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Abstract: In this investigation, a predator-prey interaction model among Phytoplankton,
Zooplankton and Fish has been developed. In the absence of Zooplankton and Fish, it is
assumed that Phytoplankton grows logistically. It is assumed that Zooplankton consumes
Phytoplankton and Fish consumes Phytoplankton as well as Zooplankton. Holling type I & 11
functional responses have been considered to formulate the our proposed model. It is
considered that Phytoplankton releases some toxin in the aquatic environment which makes
some death in Zooplankton population. Quadratic harvesting is considered on Fish species.
Boundedness of the solution of our proposed model has also been studied. Local stability of
the system around each equilibrium point has been investigated. Also, the global stability of
the interior equilibrium point has been studied. Existence condition of Hopf bifurcation of
our proposed system has been studied. It is found that half saturation constant (o) can
change the sys-tem dynamics. It is also found that the harvesting rate of Fish (E) and
consumption rate of Zooplankton (y,) has a significant role in the stability of the system.
Again, it is found that the harvesting of Fish species will be increased if the selling price of
Fish (p) and the annual discount (8,) of Fish production cost increases. It is also found that
the optimal harvesting rate of Fish decreases due to the increase of cost (c) of harvesting of
Fish. Finally, some numerical simulation results have been presented to verify our analytical
findings.
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1 Introduction

The study of prey-predator dynamics becoming the most important research topics for ecol-
ogists, scientists and applied mathematician due to its universal existence and importance.
Mathematical modelling was started with the work of Volterra [32]. After Volterra, many
researchers [5, 13, 17, 18, 19, 23, 24| have studied several mathematical models to under-
stand predator-prey dynamics. Effects of seasonality on predator-prey dynamics has been
investigated by Levy et al. [16]. Theoretical and evidence based predator-prey model has
been studied by Abrams [2]. Wang and Jiang [33] investigated the chaos control of a delayed
predator-prey model with the dormancy of predators. Bifurcation analysis of a time-delay
model for prey-predator growth with stage-structure has been studied by Qu and Wei [26].

Mainly two types of plankton are found in the aquatic ecosystem such as Phytoplankton
and Zooplankton. It is known that Phytoplankton are the primary producer in a food chain.
Also, Phytoplankton makes food in the presence of sunlight with the help of chlorophyll. It
is found that Phytoplankton forms bloom [6, 10, 20, 29] in the upper surface of the water.
It is also shown that when Phytoplankton bloom take place the number of Phytoplankton
sharply increases and decreases at short period of time and then returns its original very
low level. Zooplankton are a type of heterotrophic plankton that ranges from microscopic
organisms to large species, such as jellyfish. Zooplankton are found within large bodies of
water, including oceans and freshwater systems. Zooplankton are drifting ecologically im-
portant organisms that are an integral component of the food chain. It is experimentally
proved that some species of Phytoplankton produce some toxin [1, 6, 11, 12, 22, 28, 30| that
makes some death of Zooplankton species. Zhang and Wang [34] have studied a nutrient-
Phytoplankton-Zooplankton interaction predator prey model. They have shown that the
system is persistent as long as the coexisting equilibrium exists. Shi and Yu [31] have devel-
oped a predator-prey model with one Phytoplankton species and two Zooplankton species
including two types of delay. They have proved that the delays have a significant role in the
stability of the Phytoplankton-Zooplankton system. Several research articles [7, 9, 15, 35]
have been published on Phytoplankton-Zooplankton dynamics.

It is known that Fish provides a good source of high quality food that contains many vita-
mins and minerals. Fish is consumed by many animals as well as human beings throughout
the world. It is observed that Fish consumes Phytoplankton as well as Zooplankton. Many
people are depending on the harvesting on Fish. Clark [8] studied the optimal harvesting
strategy of a particular species. So, the study of the dynamics of Fish in the presence of Phy-
toplankton and Zooplankton is very much important research topics. There exists very few
research articles [4, 14, 21, 22, 27, 36| in the literature on Phytoplankton-Zooplankton-Fish
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dynamics. But till now, several unexplored dynamics of Phytoplankton-Zooplankton-Fish

to be investigated.

The rest of this paper is organized as follows: mathematical model is formulated in Sec-
tion 2. Boundedness of all solutions of the proposed system is analyzed in Section 3. The
existence of different equilibrium points has been determined in Section 4. Local stability
analysis of our proposed system around each of the equilibrium points has been studied in
Section 5. The global stability of interior equilibrium has been discussed in Section 6. Hopf
bifurcation analysis has been done in Section 7. In Section 8, the Optimal control theory
is applied to determine optimal harvesting rate of Fish. Numerical simulation results have
been presented in section 9. Finally, in the last section we give the main outcomes of the

present work.

2 Assumptions and Model Formulation

To study the dynamics of Phytoplankton, Zooplankton and Fish, the following assumptions

have been made:

e [t is considered that at time ¢, the densities of Phytoplankton, Zooplankton and Fish
are P(t), Z(t) and F(t) respectively.

e [t is assumed that in the absence of Zooplankton and Fish, Phytoplankton grows logis-
tically. Also, Zooplankton consumes Phytoplankton and Fish consumes Phytoplankton

as well as Zooplankton.

e [t is experimentally proved that consumption rate of Zooplankton by Fish is greater
than the consumption rate of phytoplankton by Fish. For this reason, it is assumed
that the consumption of Zooplankton and Phytoplankton by Fish have been followed
Holling type I & II functional response respectively.

e [t is assumed that Phytoplankton releases some toxin in the aquatic environment which

makes some death of Zooplankton species.

e Optimal harvesting of Fish population has been considered. Also, Pontryagin’s maxi-

mum principle has been used to determine the optimal harvesting of Fish species.

e The intrinsic growth rate of Phytoplankton and the environmental carrying capacity

of Phytoplankton have been considered as r and k respectively.
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e Again, the parameters 3, #; and d be taken as the consumption rate of Phytoplankton,
the conservation rate of Phytoplankton and the natural death rate of Zooplankton

respectively.

e Also, it is assumed that Phytoplankton produces toxin which makes death of Zoo-
plankton. The parameter p denotes the rate of releasing the toxic substances produced

by per unit biomass of Phytoplankton.

e The parameters 7, 71, s and s; denotes the consumption rate of Phytoplankton, the
consumption rate of Zooplankton, conservation rate of Phytoplankton and the conser-

vation rate of Zooplankton respectively.

e Again, o, 9, ¢ and E be the half saturation constant, the death rate of Fish, catchability

coefficients and harvesting rate of Fish.

Keeping the above mentioned assumptions in mind, a three species interaction model of

Phytoplankton, Zooplankton and Fish has been developed as follows:

4P _ .p(] — By _ BPZ _oPF

dt 5,p2 k a]—)&—g a+P

az __

@ = arp — 42— —mZF (1)
dFF __ sPF 2

= a+P+SlZF_6F_qEF

which satisfies the initial conditions P(0) > 0, Z(0) > 0 and F'(0) > 0.

3 Boundedness of Solutions

In this section, Boundedness of all solutions of the system (1) has been investigated.
Theorem 1. Solutions of system (1) are bounded.
Proof. Let us define a function W (t), as follows:
W(t) = P(t)+ Z(t) + F(t) (2)
Differentiating W (¢) with respect to time ¢, it is obtained that
dw(t)  dP(t) N dZ(t) N dF(t)

dt dt dt dt
R
+ ;ipl;—i—leF—éF—qEFQ
= P10 - L5 i) - )

— ZF(")/l_Sl)—5F—qEF2
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Now we introduce a positive constant o, then the above equation reduced as follows

dw (¢ P\ PZ PF
T = (1= 1) - et - S
— ZF(y1—51) —0F —qEF? 4+ 0P(t) +0Z(t) + ocF(t)
2

< (r—i—a)P—%—(d—U)Z—(é—J)F—qEFQ

Since 8> b1 — p,7 > 8,71 > 51
P2
< (r+o)P-— - qEF?, Since o = min{d, §}

k;
< (rto)P =" = F(P) (Sa)
Therefore,
max f(P) = "UE _ ar(say)

4r

aw k
€., —— < — 2
e, — +0W_4T(r+a)

provided that ¢ = min(d, d).
Using the theory of differential inequality [3] in the above equation, it is obtained that

0 < W(P.Z,F) < L1 = ety £ W(P(0), Z(0), F(0))e—"

o

k 2
where M = %.
ToO

Now taking limit of the above inequality as ¢ tends to oo, it is obtained that
M
W(P7 Zu F) S _
o

From the above equation, it is concluded that the solution of the system lies within the

region

R

M
(P, Z,F)eR3 : W < — +¢, for any € > 0].
g

Hence the proof. O

4 Equilibrium Points

In this section, different possible equilibrium points have been determined as follows:

e The trivial equilibrium point £y = (0,0,0).
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e The boundary equilibrium point E; = (k,0,0).

ra(B1—p)(kB1—kp—kd—da)
p andZ— 15 —p—d)?

e The planer equilibrium point Fy = (P Z, 0) where P=

e The another planer equilibrium point E3 = (P’,0, F') where P’ = ol0taBF) and F' =

s—0—qE’
!
P15
v

> 0.

e The positive equilibrium point E* = (P*, Z*, F*) where F* =

1 (Bi—p) P*
¥ {d N ;+P* ] ’

7 [5+ qEd _ _p* { 4 L=A2LTP) qE(ﬁl ) H and P* satisfies the equation and r( — %) —

a+P*
— 0

a+P* at+P*

5 Local Stability Analysis

In this section, local stability of the proposed system (1) around the equilibrium points has
been investigated. The stability of the equilibrium state is determined by the nature of the

eigenvalues of the variational matrix J(P, Z, F') is given by

r— 2rP aBZ ok —BP 9P
k (a+P)? (a+P)? a+P a+P
o a1 Z apZ 51 P
J(P’ 2 F) - (oz-i-lp)2 B (oz—i—pP)2 oe-li—P —d - &% g —nZ
asF
oy ¥ <P 457 — 5 — 2EF

Theorem 2. The trivial equilibrium point Eq is always unstable.

Proof. The variational matrix of the system (1) at Ej is given by

r 0 0
Jg, =1 0 —=d 0
0 0 =9
It has eigenvalues A\ = r, Ay = —d and A3 = —0. It is seen that one eigenvalue r > 0 is

positive. So, we can say that the trivial equilibrium point is always unstable.

Hence the proof. O

Theorem 3. The boundary equilibrium point Ey is locally asymptotically stable if k <

ad da
max {ﬂlpd’ —55}.

Proof. The variational matrix of the system (1) at Fj is given by

—r _ Bk 0
a+k a+k
_ Bik g __ _pk
Jg, = 0 poras d P 0
sk
0 0 otk -9
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The eigenvalues of the above variational matrix are Ay = —r, Ay = % —d — O%,f and
A3 = Of_’:k — 0. According to the condition of stability of a dynamical system, it is known to

all that the equilibrium point F; is locally asymptotically stable whenever all the eigenvalues
A1, Ao and A3 must be less than zero. So for the stability of £, Ay < 0 and A3 < 0 must hold

. b1k pk

z.e.,a+k d a+k<0anda+k 0<0

i.e.,k(ﬁl_p_d)_d& < 0 and ks = ok + ) <0
a+k a+k

, ad Yo’
1.6.,]{? < {m} and k < {3—6}

i.e., k < max ad oa
Y Bi—p—d s—0]

Hence the proof. O

Theorem 4. The planer equilibrium point Es is locally asymptotically stable if By, B3 > 0
and B1By > Bs and otherwise it is unstable.

Proof. The variational matrix of system (1) at Es is given by

by —by —bs3
Jp, = | by b5  —bs
0 0 by
— p_2P__apZ B8P . _ aP . PraZ _ _paZ g BP g pP oy
where by = =57 b 02 = im0 = o b T b e 0 T a6 T
v1Z and b; = a‘quleZ—(S—QqEF.

Then the characteristic equation of the above matrix is given by
2+ Bix? + Box + B3 =0

where By = —(by + bs + br), By = biby + bsby + bibs + boby, By = —b1bsby — bobyb;. Now
by Routh-Hurwitz criteria, the equilibrium point FEs is locally asymptotically stable i.e., the
eigenvalues of the characteristic equation may have negative real parts if By, B3 > 0 and
BBy — Bs > 0 and unstable otherwise. O]

Theorem 5. Another planer equilibrium point Es is locally asymptotically stable if By, By >
0 and B1B) — B} > 0 and unstable otherwise.

Proof. The variational matrix of the system (1) at F3 is given by

bll _b12 _b13
JE3 = 0 622 0
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_ 2rP’ aF’ _ BP . P’ B P P’ / _

Where bll =T — Tk - (a’Y+P/)2’b12 - a+P’7b13 - cZi—P”bQQ - a—li-P’ - d - OZ—P' - ’YlFab31 -
saF’ _ / _ sP /
—(OH_P,)Q,Z?;),Q = SlF and b33 = oxp 0 — QC]EF .

The characteristic equation of the above matrix is given by
y*+ Bly’ + By + By, =0

where Bi = —(bn + b22 + bgg), Bé = b11b33 + b221)33 + b11b22 + b13b31 and Bg = —b11b22b33 —
b13b31bes. According to Routh-Hurwith criteria, the system will be locally asymptotically
stable i.e., the eigenvalues may be negative real parts if B}, B, > 0 and BB} — B, > 0.

Otherwise the system becomes unstable. O]

Theorem 6. The interior equilibrium point E* is locally asymptotically stable if 01,053 > 0

and o109 > o3 and otherwise it s unstable.
Proof. The variational matrix of system (1) at £* is given by

011 —012 —013
Jp = 021 022 —023

031 032 033

_ _2rP*  _aBZ*  qaF* _ BP* 7 _ BiazZ*
WheZI":% g1 = T ; P*K (a+P*)i (a+P*)2’O—1*2 = (a+p*)27013 - a+P*70—21 — (atP*)2
_pas - ke g P _m _ _SaF*  S1Z*F* _ *
(a+P*)27022 = (a+P%) d (a+P*)7023 - a+P*’a31 = (atP*)2 (a+P*)2’U32 = SlF and

033 = SP*+s12* — 0 — 2qEF*.

The characteristic equation of the above variational matrix Jg- is given by

2

2} + o2 + our + 03 = 0. (3)
where 01 = —(011 + 092 + 033), 02 = 022033 + 023032 + 011092 + 011033 + 012091 + 013031 and
O3 = —011022033 — 011023032 — 012031023 — 012021033 — 031022013 + 013021032. According to

Routh-Hurwith criteria, the interior equilibrium is locally asymptotically stable if 01,03 > 0
and o;09 — 03 > 0 holds. Otherwise £* is unstable. O]

6 Global Stability Analysis

In this section, the global stability analysis of the proposed system (1) around the equilibrium
points E*(P*, Z*, F*) has been investigated.

Theorem 7. The system (1) is globally asymptotically stable around the interior equilibrium
point E*(P*, Z*, F*) if £ > BZ* +~F* hold.
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Proof. Let us choose a suitable Lyapunov function

Taking time derivative of the above equation, we have

dv  dP (P — P* 7 — 7"\ dZ F — F*\dF
= < )—i—lﬂ( )——f-k‘z( )

dt — dt\ P Z ) dt F)dt
Substituting the value of %, % and ‘fi—f in the above equation, it is obtained that

v P BZ  AF B P pP
o PPy (1-) - - k(Z — 2 - W F
dt ( ){T< k) a+P a+P}+ i ){a+P arp N

P
+ kQ(F—F*){a+P+slz—5—qEF}

P\ 82  AF PN\ Bz b
— p-pryle(1-5) - - (1=
( >{T< k:> ot P atP T( k>+a+P*+a+P*

BiP pP B1P* pP*
k(2 - Z7 —d——— —nF - d F*
+ kal ){oz—l—P a+ P n 04+P*+ +oz—|—P*+%
sP sP*
ko(F — F* Z—0—qbEF — — 512"+ 0+ qEF”
+ ko ){a+P+Sl q ot P 14" +0+q }

After simplification, it is obtained that

av
— <
. —

(PP~ 2 ko p) - 5P G}

( - % + BZ* + yF*) (P — P*)* — koqE(F — F*)?

+ (P—P)(F — F){kysa —yP* —~ya} + (Z — Z7)(F — F*){kgsl — k:wl}

’i %Tf;)), 0 = @ and kys; = k71, then the above equation reduces

If we choose k; =

the following form

av

- < - (% Bz~ w*) (P — P*)? — hyqE(F — F*)?

< 0, whenever % > [BZ* +~F*

Hence the proof. O

7 Bifurcation Analysis

In this section, Hopf bifurcation analysis of system (1) around the interior equilibrium point

has been discussed. The main objective of this investigation is to study the impacts of
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change of model parameters on the dynamics of our proposed system. In this paper, we
have considered « as a bifurcation parameter and o* represents the critical value or the
bifurcating value of the concerned bifurcation parameter.

Theorem 8. The positive equilibrium E* enters into Hopf bifurcation as o varies over R.
Let ¢ : (0,00) — R be the following continuously differential function of «.

¢(a) = o1(a)oz(a) — a3(a).

Let a*be a positive root of the equation ¢p(a) = 0. Therefore, the Hopf bifurcation of the
interior equilibrium E(P*,Z* F*) occurs at a = o if and only if

(i) 6(a*) = 0

(77) Lo(a*)Ly(a*) + Ly(a®)Lz(a®) # 0.

Proof. By the condition ¢(«) = 0, then the characteristic equation of the variational matrix

Vg« from Theorem 6. can be written as
(22 +o9)(z+01) =0

Let us considered the roots of the above equation are py, po and p3. Let the pair of imaginary
roots at a = o™ are py, po, then we have p3 = —oy and py, po = ii\/fag).

As (o) is a continuous function of all its roots so there exists an open interval (a* —e, a*+¢)
where p; and p, are complex conjugate for a. Suppose that their general forms in this

neighborhood are

p1(a) = x(a) +i€(a)
pa(a) = x(a) —i&(a)

Now we shall verify the transversality condition (Rep i

la=a+ # 0, j = 1,2. Substituting,
pi(a) = x(a) £ i&(e) into the characteristic equatlon and calculating the derivative, it is
obtained that

where

Li(a) = 3x* — 3" + 201 + 02
Ly(a) = 5‘1' 201¢

Ly(a) = oix* — 016 + apx + 0y
Ly(@) = 20" x€ + 05¢

10
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Solving for {'(a) at @ = a*, it is obtained that
d(Repy() L)L) + L) a(a)
da L3(a") + L3(a")
if Lo(a*)Ly(a*)+ Ly (a*)Ls(a*) # 0. Thus the transversality condition holds and hence Hopf

bifurcation occurs at o = a*.

|a:a* = X,<O‘*) =

Hence the proof. O

8 Optimal Harvesting

In this section, the optimal harvesting of Fish species has been determined. It is known
to all that the harvesting is an important issue for the economic development of a country.
Again, continuous and unscientific harvesting of a Fish species can extinct the species. So,
the optimal harvesting is necessary for the conservation of Fish species. The emphasis
of this section is on the profit making aspect of Fisheries. It is a thorough study of the
optimal harvesting policy and the profit earned by harvesting considering quadratic costs
and conservation of Fish species. The prime reason for using quadratic costs is that it allows
to derive an analytic expression for the optimal harvesting. It is assumed that the price is a
function which decreases with the increasing biomass. Thus to maximize the total discounted
net revenues from the Fishery, the optimal control problem can be formulated as follows:
ty
J(E) = / e " [(p—wa EF*)q EF? — cE] dt (4)
lo

where 0; is the annual discount rate of cost of Fish production, p is the constant price per
unit biomass of Fish, ¢ is the constant cost of the cost of harvesting of Fish species and w is
the economic constant. The problem (4) can be solved by applying Pontryagin’s maximum
principle [25] subject to the model system (1) and control constraints 0 < E < E,q.
The convexity of the objective function with respect to F, the linearity of the differential
equations in the control and the compactness of the range values of the state variables can
be combined to give the existence of the optimal control. Suppose Fjs, is an optimal control
with corresponding states Py, , Z5, and Fs,. We take As, (Ps,, Zs,, Fs,) as optimal equilibrium

point. Here, we intend to derive optimal control Ejs such that
J(Es,)) =max{J(FE): E €U}
where U is the control set defined by U = {E : [to, ] — [0, Epaz]|E is Lebesgue measurable}.

The Hamiltonian of this optimal control problem is given by

P) _ BPZ  4PF }

H = —w EF EF? — ¢cE MrP1—=— —
{(p i )QI ¢ }+ I{T ( k a+P o+ P

PZ PZ PF
Ag{ﬁl —az -2 —yle} +)\3{ S+P sy ZF — 6F — qEF2}

a+ P a+ P Q

11
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where \;, 2 = 1,2, 3 are the adjoint variables. The transversality condition for problem gives
Ni(ty) =0,i=1,2,3.

Now, it is possible to find the characterization of the optimal control Es. On the set
t:0< Es (t) < Emaz, we have

oH
ok P F — 2w F*E — ¢ — qF? )3

Thus at As, (Ps,, Zs,, Fs,), E = Es,(t) and g—g =pq F — 20 F*'E — ¢ — qF*)\3 = 0. This
implies that

g _ [paFs —c— qF§ s
o = 2wq%F(§11

Now the adjoint equations at the point Ag, (Ps,, Zs,, Fs,) are

d\; oH
o T o (a_P)

2P5 5Z§ ’7F6
= Gh — A 1— =) - L !
o {< k) (a+ Py )? <a+Pal>2}

B1Zs, pZs, } { sFys, }
+ A — + A3 — 5
2{<a+P51>2 CEE R CETAE ©)
dXs OH
— = - =—
dt e <8Z)A5
BP(Sl 61P51 pP(Sl
= 5\ A —A —d— — v F —A F
1A2 + 1{a+P51 2 o+ D, ot P, Y1t 34 51F5, ¢ (6)
d)s OH
i S S WA il
dt e <8F)A5
My Ps
= 6 )\3 — < 2pq F5, — AW@PE?F} AL R VN
173 { Dq1L s, qi 51}+a+P51 + A2V14s,
SP51
— )\3 a—|—P51 —81251 —5—2qlEF§1 (7)

The equations (5)-(7) are the first order system of simultaneous differential equations and
it is easy to get the analytical solution of the equation with the help of initial conditions
Ailty) =0,i=1,2,3.

9 Numerical Illustrations

In this section, the dynamical behavior of the proposed model (1) has been investigated nu-

merically using MATLAB software. Due to unavailability of real data, a set of hypothetical

12
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values of parameters has been considered as r = 2.0,k = 120,38 = 0.6, = 4.0,7 = 0.5, 5, =
0.4,d = 0.03654,p = 0.1,s = 0.2,s;y = 0.2,0 = 0.6,¢ = 0.01, E = 0.4,y; = 0.1. Using this
set of parametric values, Figure 1 has been drawn. From this figure, it is seen that the inte-
rior equilibrium point is locally asymptotically stable. So, we can say that Phytoplankton,

Zooplankton and Fish species coexist.

Using this set of parametric values r = 2.0,k = 120,68 = 0.6,y = 0.5, = 0.9,d =
0.3654,p = 0.2,7 = 0.6,s = 02,57 = 0.2,0 = 0.6,¢ = 0.01, £ = 0.1, bifurcation dia-
gram of system (1) with respect to o has been drawn in Figure 2. We have numerically
calculated the critical value of v as 1.18. From this Figure, it is observed that the system
loses it’s stability whenever o < 1.18, but the system continues stable steady state behaviour
for @ > 1.18. So, it can be concluded that the half saturation constant has a significant role

on the stability of our proposed system.

100
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W B th

60

L&

40

Phytoplankton
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20
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Figure 1: Time evolution for population densities.
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Figure 2: Bifurcation diagrams as a function of half saturation constant («) with respect to

population densities.

Bifurcation diagram of system (1) with respect to E has been presented in Figure 3 for the
set of parametric values r = 0.4,k = 90,5 = 0.6, = 1.0,7v = 0.5,5; = 0.9,d = 0.3654, p =
02,71 = 0.6,s = 04,5y = 0.5,0 = 0.6,¢q = 0.01. For this set of parametric values, the
critical value of E has been calculated as 0.014. From this figure, it is seen that as the
value of E increases, then the system remains unstable within 0.01 < E < 0.014, but the
system continues stable steady state behaviour for £ > 0.014. It can be concluded that the
harvesting of Fish species may be responsible for the stability of the system.

14
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Figure 3: Bifurcation diagrams as a function of harvesting rate of Fish species (E) with

respect to population densities.

Using the set of parametric values r = 2.0,k = 120,38 = 0.6, = 4.0,7v = 0.5, = 0.4,d =
0.03654,p =0.1,s = 0.2,s1 = 0.2,6 = 0.6,q = 0.01, E = 0.4, bifurcation diagram of system
(1) has been presented in Figure 4. The critical value of 7, has been obtained as 0.00604.
From this figure, it is observed that the system remains unstable or continues the oscillatory
behaviour for 7, < 0.00604, but the system continues stable steady state behaviour for
v1 > 0.00604. So, it can be concluded that due to availability of food for Fish may be
stabilized the system.
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Figure 4: Bifurcation diagrams as a function of consumption rate of Zooplankton (v;) by

Fish species with respect to population densities.

Now the numerical solution of the optimal harvesting problem has been solved by using
the set of parametric values: r = 2.0,k = 100.0,5 = 0.6, = 1.0,y = 0.7, 6, = 0.5,d =
0.345,p = 0.2, = 0.6,s = 0.5,s; = 0.4, = 0.01,¢ = 0.02. First we solve the state
equations (1) by using Forward Runge-Kutta method within a specified time interval. Next,
we solve the co-state equations (5)-(7) by using Backward Runge-Kutta method to solve
the optimal harvesting problem (4). Then the optimal harvesting results are shown in the
following figures with respect to selling price of Fish (p), the cost of harvesting (c¢) and
instantaneous annual discount rate (d;) respectively. From Figure 5, it is observed that as
the selling price of unit biomass of Fish increases, then the optimal harvesting rate of Fish
species gradually increases. From Figure 6, it is observed that as the cost of harvesting of
Fish increases, then the optimal harvesting of Fish first, gradually decreases after that it
goes to the equilibrium level. From Figure 7, it is seen that as the annual discount rate of
selling price increases, then the optimal harvesting of Fish gradually increases. So, it can be
concluded that the increase of annual discount rate of selling price can increase the optimal

harvesting rate of Fish.
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Figure 7: Optimal harvesting of Fish species with resect to annual discount rate (;) of Fish

production cost.

10 Conclusion

In this paper, a three species predator-prey model among the interaction of Phytoplank-
ton, Zooplankton and Fish has been developed. Logistic growth of Phytoplankton has been
considered in the absence of Zooplankton and Fish. It is assumed that Phytoplankton is
consumed by Zooplankton and Fish consumes Phytoplankton as well as Zooplankton. It is
considered that consumption rate of Zooplankton by Fish is greater than the consumption
rate of phytoplankton by Fish. That’s why two types of functional responses Holling I & 1I
have been used here. Then boundedness of all solutions of the system (1) has been studied.
The local stability of the system has been studied around each of the possible equilibrium
points. Also, global stability of the interior equilibrium point has been investigated by us-
ing Lyapunov function. The existence condition of Hopf bifurcation has been studied with
respect to the half saturation constant a. Then the optimal harvesting rate of Fish species

has been determined with the help of optimal control theory.
From our numerical simulation results, it is found that the half saturation constant («),

the harvesting rate of Fish species (E) and the consumption rate of Zooplankton by Fish

(71) can change the system dynamics. The system loses its stability whenever o < 1.18 and
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the system remains stable if o > 1.18 (See Figure 2). It can be concluded that due to the in-
crease of half saturation constant (increase of capability of consumption of food), the system
may go into the stable state behaviour. Also, it is found that the system continues oscillatory
behaviour for 0.01 < £ < 0.014, but the system becomes stable for £ > 0.014 (See Figure
3). So, it can be concluded that optimal harvesting of Fish may make our proposed system
stable. It is observed that the system continues oscillatory behaviour for v, < 0.00604, but
the system continues stable steady state behaviour for v; > 0.00604 (See Figure 4). So, it
can be concluded that the system may become stable for the higher rate of consumption of
Zooplankton by Fish species. From the numerical simulation results of the optimal harvest-
ing problem, it is observed that as the selling price (p) of unit biomass of Fish (See Figure
5) and instantaneous annual discount rate (1) (See Figure 7) increases then the optimal
harvesting rate of Fish gradually increases. So, it can be concluded that the harvesting of
Fish species will be increased if the selling price of Fish and the annual discount of Fish
production cost increases. It is also found that the optimal harvesting rate of Fish decreases
due to the increase of cost of harvesting (¢) of Fish (See Figure 6). Finally, it can be said
that the model can be implemented in a Fishery system. Several research works are going on
Phytoplankton-Zooplankton-Fish species biological dynamics. In the near future, we shall
modify this model, including some biological factors such as intra-species competition on
Fish species, linear harvesting of Zooplankton species, supplying of additional food to the
Fish, effects of toxicants released by Phytoplankton on Fish species etc.
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