjy +5 Prji — Pryj) + ;LZ Shik

2) (pi 1t
+ 2 (5kgh] — 8ignk) + e )( el ——— — thk)
+ 2 5kl — 8 nbi + 555 (gel'ly = gyl (53)

A Finsler space of scalar curvature K is defined by Matsumoto (Matsumoto, 2001, Matsumoto, 1998)

which is characterized by

Rpji = K (8kgnj — 8/ gni) (5.4)
From which, we get
R, = K (8ky; — 6/y1) (5.5)

If the scalar curvature K is constant, then F;, is called a Finsler space of constant curvature.
Since P}'lljk - P;lk] == _Sfiljkl()‘

Substituting (5.4) and (5.5) in (5.3) we get

1 i 1 . 1 . .
R (@) = SU2S} i =5 Sk o + (K + ;) [6%9nj — 6 9ni)

+ D (si11, - 6klklh)+ S (Gl — gnillH}] (5.6)

This relation gives the following theorem:
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Theorem 5.1: If the A-curvature tensor of generalized /-recurrent Finsler connection with respect to the

recurrent vector Ly vanishes and(F", L) is of constant curvature (— %), then
. 1. .
Snjklo + 5L Shji-
Substituting (5.1) and (5.2)in (4.4) and using (2.1) we get
PPYi(a) = Pl + =L Sk + 5 (ECikn — UnClhe = L Chy) + o= (Rignj — hnieS — hyx 6
nik (@ = Ppjie + 2L Spj + - (U Cen = UnCiye = LeCrj) + 57 (hiegnj — hak8j — hjicSp)

1 ®iy: 1 @) €25 1 @i ®iqi i
—=5 L'l = 5 L(Ohm ' C&)) —Opmi; = 5T = Onjic I = Ol

(P—2) (i 1 i (p—2) i (P=2) i
S (j"lh-l_gphjkll) T ghj6’l‘+4(p—2)L6]'thk' (5.7)

Conclusion

a) Given a covariant vector field aj, there exists a wunique Finsler connection
{Fj(kp)i(a), N,Ep)i(a), c j(,f)i(a)} satisfying the following axioms:
)  Gijix = W Yij
() @, =0
(c3)  the deflection tensor factor Dlip)i(a) vanishes i.e.,Nl((p)i(a) =yiFj(lf )i(a)
(cq) the torsion tensor field T}%p)i(a) vanishes i.e.F}(kp)i(a) = Fg)i(a)

(cs)  the torsion tensor field Sj(,f )i(a) vanishes i.e.C j(,f)i(a) =C ,g-’)i(a)

b) A connection is uniquely determined for p # 0, by
®» _1 ®
©) P =5 Py
() oh, =0
(c3)  The deflection tensor field D,gp)"(a) =0;
(c4)  The torsion tensor field Tjgcp)"(a) = 0;

(cs) The deflection tensor field S j(,f )i(a) =0;

and is the same connection as that determined in Theorem 3.1.
C) If the A-curvature tensor of generalized A-recurrent Finsler connection with respect to the

recurrent vector Ly vanishes and (F", L) is of constant curvature (— %), then

. L
Shikio T 5L Shji-
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