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Abstract

This paper aims to propose an algorithm that can predict the values of logarithmic
function for any domain and for any bases with minimum possible error using basic
mathematical operations. It talks about a univariate quadratic function that overlaps
with the graph of the common logarithmic function to some extent, and using this

resemblance to fullest advantage. It proposes a formula and certain algorithms based
on the same formula.
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Introduction

The logarithmic function is the inverse function to exponential function. That
means the logarithm of a given number x is the exponent to which the base n must be
raised to get the given number x [1, 2]. Let x = #” be an exponential function then, y
= log x, where n > 0 (n#1) is the logarithmic function with base n. The domain of the
logarithmic function includes all positive real numbers and the range includes all real
numbers [1, 2]. Logarithm to base 10 is called common logarithm which is simply

written as log x, [3] whereas logarithm to the base e is called natural logarithm, and it
1s written as In x [4].
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Figure 1: Graph of y = log x
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Resemblance of a Quadratic Function with the Common Logarithmic Function

A quadratic function that is f'(x) = 0.19x — 0.01x? passes close to the common
logarithmic function y = log x (see in Fig. 2). These two functions are completely
different by their nature, but their overlapping for quite a range makes things easy for
us. They start overlapping at somewhere between x = 2.5 and x = 3 (see in Fig. 3) and
start separating from each other at somewhere between x = 7 and x = 7.5 (see in Fig.
4). Let’s consider familiar numbers e in between 2.5 and 3 and ¢? in between 7 and 7.5.
Due to this coincidence of y = log x and f(x) = 0.19x — 0.01x* between x = ¢ and x =
¢, the following can be stated. The logarithm of x to base 10, approximately, equals
0.19x — 0.01x* where x lies in between e and e°.

Figure 2: The parabolic graph f(x) = 0.19x - 0.01x? (in blue) passing close to the
common logarithmic function (in red).
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Figure 3: f(x) = 0.19x — 0.01x* and y = log x getting close to each other
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Figure 4: f(x) = 0.19x — 0.01x* and y = log x leaving each other

Methodology

The coincidence of y = log x with f(x) = 0.19x — 0.01x* gives us a formula that
predicts its values for e < x < ¢2. Mathematically,
(1 9- x) X

2

logx =~ Jore<x<e

We just showed it graphically. But where did the equation come from in the first
place? Let’s take a detour and talk about its generation. Take approximate values of
log base 10 for whole number x between e and e2.

0.48,0.60,0.70,0.78,0.84

These are the approximate values for log 3, log 4, log 5, log 6, and log 7 respectively.
Now, we multiply them by 100 to make things easy.

48,60,70,78,84

We will try to decode its pattern if it has one. The first differences of the given
sequence are given below.

12,10,8,6

Mathematics Education Forum Chitwan, September 2021, Issue 6, Year 6



m M. Asfaque & J. Kafle

They clearly have their second difference constant, i.e. -2. This means that it’s a
quadratic sequence, whose formula can be written as © ax? +bx+c ’. [8]

We know that,
2a=-2

soa=-1

To find the values of rest of the constants, we will put the values of x in the equation
and compare them. )
48 =—1x3"+3b+c.....(i)

60 =—1x4% +4b+c......(ii)

After solving both equations, we get

b=19 and c =0.

Substituting the values of constants, the formula becomes f(x) =19x — x“, and since
we had multiplied the sequence by 100, we will now divide the formula by 100,
which leaves us with the required equation f(x) = 19X-X%0 for the values of x starting
from 3 through 7. Now that we have already shown the graphical resemblance of
log(x) and f(x), we can write the following:

(1 9-— x) x

2

logx= ,fore<x<e2....(i)

Now, you may think that this formula does not work for the real numbers less
than e and more than €, but that is not the case. Following algorithms that predict
logarithm of real numbers less than e and more than are based on the very formula.

Case I: When the number is less than e and more than 0 (say @), multiply it by & such
that e <k <e?and e <a X k < €2 Then, the difference of logarithms of @ % k and k
will give the logarithm of a to base 10.

axk

loga =log =logaxk—logk[ 5,7}

(19-axk)axk (19-k)k
100 100 (i)

s loga=

Case II: When the number is more than e* and less than 10 (say b), multiply it by &

such that e <k <e?and e < blxok < €. Then, the difference of logarithms of » x k and
k will give the logarithm of b to base 10.

bxk bxk

logb =log =loghx k—logk =1+log 0

—logk
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[1 _bka bxk
. ~ 10 ) 10 (9-kk
Slogh=1+ 100 100 ....(zzz)

Case I1I: When the number is more than 10 (say ¢), divide it by the suitable multiple
of ten (10: N is a Natural number) such that 0 < 1 < <10.If IOLN is the number less

ON

than e and more than 0,

C C
19— xk} ——xk
N N 19-k)k
logczN+[ 10 10 (19-k)
100 100
If —<_ is more than e and less than e,
10 {
C C
19— ]
N N
loge= N + 10 10 .
100
And, if € _ is more than ¢? and less than 10,
10
C C
x k x k
1910V 110V
10 10
19-k)k
loge~ N+1+ —( ) (zv)
100 100

Case IV: For bases other than 10 (say »), the ratio of common logarithm of the given
number to that of the base will give the logarithm of the given number to base 7.

8X (v) 15.6.7]
n

log,, x =
The examples below are given one from above each case:

A) Using equation number (i),

log4.15~(19-4.15)x 2 0.616275.( with0.28% error)

B) Using equation number (ii),
logl.95 = 10g(1.95 X 3) —log3=10g5.85—-1log3

~(19-5.85)x 85 (19-3)x 50289275, (with0.26% error)
100 100
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C) Using equation number (iii),

3'24_(19_4)xi
0 100

log8.1x4 —-log4=1+10og3.24—-log4~ 1+(19—3.24)x

= 0.910624.( with0.23% error)
D) Using equation number (iv),
log2345=3+10g2.345=3+10g2.345x2.9-10g2.9=3+10g6.8005 —10g 2.9
~3+(19-6.8)x ﬁ—(19—2.9)x 20 _ 3.3627.( with0.22% error)
100 100

E) Using equation number (v),

4.567
logase7 3+(19-4567)x = 3.659155
10g8_2 4567 = = =
log8.2 log8.2x4—log4 1+1log3.28 —log4

3 3.659155 ~ 3.659155

1+(19-328)x 225 _g 60 0-915616

100
=3.99638..(with0.20% error)
The following formula was used to calculate the error:
|Actual value — predicted value

Error = x100%

Actual value

Finding suitable & for case I and case II can be tricky sometimes, but hit and trial
method can give us suitable & easily. Taking the range of x from e to ¢’ in consideration,
this formula generates maximum 1.9% error.

Conclusion

The overlapping of graph of f(x) = 0.19x — 0.01x* with that of y = log x gives
us a formula and algorithms that use basic mathematical operations. Now, we can
calculate the logarithm of real numbers to any real number bases with minimum
possible error. People find remembering the log values difficult especially, in
different examinations where calculators are not allowed. But, now, just a formula
with some easy algorithms, and the difficulties related to remembering the values of
logarithmic function for different numbers to different bases are solved.
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