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Abstract: Triple series hypergeometric functions are very important from the applications point of view.
Exton had defined 20 triple hypergeometric functions namely X;, X5, ..., Xy. Integral transform technique
is widely using for research purpose. Natural transform is a new kind of integral transform and
generalization of Laplace transform. In the present research note, we give the Natural integrals of the triple
series hypergeometric function due to Exton.
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1. Introduction

Triple series hypergeometric functions are well known in literature and large number of applications are
available. Srivastava and Kashyap [11] present several interesting applications of hypergeometric series
in one and more variable in queuing theory and stochastic process. Lauricella [8] introduced 14 complete
set of hypergeometric series in three variables. Saran [9] initiated systematic study of Lauricella set.
Srivastava and Karlsson [10] give detailed account on triple series in his famous monograph. In 1982
Exton [2] had defined 20 triple functions namely X;, X, , .... ,Xy in his famous note. In the same note,
Laplace integrals of Exoton’s series [7] and wide applications are also given which shows importance and
applicability of the functions. Integral Transform technique is an important and frequent using tool in
mathematical and computational research. Recently developed Natural transform is widely using for
application purpose. The natural transformation [3], initially defined by khan and khan as N-transform,
who studied properties and applications. Belgacem et. al. [6],[1] defined its inverse and studied some
additional fundamental properties of this transform and named it the Natural transform.

2. Results Required

The Natural transform [5],[6] R(s , u) of the function for all t >0, is given by

N*[f(t)]zR(s,u)zlj'eS‘f(ut)dt s>0,u>0
u 0
R(s,u):%?e‘i‘f(t)dt, (2.1)
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where t, u are time variables and s is the frequency variable, provided the function f (t) is defined in a set
t

A=1f@t):3z,z, >0, Tite(-1)' x[0,0) F, oy

where M is finite constant, 741 » 22 may be finite or infinite. The discrete form of natural transform [4] is
given by

“[f(®]=R(s,u) = Z”"’:J‘ 05

The inverse Natural transformation is defined by

B 1 C+lioo o
NZ[R(s,WI=f® =5 [ e"R(s,u)ds @y
7zl C—ioo

By using these definitions, shifted factorial is defined as follows:

RRCLI [S—t) N

I'(a) ug u

Exton has defined following 20 triple series hypergeometric functions:

lamesny)- 3 S o
X, (a,b;c,,C,,C5 X, Y, Z mio((:;mg”; p((:)) );:x:'z;l (2.6)
et 3 G g
e 3 Gl
Xs(a,b,b,ic,d;x,y,z) = m,g_o (a)zr(“;;i:t()g) (l:nzni(';yl/"z p (2.10)
(e dy) « 3 @000,V o

m.n, p=0 (€),(d),,,m!n!p!
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~ (a)2m+n+p(b1)n(b2)pxmynzp

Xg(a,b,b,5c,,C,,C50%, Y, 2) :m,%:‘_o (€)1 (6),(€), mintpi (2.12)
Xq(a,b;c;x,y,2) mg_o(a)z”‘;;fﬁjsﬁjg!zp (2.13)
wlatiednns) = 3 S G
Xy (a,b;c,d;x,y,z) = mg=o (a():)m::k()c)j;?r;):: 'y;ZI p (2.15)
Xy, (a,b,c;d;x,y,2) = 2O(a)z(d):s)n:<p?/ - (2.17)
XlA(a,b,c;d,d';x,y,z) mnio(a)zm;r;in)(:;(crilzlpl (2.18)
X15(a,b,c;d,d';x, Y, z) mi_o (a)(zg;n (d n)ticrzﬂ;(l ;/Izp (2.19)
fpbcnsians) - 5 B
o(aheh i) - 5 (?35;:25‘3121323’:5?5?:f
X (a, b,b,c;d;x,y, z) = m,g_o (a)zmz‘gt))?niii)r;(;)!p:!mynz : (2.22)
snienaiens) - § OO0
Xy (ab,b,cid,dxy,z) = i (@)ann (01, 0, (0), X7y"27 (2.24)

m,n, p=0 (d)m+p(d')nm!n!p!
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3. Main Results

The following twenty interesting integrals involving generalized hypergeometric function will be evaluated in
this paper:

1. X (a,b;c,d;x,y,z)=

R a-1 b-1 st
@mm”e ( j ( j OF{—;c;u—2jOFl(—;d;yszuv+zstu2)dsdt (3.1)

2

1 1% (= B
2. X,(abic,c,cixy,2)= (—EI [ j ( ;cl;);izjoﬁ(—,c )lljs j F (b;c,; u)ds (3.2)
0

3. X,(ab;c,d;x,y,z)=

0 0 a-1 2 2 b-1
L i”e( ] (—;c;—Xs uv+2ytu SJG] . ( d; Z—Stjdsdt (3.3)
I'(a)T(b)uvyy u v uv
1% (s s? 5 _s
4. X4(a,b;c1,c2,c3;x,y,z):mz[e (a] OFl(_;Cl;Xu_Z]WZ(b;CZ’%;ya’zaj (3.4)

5. Xs(a.b,b,;cix,y,2)=

¢ d- _ 1 1
6. Xg(ab,b,cd;xy,z)= T@rG) w
0 00 a-1 b -1 2
(s-1) t XS yst
XM [ ) (vj ° 1( T UVJ [ ’ uj 2.8
L5 iy 2o
7. X,(ab,b,ic,d;x,y, Z)_ul"(a ! (uj ¢2(bl,b2,d,yu,zujo ds (3.7)

o) a-1 2
_s\[ S S S S
8. Xg(a,b,b,;c,C,,Ci X, Y, z):'([e( u)(a] OF[ cl,x(uj J [bl,cz, ulel(bz;%;za)ds (3.8)

(X52+y8t+zt2j

%o al, \b-1 Sty S+t —

9. Xg(a,b;c;x,y,z)=%i”e(3‘5)(§j (Ej ) 1 \u “' W) dsdt  (3.9)
00 "

80



10.

11.

12. X

13.

14. X
15. X

16. X

17. X

18. X

% o0 00 00 S, S5 S a-1 b-1 b'-1 c-1
1 1 : IJ’J‘Ie[f%*T*W7TJ (i} (ij (ij (s_ztj o [_ xsf wvt+ysl gu\/\/t+zUsz3 4]d51d82d53d34 (3.18)
uvwi F(a)r(b)r(b )r(c)oooo u v w t Wt

X, (a,bic,d;x, y,z) =
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Xp(a,b;c,d;x,y,z) =

@b%'zyxm)

0 o [_S_sj s a-1 t b-1 o SZ o st . t2
UVF .([_([ a ; OFl _’Cl,xu—z oFl —,Cz,yu—v OFl —,Cs,Zv—2 dsdt (3.12)

Xl3(a,b,c;d;x, y,z)=

| O A O e e
000

1 1%% (g sVt xs2V + ysut 2t
—”e(_“_v)(—J (—j oF —;d;—y Flcd;—|dsdt  (3.14)
r(@Ir'(b)uvysy u Vv uv Vv

i;TTe(j\t)(ija_ltl)C_l . —'dlx(ijz F(b.d'_ySV-qutjdsdt (3 15)
uv I'(a)r'(c)yy u v) T ) )T w '

16(a b,c;d,d ;x,y z):
1 [ [’%’572%] a5, \0t s\t XS W ZUs,s, LSS, 3.16
F(a)F(b)F(c)mJ;J;J;e (3) () () OFl(_'d'TJoFl[—,d ,yW]dsldszdsa (3.16)

1 TTe“ij(EJal(ljﬂ F —;d;xi ¥ (b;d .d 'yE,zijdsdt (3.17)
F(a)r(c)oo u v ot L 2 RS ATREY!

-
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19. Xlg(a,b,b',c;d,d';x,y,z):

1 Lrdn)(s) (L) s’ g Y ztj
- u v = - F . . 9 . ys zt .

e[’?’%’vﬂ (%)a‘l(svz)b'l(ws)cfl 0Fl(—;d; X5 W U5, J (b d; yu ]ds ds,ds,

uzvw

(3.20)
4. Derivation

In order to derive the main results, first we shall derive the result (3.1), i.e.
X,(a,b;c,d;x,y,z)

1 155 (Sb)(sjal(t)bl E|_: .xs? El_ _ys L st 41
F(a)r(b) UV“-e u v o1l =G uz Jot d = UV dsdt (4.1)

u?
Proof:

To derive (4.1), we consider L.H.S as 1

0 b m,,N,p
I= (a b C,d,X Y, Z Z (a)2m+2n+p( )pX Vi
o (©)n(d),,,mintp!

1

EoR o 6 BB/ ONNG

Put n=n-p , we get

yn_pzp T]ge(j\tlj (Ej2m+2n2p+p+a1 [_jmp -1 ds dt
o ml(n—p)!ply u

\Y uyv

B © n X yn pr 0 o [757% (Ej2m+2n—p+a—l(Ejb+p—lEg
_F(a)r(b)m;0§(c)m(d)nm!(n—p)!p!ue u

\Y uyv
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Using the formula

ysv

i i 1 TTe——( )a—1+2m+2n(tjb—l - pddt
— — S
p= m.n=0 (C)m d) mintp!t UV u v

o (-n) (-1)° i n n
Z( ),(-1) [ztuJ :(1+ ztuJ :[ysv+ztuj
=0 p! ysv ysv ysv

Changing the order of series and integration, we get

el S ) (2

u

2n
j dsdt

T Y (_3_;)(sja‘1(tjb‘l S (S m[yqutztujn s Y
r(a)r(b)uvﬂe O méo(c)m(d)nm!m 7w e ™
_ 1 iﬁe(_a_;)[sja‘l(tjb‘li 1 [x_szjmi 1 [ysv+zstu}
I'(a)T(b)uvysy u v) (o) mlut) () ml v

1 1% (_3_5)(5T‘1(t)b‘1 = xs - ySV + Z5tu
r(a)r(b)uvﬂe S L) T R T

= R.H.S
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Special Case:
If we put u =1 and v=11in (4.1) then we get
X,(a,b;c,d;x,y,z)

B 1
- T ()I'(b

3 [fe= s>t R (—cixs?)  F (—d; ys® + zst)dsdt
OO0

4.2)
This verifies the Exton result. Rest could be verified in the same manner.
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