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Abstract: The Borel derivative generalizes classical differentiation by using an integral-based smoothing
process. In this paper, monotonicity and convexity conditions for first- and second-order symmetric Borel
derivatives are presented. The relation between symmetric Borel derivatives and symmetric Laplace deriva-
tives is also established. Further, Borel smoothness is defined and some basic properties of Borel smooth
functions are studied. These results show that several classical shape properties of ordinary derivatives
continue to hold in the framework of symmetric Borel derivatives.
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1 Introduction

The concept of the Borel derivative was introduced by E. Borel as an average derivative. Over the years,
Borel derivatives have been extended and investigated in various forms. For instance, first-order Borel
derivatives, both unsymmetric and symmetric, were studied by A. Khintchine [3] and by J. Marcinkiewicz
and A. Zygmund [4]. Later, W. L. C. Sargent [I1I] extended the study of first-order unsymmetric Borel
derivatives. The subject was further developed by S. N. Mukhopadhyay in connection with generalized
higher-order derivatives, including both symmetric and unsymmetric forms, in the book Higher Order
Derivatives [6]. Since then, several works have examined related properties and applications of these
derivatives [7, [8, [10]. In this article, we study first- and second-order symmetric Borel derivatives and Borel
smoothness. The main purpose is to give monotonicity and convexity criteria in this setting, establish the
relation with symmetric Laplace derivatives, and record some basic properties of Borel smooth functions.

Definitions. Let a function f(z) be special Denjoy integrable in a neighbourhood of z € R. The right-
hand and left-hand Borel derivatives of f at x are defined by

BDY f(z) = lim — / f <)dt

h—0+ h

and

BD7 f(z) = lim / fx—!—t f )dt,

h—0+t h

where the improper integrals are assumed to be convergent. That is if

h J—
im L L[ et - f@)
h—0+ e—0+ h t

dt

€

exists, then the value of the limit is BD7 f(z). Similarly,

BDT f(z) = lim lim L [ LEFD=I@),

h—0t e—0t b J_p t
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If BDY f(x) = BDy f(z), then f is said to have a Borel derivative at x, denoted by BD; f(z). The right
upper and lower Borel derivatives of f at x are defined by

ﬁff( ) = limsup — /fx—i—t ()d
h—0+

and

BDT f(x) —hl’nll’lf*/ f ()dt.

h—0t

Similar definitions apply for left upper and lower Borel derivatives.
The first- and second-order symmetric derivatives of f at x are defined by

o fe ) = fa—1

SD' f( ) t%O 2t

and

fle+t)+ flz—t) —2f(z)
12 ’

SD?f(z) = lim
t—0
The first- and second-order symmetric Borel derivatives are, respectively

SBD'f(z —}leoh/ fg““t (x_t)dt
—

and

SBD2f(z) = lim ~ / fla+t) + fle—t) —2f@)

h—0 h t2

Changing ‘lim’ into ‘liminf’ gives the lower symmetric derivatives and lower symmetric Borel derivatives;
changing it into ‘limsup’ gives the corresponding upper derivatives.

The first- and second-order symmetric Laplace derivatives of f at x are defined by

SLD'f(x) = lim 32/056515 [f($+t)2f($t)}dt

5— 00

and

Lo el 2

6 J— —
SLD?f(z) = lim 53/ est [f(f” Ol (Gt 2f(x)} dt.
0
The function f is said to be Borel smooth at x if

/ fle+t)+ flx—t) —2f(x)
t

lim — dt =0

h—0 h

and the function f is called Laplace smooth at x if

5
lim 52/0 e f(x+1t)+ flx —t) — 2f(z)]dt = 0.

§— 00

The function f is said to be symmetrically Borel continuous at = of even order (odd order) if

hm f:r—i—t +f(x_t)dt: (2) (hm /fac—f—t fz t)dt—()).
h—0 h

h—0 h 2

A function f is said to be Baire] on a set E if every nonempty perfect set contained in E contains a portion
on which the restriction of f is continuous. If f is Baire] on the set E, we write f € Bf.
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2 Main Results

Lemma 2.0.1. If p,q are positive integers and § > 0, then
5
sq/ e SHPdt = pls? P71 £ o(1)  as s — oo.
0

Proof. By putting u = st, we obtain

4 50
sq/ e ShPdt = s17P~1 / e "uPdu = pls? P +0(1), s— 0.
0 0

Lemma 2.0.2. If f is Borel smooth at x, then
==+ = -
BD, f(z)=BD, f(z) and BDj f(z) = BD{ f(x).

Proof. Let

1/h f(x+t)+f(x—t)—2f(m)dt
t

Since f is Borel smooth at x,

lim g(h) = 0.

h—0

We can write

/fa:+t ) i L /fﬂcft ()dt
SO

O flz—t)— f(x) fx+f f(x)
g(h)—|—h : " / .

Putting —t = z for the integral in the left side of we get,

/f:chz df /fﬂert ()d

BD, f(x) > BD, f(x).

Taking limsup as h — 07,

Again putting h = —k in (2 we get,

/fx-i—z / fo‘f‘t ()d

BD, f(x) > BD f(x).

Taking limsup as k — 0T,

From and (4) we get ﬁff(m) = BD, f(x). Similarly taking liminf we get,
BDY f(z) = BDy f(x).

(4)

O

Lemma 2.0.3. If f has a local mazimum at x and Borel smoothness at x, then BD;f(x) exists and
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Proof. Since f has a local maximum at z, there exists r > 0 such that
fle+1t) < f(z) and f(x —t) < f(x) for all 0 <t < r. Hence, for 0 < h < r,

LM et t) ~ f()
E/o fdtg().

Taking limsup as h — 0T, ﬁff(x) <0.
Again

Therefore,

Taking liminf as h — 0%, BD7 f(z) > 0.
So,

oy
S
=
2
A
(e
A
‘U:J
5
=
&

Since f is Borel smooth, by Lemma [2.0.2
BD, f(z) = BD; f(x) <0 < BDj f(x) < BD, f(x).

Therefore, BD, f(z) exists and equals zero. O

Next we will use the relation of derivatives to prove the monotonicity property of symmetric Borel derivative.
A general relation between higher-order derivatives is proved on page 118 of [6]. However, we give here a
proof for the sake of completeness.

Theorem 2.1. Let f be special Denjoy integrable in some neighbourhood of x. Then

SD'f(x) < SBD'f(x) < SBD [(x) < 5D f(x) (5)
and

SD*f(x) < SBD*f(x) < SBD" [(x) < 5D (x) (©)

Proof. We only prove the last part of and the rest can be treated in a similar manner. We may suppose
that STlf(x) < oo and let STlf(x) < M < co. Then there is a § > 0 such that

fatt) —fa-t) _
2t

for 0 < |t| < §. Hence for 0 < e < h < 4,

hf(ert)—f(zft) 1 [
/6 o dt<ﬁ/e Mdt

1
h
h—e

=M
h

Letting € — 0 and then h — 0 we have SBle(:v) < M. Since M is arbitrary, this completes the proof
that SBD f(z) < 5D f(x). O

Theorem 2.2. Let f: (a,b) = R be such that
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(i) f is continuous on (a,b);

(ii) SBﬁ%‘(m) >0 for all x € (a,b) \ N, where N is a countable subset of (a,b);
(#ii) f is Borel smooth on N.
Then f is convex on (a,b).

Proof. We first prove the result under the stronger assumption
SBD f(z) >0 forall z € (a,b)\ N.

Suppose that f is not convex on (a, b). Then there are numbers mg and ¢ such that g, () = f(x)+moz+c
has a local maximum at some point z € (a,b). For sufficiently small € > 0, every m € (mo — €, mg —+¢€) gives
a function g,,(z) = f(x) + mzx + ¢ having a local maximum at some point z,, € (a,b). Hence, for small
t>0,

Im(zm + 1) + gm(2m — t) — 2gm(2m) < 0.

It follows that )
SBD" gim(zm) <0,

and therefore SBD" f(zm) < 0. By the strict positivity assumption, this implies z,, € N. Since f is Borel
smooth at z,,, so is g,,. By Lemma BD1gm(zm) = 0, and hence

BD;f(zm) = —m.

If my # mg, then z,, # zm,, because otherwise the same value of BD; f would be both —m; and —ms.
Thus the interval (mg — €, mg + €) gives uncountably many points of the countable set N, a contradiction.
Hence the theorem is true in the strict case. For the general case, put f,(z) = f(x) + nz?, where n > 0.
Then f,, is continuous, Borel smooth on N, and

SBD’f,(x) = SBD  f(z)+ 2y >0

for x € (a,b) \ N. By the strict case, f, is convex on (a,b). Letting n | 0, we conclude that f is convex on
(a,b). O

Corollary 1. Let f: (a,b) = R be such that

(i) f is continuous on (a,b);

(ii) SBD?f(x) exists and SBD?f(z) = 0 for all x € (a,b) \ N, where N is a countable subset of (a,b);
(#ii) f is Borel smooth on N.
Then f is linear on (a,b).

Proof. By Theorem f is convex. Since SBD?*(—f)(x) = 0 on (a,b) \ N and —f is also Borel smooth
on N, Theorem also gives that —f is convex. Hence f is both convex and concave, and therefore f is
linear. O

Theorem 2.3. Let F': (a,b) = R be such that

(i) F is continuous on (a,b);

(i1) STQF(x) >0 for all x € (a,b) \ N, where N is a countable subset of (a,b);
(#ii) F is smooth on N.

Then F is convex on (a,b).
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Proof. This is the standard convexity criterion for upper second symmetric derivatives; see Lemma 3.20,
p. 328, of Zygmund [I4]. The smoothness assumption on N gives

F(z+h)+ F(x —h) —2F(x)

0
W —

at every x € N, which is the exceptional-set condition required in that lemma. Hence F' is convex. O

Theorem 2.4. Let f : (a,b) — R be continuous and suppose that SBD' f(x) > 0 for all € (a,b) \ N,
where N is a countable subset of (a,b). Then f is non-decreasing in (a,b).

_ / " fyat

Therefore, F'(z) exists on (a,b) and F'(x) = f(x) for all € (a,b). Let h > 0 be such that a < z — h <
x4+ h < b. We have by integration by parts,

Proof. Let ¢ € (a,b) and let

dt

_1 fa:—i—t ( )
! / dt]

[F(z +h)+ F(x —h) — 2F(x) N F(:c +e€)+ F(x — e) - 2F(x)]

—h
2 (" fla+t)— flz—1)
2 / - dat

/ Fx+t)+F(a:—t)—2F( )

Flz+t)+ F(z—t)—2F(z
—t

S| =

Letting € — 07, we get

dt

1 /h F(z+1t)+ F(x —t) — 2F ()
0 t2

2 /h flatt)—fle=t) ,  Flat+h) +Flz—h)—2F(2)
0 2t

h h?

Hence
h J— J—
Jim sup 1 / F(zx+1t)+ F(.?QL‘ t) — 2F (x) i@t
h—0 0 t
F h) + F(z — h) — 2F 2 [h t)— flz—t
> lim sup (@+h) + (xQ ) (2) + liminf — / flatt) - f@ >dt
h—0 —h 2t

Therefore

SBD F(z) > —SD2F(z) + 28BD" f(z)
— SD*F(z)+ SBD F(z) > 2SBD" f()
Since SD*F(x) < STQF(x) and by Theorem ﬂ, SBDQF(:E) < @2F(x), the above inequality gives
25’7D2F(m) > 28BD' f(x) and hence, by the given condition, STQF(x) >0 for z € (a,b) \ N. Since f is

continuous, F' is smooth and continuous in (a,b). Hence, by Theorem F is convex. Thus F' = f is
non-decreasing in (a, b). O
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Remark. Theorem shows that the non-negativity of the lower first symmetric Borel derivative gives the
usual monotonicity conclusion, up to a countable exceptional set.

Corollary 2. Let f: (a,b) — R be continuous and suppose that SBD' f(z) exists and SBD'f(z) = 0 for
all z € (a,b) \ N, where N is a countable subset of (a,b). Then f is constant on (a,b).

Proof. Since SBD'f(z) = 0 on (a,b) \ N, Theorem applied to f gives that f is non-decreasing.
Applying the same theorem to —f gives that —f is non-decreasing. Hence f is both non-decreasing and
non-increasing, and therefore f is constant. O

Corollary 3. Let f : [a,b] — R be continuous and suppose that SBD' f(z) exists in (a,b). Then there are
points &1 and & in (a,b) such that

s fe) < T < gppp(ey)
Proof. Let k = w Suppose, on the contrary, that there is no & € (a,b) such that SBD'f(¢) < k.
Let g(x) = f(x) — k(z — a). Then SBD'g(z) exists and SBD'g(x) > 0 on (a,b). By Theorem g is
non-decreasing. Moreover, g cannot be constant on any subinterval; otherwise SBD'g would be zero at
every interior point of that subinterval. Hence g is strictly increasing, so g(b) > g(a). But by the definition
of k, g(b) = g(a). This contradiction proves the existence of &; € (a,b) such that

b) —
b—a
The second inequality follows similarly by applying the same argument to — f. O

Theorem 2.5. Let [ be continuous in [a,b].

(i) If SBD'f exists and is continuous on (a,b), then f' exists on (a,b) with the same value.

(ii) If SBD*f exists and is continuous on (a,b), then f exists on (a,b) with the same value.

Proof. Let F(z) = / SBD'f(t)dt. Then F'(z) = SBD'f(x) for all x € (a,b). Let ¢ = f — F. Then

SBDY(x) = SBDlj{CI(.Z‘) — F'(x) = 0 for all € (a,b). Thus, by Corollary |2} ¢ is constant. Since F'(z)
exists in (a,b), f'(z) exists on (a,b) and f'(z) = F'(z) = SBD'f(z) for all x € (a,b).
x
To prove the second part, take F'(z) = / (x—t)SBD?f(t)dt. Since SBD? f(x) is continuous in (a, b), F”(x)
a
exists and F'(z) = SBD?f(z). Proceeding similarly to the first case, we get SBD?y(z) = SBD?f(z) —
F"(z) = 0. Hence by Corollary [1} 1) is linear in (a,b) and hence f” exists in (a,b) and F"(x) = f"(x) for
all z € (a,b). Thus SBD?f(x) = () in (a,b). O

Theorem 2.6. Let f be special Denjoy integrable in some neighbourhood of x. If SBD?f(x) exists, then
SLD?f(x) exists with the same value.
Proof. Suppose SBD?f(z) exists and is finite, so for any e > 0 there exists § > 0 such that, for 0 < h < 4,

‘1 /h flx41t)+ flz —t) —2f(x) — t2SBD?f(z)
h Jo 12

dt’ < e. (7)

Let 0 < 01 < 6. Then integrating by parts and using we get,
/51 st {f(x +1) + flo—t) —2f(x) — t2SBD2f(x)] tzdt‘
0

12
N AP ICEOR S (G —tzzf(:c) - PSBD*f(x)
0
61
[l - /O e+ O+ o0 21() - €'S5D ) r

61 61
< ee_s‘sléf + 26/ t2eStdt + 86/ t3e St dt
0 0
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3
Multiplying by % and using Lemma [2.0.1{ we have,

53 /061 e st [f(x +4) ;— fe=t) flx) — t;SBDQf(m)} dt‘

e 5018363 01 ste o
<17 o4 683/ t?e 5t dt + > / t3estdt
0 0

2
786153 3
:%64—26—4—36—1—0(1) as s — 00.

Also, for any fixed o with §; < o < §, put

“ T T — 2
H(u)/61 [f( el { ) f(;z:)tQSBDQf(x)] dt.

2

Since H is bounded on [d1, o], integration by parts gives

& /6”est [f(x+t) —gf(x -t

1

as s — oo. Therefore, since € is arbitrary,

o [ [Llet 0t Sa =)

—/ e St2dt — 1.

Hence SLD?f(x) exists and SLD? f(z) = SBD? f( O

lim s
S$— 00

Finally, by Lemma [2.0.1]

t2
— f(z) — 2SBDQf(:c)} dt = 0.

Lemma 2.6.1. If ¢(t) — 0 as t — 0, then

}fi%h/gb

Proof. Since ¢(t) — 0 as t — 0, for every € > 0 there is 6 > 0 such that |¢(t)| < € whenever |¢t| < §. If
0 < |h| < 4, then

h
/ o(t)dt| < €lhl.
0
Therefore
1 h
— t)dt
P [ oo <
and the result follows. O
Theorem 2.7. If f is symmetrically Borel continuous of odd order on [a,b], then F(x / f(@)dt is

Borel smooth on [a,b].

Proof. We have, for any x € (a,b),

x+t t
F(a;—l—t)—F(x):/ f(g)d,g:/o £ + 2)d=

Fa) = Fla—0 = [ fde= [ flo-2z

137

and



Convexity Conditions for Symmetric Borel Derivatives and Borel Smoothness

Therefore

dt

1 ["Fz+1t)+ F(x—t) — 2F(2)
E/O t

h t
:%/O %/0 [f(z+2) - f(a — 2)]dzdt. (8)

Since f is symmetrically Borel continuous of odd order at z,

1/: {f(:chz)f(:cz)}dz%O as 0.

Now using Lemma and equation

1 ["F(z+1t)+ F(x—t) — 2F(2)
il

; dt -0 as h—0.

Thus F' is Borel smooth at x. O

Lemma 2.7.1. If f is Borel smooth at x, then f is Laplace smooth at x.

Proof. Put
Alt) = flx +1t)+ f(x —t) — 2f(2).

Borel smoothness means

;L/OhAit)dteo (h —0).

Repeating the Abelian integration-by-parts argument used in Theorem with A(t)/t in place of the
second-order quotient, gives

32/ e tAt)dt = 0 (s — o0),
0

for sufficiently small o > 0; the part of the integral away from zero is o(1) by the same tail estimate. Hence
f is Laplace smooth at . O

Theorem 2.8. Let f be Borel smooth in (a,b). Then f is of class B} in (a,b).

Proof. By Lemma f is Laplace smooth in (a,b). The corresponding result for Laplace smooth
functions is Theorem 4.4.2 of [9]. Therefore f is of class B in (a, b). O

Corollary 4. If f is Borel smooth in (a,b), then f is continuous on a dense open set in (a,b).

Proof. By Lemma/|2.7.1} f is Laplace smooth in (a,b). The conclusion follows from Theorem 4.4.3 of [9]. O

3 Conclusion

We have obtained monotonicity and convexity criteria for symmetric Borel derivatives and related these
derivatives to symmetric Laplace derivatives. The results show that symmetric Borel derivatives preserve
several classical consequences of ordinary derivatives, such as monotonicity and convexity, under suitable
hypotheses. The discussion of Borel smoothness also connects this notion with known properties of Laplace
smooth functions. Further study may consider higher-order analogues and additional examples illustrating
the sharpness of the assumptions.
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