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Abstract: The aim of this paper is to introduce and study a new class £?((X,|].|]), 7, @) of double sequences
with their terms in a normed space X as a generalization of the familiar sequence space €. Besides the
investigation of the condition pertaining to the containment relations of the class 2((X, ||.|]),7,@) of same
kind in terms of ¥ and w, our primary interest is to explore some of the preliminary results that characterize
the linear topological structures of £?((X,||.|]),7,@) when topologized it with suitable natural paranorm.
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1 Introduction

We begin with recalling some notations and basic definitions that are used in this paper. The concept of
paranorm is closely related to the linear metric space; see Wilansky [26] and its studies on sequence spaces
were initiated by Maddox [9], and many others. Basarir and Altundag [I], Ghimire, & Pahari [2| [3], Parasar
and Choudhary[15], Paudel and Pahari [I8], 20, 2T] and many others further studied the various types of
paranormed sequence spaces.

A paranormed space (X,G) is a linear space X with the zero element 6 together with the function G :
X — R™ (called a paranorm on X ) which satisfy the following axioms

P.N1: G(6)=0;

P.N2: G(z) = G(—=) for all z € X;

PN3: G(z+y) < G(z) + G(y) for all z,y € X; and
P.N4: Scalar multiplication is continuous

Note that the continuity of scalar multiplication is equivalent to
i. G(zk) = 0 and Ay — A as k — oo then G(Ag,xx) — 0 as k — oo, and
ii. Ay = 0 as k — oo and z be any element in X, then g(Ag, ) — 0 see Wilansky [26].

A paranorm is called total if G(z) = 0 implies x = 0.

Let X be a normed space over the field of complex numbers. Let w(X) denotes the space of all sequences
z = (x;) with z; € X,i > 1. We shall denote w(C) by w. Any subspace S of w is then called a sequence
space. A normed space valued sequence space or a generalized sequence space is a linear space of sequences
with their terms in a normed space. Several workers like Gupta and Patterson [5], Kamthan and Gupta
[6], Kolk [7], Kothe [§], Maddox [10], and Pahari [I2] etc. have introduced and studied some properties of
vector and scalar-valued single sequence spaces, when sequences are taken from a Banach space.

The concept of various types of linear spaces of single sequences and their special kind of convergence was
studied by several workers for instances we refer a few: Pahari [12] 3] 14], Pokharel, Pahari and Ghimire
[22], Srivastava and Pahari [24] [25]. They also studied the various types of topological structures of vector
valued sequence spaces defined by Orlicz function endowed with suitable natural paranorms and extended
some of them in 2-normed spaces. Recently, Paudel, Pahari and et al. [I7, 18, 19, 20] 2], 22] has extended
the the concepts of sequence space of complex numbers to the sequences of fuzzy real numbers.
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The theory of single sequence spaces has also been extended to the spaces of double sequences and studied by
several workers. Gupta and Kamthan [4], Morics [I1] and many others have made significant contributions
and enriched the theories in this direction. In the recent years, Savas [22], Subramanian et al. [25] and
many others have introduced and studied various types of double sequence spaces using Orlicz function.

2 The Class ? ((X,]|.|]),7,®w) of Double Sequences

Let w = (wpk) and © = (v,g) be any double sequences of strictly increasing positive real numbers and
¥ = (Ynk) and i = (unk),n,k > 1 be double sequences of non-zero complex numbers. Let (X, ||.]|), and
(Y, |]-|]) be Banach spaces over the field of complex numbers and B ((X, ||.||),Y) be the Banach space of all
bounded linear operators from (X, ||.||) into Y. The zero element of the Banach spaces X,Y, B ((X,||.|]),Y)
will be denoted by 6.

Throughout the work, >~ >~ will denote

oo oo
in the sense that lim
nzz:l ;::1 Koo Z 2§n§§[(

We now introduce and study the following class of Banach space-valued double sequences

C(X D5, @) = T = (Tar) : Tor € X,n,k > 1 and Iggnmz > nkzakl" = 0 asn+k — oo

2<n+k<K

Further, when v, = 1 for all n and k, then ¢2 ((X, ||.||) ,¥, @) will be denoted by ¢ ((X,||.||),w) and when
wyy for all n and k; then 2 (X, ||.|]), 7, w) will be denoted by 2 (X, ||.||),7)-

Further, by @ = (wni) € (2., we mean sup wyy, < co. We denote A(X) = max(1, [A|) and the zero element
of this class by § = (0,0,0,...)

3 Main Results

In this section, we investigate some conditions in terms of w and 7 so that a class £2 (X, |].|]), ¥, @) is con-
tained in or equal to another class of the same kind and then explore some of the preliminary results that
characterize the linear topological structure of £2 ((X, ||.||) , ¥, w) when topologized it with suitable natural
paranorm. As far as the linear space structure of ¢2 ((X,||.||),%, @) over the field of complex numbers is
concerned, we throughout take the coordinatewise operations, i.e, for

T = (nk), ¥ = (ynk) and scalar X\, T+ § = (Tnk + Ynk) and AT = (Azpg).
Theorem 3.1. For any w, 2 ((X,||.||), & @) C €2 ((X,]|.]]),¥,®) if and only if

Wnk

Tnk

Hnk

lim sup < 00.

n+k—oo

Wn
Ink

i " <ooand 7 € £2 ((X,]|-]1) , @, @). Then there exists a constant L > 0 such

Proof. Suppose lim sup

n+k—oo
that |v,e|“"* < L|pnk|* for all sufficiently large value of n, k. This means that for all sufficiently large
values of n, k,

|7nk xnk‘wnk < L|Mnk xnk:|wnk

Thus > Y || pnk@nk|[“"* < oo implies that > > || Ve Znk ||V < oo, ie., T € £2((X,]|.]|]),7,®w) and hence
(XL, pw) € (XD, 7, ).

o4
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Wnk
Ink

s = 00. Then there exist subsequences (n(7)) of (n)

Conversely, let the inclusion holds but lim sup
n+k—oco

and (k(7)) of (k) respectively such that for each i > 1,

by 2 > il iy [0 W
Thus for z,, € X with ||z,x|| = 1, the sequence T = (x,) defined by
=2/ W _ .
_ i y;n=mn(i),k=k(i),i>1
k= { 9, otherwise (2)

is in €2 ((X,||.||), &, ), since for n = n(i),k = k(i),i > 1 and in view of (1) and (2)),

oo

. w - W (i) k(i 1
Klgnooz Z ik nkl " = Z | niyk Tk || = Z 2 <o

2<n+k<K i=1 i=1
But Z does not belong to £2((X, |.||), 7, w), since for n = n(i), k = k(i),i > 1,

(o)
. Wnk __ W (i)k (i)
Klgnooz Z | tnpnr | = Z | iy (i) Tk
2<n+k<K =1
Angipi | OO 1 1
= Z 2z > 7%
i—1 Nn (i)k (1) =1

a contradiction. This completes the proof.

Theorem 3.2. For any @ = (wnx) , (X, 1), 3, @) € (X, 1), fi, @)

Wnk

if and only if liminf Jnk > 0.

ntk—00 | lhnk

Ink
nk

"S0andz = () € (X, ||l), ¥, w). Then there exists I > 0 such that

Proof. Suppose liminf
n+k—oco

I k] ™ < |ynk]“™* for all sufficiently large values of n, k. Thus

Wnk

Il pngnk]* < kgl
for all sufficiently large values of n, k. From the above inequality and we see that

lim Z Z | ptrse e || < 00
K—oo

2<n+k<K
ie., z € 2((X|.]),H ) and hence
€2((X’ || ’ “)7’7715) - €2((X7 H ’ ||),ﬂ,zi))

Wnk
Onk

nk

Conversely, let the inclusion holds but lim inf
n+k—oco

and (k(7)) of (k) respectively such that for each i > 1

= 0. Then there exist subsequences (n(4)) of (n)

il m@ra | = (rngre [ (3)
For zp, € X and ||znk|| = 1, we define a sequence & = (x,,1) by
i g k= k(i),i > 1
— ’ynk; ? Z’I’Lkﬁ (’L)) 12
Lok { 6, otherwise. (4)

Then as proved in Theorem 3.1, for n = n(i), k = k( ),i > 1 and in view of and , we can prove that
zisin 2 ((X,|.I),7,w) and z € *((X, || - ||), & @), a contradiction. This completes the proof. O
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On combining Theorems 3.1 and 3.2, we get

Theorem 3.3. For any @ = (wnz), (X, | - 1),7, @) = (X, || - ||), &, w) if and only if

w Wnk
Ink
Hnk

Ink
Hnk

0 < liminf
n+k—o0

< lim sup < 00.

n+k—oo

Theorem 3.4. For any 7 = (), if wpg < vpg for all but finitely many n, k, then

CUX - D7) € (X - 1,7, 9).

Proof. Let  wpi < vy for all finitely many n,k. If Z = (z,1) € (X, | - 1]),7, @) then clearly z €
(X, ], 7, 0) because || Vnrznk| < 1 for all large values of n, k. This completes the proof. O

On combining Theorems 3.1 and 3.4, we get

Theorem 3.5. For any ¥ = (Yur), & = (tnk), @ = (wnk) and 7 = (vpy) if li_{r};inf * > 0, and
n — 00 "
Wpk < vy for all but finitely many n, k, hold together, then
CUX - 1,3, @) € AU -, B, 0).

Theorem 3.6. (2((X,] - ||),7,w) forms a linear space over the field of complex number C if and only if
W= (wny) € .
Proof. Let @ = (wyy) € 02, and T = (xnr), ¥ = (yur) € (X, | - |]),7,w) then

i Wn . nk )

Jim Y0 Y ek <ooand lim d T YT kel < o0

2<n+k<K 2<n+k<K
Now,
li Wnk 1 Whk . Whk .
2<n+k<K 2<n+k<K 2<n+k<K

Hence z + 9 € £2((X,||.|]), 7, w). Also, it is clear that for any scalar A,

Az € (X)), 7, w), since

Y Y Pl - Klgnwz S gl

2<n+k<K 2<n+k<K
A Jn 3T 5 kel < 0
Conversely, if @ = (w,i) ¢ €2, then there exist subsequences (n(i)) of (n) and (k(i)) of (k) such that
Wy (i) k(@) > @ for each i > 1. (5)
Now taking z,, € X with ||z,,|| = 1, we define a sequence z = (xx) by

- N2 Wk gy n = (i), k = k(i),i > 1 and
" 6, otherwise.

Then for n = n(i),k = k(i),i > 1 and in view of (f) and (6], we have

oo

. w = W, (i)k(i 1
Jim S0 > el =D ke i | = 55 < oo

2<n+k<K i=1 i=1
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This shows that Z is in ¢2((X,]|.||),¥,w). But on the other hand for n = n(i),k = k(i),i > 1 and for the

scalar A = 4 we have

Wnk | (k)

[k AZnk ™™ = 1Vn(iyk) 4T nine) |

3

1 4
— 4 Wn(i)k(i) > — > 1
14| 275

for each ¢ > 1, and therefore

Jdim 373 e > oo,

2<ntk<K
which shows that
Az ¢ (X)), 7, @)
Hence ¢2((X, ||.||), 7, w) is a linear space if and only if, @ = (wy,) € ¢2,. This completes the proof. O

In the following, let w = (w,x) € 2, and consider 7 € £2((X, | - ||),7,w), we define

G@) = lim >, > I (7)

K—o0
2<n+k<K

Theorem 3.7. Let @ = (wy) € (% foreachn,k > 1 and X be a normed space. Then (¢2((X, |.|)),7, @), G)
defined by forms a total paranormed space.

Proof. For any z,5 € ¢*((X,] - ||),7,w), it can be easily verified that G satisfy following properties of
paranormed space. )
Clearly, G(z) > 0 and G(Z) = 0 if and only if = 6.

G(Z +7) < G(Z) + G(7),and G(\E) < A(N) - G(Z), where \ € C.
So obviously PN1, PN2 and PN3 follow.

Here we prove the continuity of scalar multiplication, i.e., PN4. For this, it suffices to prove that
(a) if ) — f as i — oo and \; — X imply G (A;2)) — 0 as i — cc.

(b) if \; — 0 as i — oo implies G (A;z()) — 0 as i — oo for each z € £2((X, [|.|), 7, w).

Now to prove (a) suppose that |\;| < L for all i > 1. Then

.—(i)) < Jwnk ‘
G (M) <supl e Jim 37 37

2<n+k<K

OIS
TnkT g

< ANG (50@)

whence (a) follows.
Next if z € £2((X, || - ||), 7, @) then for ¢ > 0 there exists I such that

e
> Ieswan] ™ < 5
n+k>1

Further if ; — 0, we can find K such that when i > K, we have

E
S Il e < S and Jasf < 1.

2<n+k<i—1
Thus
G(\z) < Z Z H)\z’ynk:vnknwnk + Z Z ||’ynk$nk||wnk <e foralli > K
2<n+k<i—1 n+k>i
and hence (b) follows. O

Theorem 3.8. Let @ = (wy,) € (% for eachn,k > 1 and X be a Banach space. Then (¢2((X,]| - |),¥,@),G)
is complete with respect to the metric d(Z,7) < Q(Z — 7).

o7
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Proof. Let (z') be a Cauchy sequence in (2((X,|| - ||),%,@). Thus for 0 < & < 1, there exists K such that

G 2=t D [orta— st <o for a0 K
2<n+k<K

Hence for each n, k > 1
H:C:zk - xflkH < |’7nk|71 gt/wnk < \’ynkFl g, for all 4,4 > K.

This shows that for each n, k, (xim);; is a Cauchy sequence in X and because of completeness of X, z¢, —

ZTpk in X, say i — oo for each n,k > 1. Being a Cauchy sequence (ic’) is bounded, that is there exists an
L > 0 such that for all i and K < 2,

> > ™ <L

2<n+k<K

. First taking ¢ — oo and then N — oo we easily obtain that

i Wnk <
I(lgnoo Z Z ||’Ynkxnk|| < L

2<n+k<K

which implies that # = (z,x) € (X, || - ||),7,@w). Now for any K, by (3.8), we have

Z Z H’Ynkx;k - ’YnlcwflkHw"k <eg, forall i,/ > K.
2<n+k<K

and so letting £ — oo first and then K — oo, we get

G(x0 -a) = 3 3 lhokets — o

2<n+k<K

Wnk

<e.

This shows that z% — 7 in ¢2((X, |.]|),%,®) as i — oco. This proves the completeness of £2((X,|.|), 7, ).
O

4 Conclusion

In this paper, we have explored some conditions that characterize the linear topological structures and
containment relations on double sequence space with their terms in a normed space as a generalization of
the familiar sequence space. In fact, these results can be used for further generalization to investigate many
other properties of the normed spaces, 2-normed spaces, and other vector-valued sequences.
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