Journal of Nepal Mathematical Society (JNMS) Research Article

ISSN: 2616-0153 (Print), 2616-0161 (Online) Received Date: Sep 04, 2023
Vol. 6, Issue 2, 2024 (February): 19-27 Accepted Date: Feb 01, 2024
DOI: https://doi.org/10.3126/jnms.v6i2.63018 Published Date: Feb 26, 2024

(©Nepal Mathematical Society

Blow up at Infinite Time of Solutions for a Plate
Equation with Delay Term

Erhan Pigkin®*, Hazal Yiiksekkaya?

IDicle University, Department of Mathematics, Diyarbakir, Turkey
2Ministry of National Education, Sanlhurfa, Turkey

*Correspondence to: Erhan Pigkin, Email: episkin@dicle.edu.tr

Abstract: In this article, we investigate the viscoelastic plate equation with both delay and source terms.
Initially, we give the local-global existence results. Later, we establish the blow-up results at infinite time
by utilizing the energy method when E (0) < 0 under suitable conditions. Delays effect generally seems in
many practical problems for instance medicine, biological, chemical, physical, thermal, economic phenom-
ena, electrical engineering systems and mechanical applications.
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1 Introduction

This manuscript is devoted to the blow-up at infinite time of solutions for the viscoelastic plate equation
with delay term as follows

up + A%u — f(f @ (t—q) Ay (q) dg + pyue

+ [ |2 ()| we (2, — q) dg = b |ul” > u, reQ, t>0,

u(z,t) = 24t — g, z €09, te0,00)), (1)
u (z, —t) = fo (z,1t), (z,t) € 2 x (0,72),
u(z,0) =up (), w (x,0) =uy (z), x €,

where b, (11 are positive constants, p > 2 and 7y, 75 are the time delay with 0 < 7 < 7 and pe is bounded-
function, and w is a differentiable function. The unit outward normal vector is v.

For many researchers, problems involved the mathematical behavior results for PDE’s with delay have
become attractive because delays generally seem in many practical problems for instance, electrical en-
gineering systems, mechanical applications, medicine, thermal, economic phenomena, physical, chemical,
biological. Furthermore, delay effects may devastate the stabilizing properties of a system. There are some
examples that show how delay effects destabilize the control systems in the literature [7], [&].

Datko et al. [5], in 1986, showed delay is source of in-stability. In [14], Nicaise and Pignotti studied the
equation with time delay term as follows

gy — A+ paug (2, 1) + poug (x,t —7) = 0. (2)

In the case 0 < pg < 1, they proved some stability results. Zuazua [23] obtained exponentially stability
for the equation in the absence of delay.

Cavalcanti et al. [4], concerned the equation as follows
t
it + YAuy + A%y — / g(t—s)A%u(s)ds +a(t)u, =0 3)
0

in Q x (0,00). They proved the decay of solutions if v = 0 for (3)). Rivera et al. [22] showed that the energy
decay of the . Moreover, see also Lagnese [9] for more detail on .

Mukiawa [I1I], handled the equation as follows

t
Uy + A%y — / g(t—s) APu(s)ds + pyug + poug (t — 7)=0 (4)
0
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with delay term. The author obtained decay of solutions for the equation .
In [12], Mustafa and Kafini studied the equation with delay as follows

g + APu — / g (s) A%u(t — s) ds + pauy + poug (t —7) = ulul”. (5)
0

They proved general decay of solutions when |ug| < pq for the equation .

In [2], the authors studied the equation as follows

t T2
utt—Au—wAut—F/ g(t—s)Au(s)ds—i—ulut—F/ o (p)| we (.t — p)dp = bulP > w. (6)
0

T1

Choucha et al. [2] proved the blow up results under suitable conditions for the equation (6). In [3], the
authors indicated the growth results for the equation @ Recently, some other authors considered related
equations (see [10, [I6], 17, 18 [19] 20, 21]).

There is no research about the blow up at infinite time of solutions of the equation with delay term
to our best knowledge. Hence, the manuscript is generalization of the above studies. The main aim in
this work is to establish the blow up results at infinite time of the equation with delay. This paper is
planned as following: In section 2, we give needed materials for the proof. In section 3, we establish the
main result.

2 Preliminaries

In this section, we denote the necessary materials. Usually, the notation |||, indicates L? norm, and (., .)
is the L? inner product. Particularly, we give ||.|| instead ||.||,(For detailed, see [1] [15]).

We, now, yield the needed assumptions

(Al) w € (R4, R4) is a non-increasing function, such that

w(t)zO,l/Ooow(q)dq—l>0. (7)

(A2) There exists the £ > 0 constant, so that

@' (t) < —&w (t),t > 0. (8)

(A3) w2 : [11, 2] = R is bounded function, such that

26 — 1 T2 1
<2>/ luz ()1 dg <, 6> 5. )

1

Assume B, > 0 be a constant satisfies [I]

Vo], < By [|Av]],, for v € HZ (Q). (10)
It holds
| == @@ s @) = 5= 18O + 5 (=0 a0 0
g |@eswo - ([swa)iauor]. o
where

(w0 Au) (t) = / / @ (t - q) |Au(t) — Au(q) dg. (12)
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Firstly, similar to [13], we give the new function

y(xapaQ7t) :’U,t(l',t—qp)

Hence, we have
qyt (‘T7p7q7t)+yp(x7p7qat):0 (13)
y(w,O,q,t) = Ut ($,t) .

Therefore, the problem becomes
up + A%u — fg @ (t — q) A%u(q) dg +2ﬂlut
+ 27 k2 (@) y (2. 1,¢,t) | dg = bluf""u, 2 € Q, t >0, (14)
qYt (.13, P q, t) + yp (xa P q, t) = 07

with initial-boundary conditions
u(z,t) =240 — 0 2,

y (@, 0,4,0) = fo (x,qp), (15)
UWﬁkﬂm(LUMx®ZUM@,

where
(x,p,q,t) € Qx(0,1) X (11,72) X (0,00).

We, now, give without proof the theorem of local existence similar to [6].

Theorem 2.1. Assume that —@ hold. Suppose

{p>2n_Lz34

2<p<? n > 4. (16)

For any initial data with compact support

(uo, u1, fo) € HE (Q) x HZ (Q) x L*( Q x (0,1) x (11,72))
the problem - has a unique solution

ue C([0,T);Hg () x Hi (Q) x L (2 x (0,1) x (11,72)))
for some T' > 0.

We, now, denote the global existence results similar to [24].

Theorem 2.2. Assume that —@ and hold. If ug € L2, uy € HZ () and

bC¥ 2p
7 ((I’Q)ZE (0)) <1, (17)

where C, is the constant of Poincare. Hence, the local solution is global.

Lemma 2.0.1. Suppose that (7}-(9) and satisfy and let u(t) be a solution of (I4)), then E(t) is
non-increasing such that

1
B = glulf+s (1/w dq) |Aul + 5 (= 0 Au) ()
/ / / a1z (@)1 |9 (. pr 0t |dqdpdx~|\u||" (18)
satisfies 72
B (1) < —ex (||ut||2+ [ / |u2<q>|\y2<x,1,q,t>ydqu). (19)
27’1

21
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Proof. Multiply the first equation of by u; and integrate over §2, we get

d 1 2 1 ¢ 2 1 b p
dt{2|ut| +2(1—/0 w(q)dq) | Aul| +§(woAu)(t>—5Hullp

= el — /Q " / iz (@) |y (2, 1, . 8)| dadae
1, 1 )
+§ (w' o Au) (t) — iw () || Aul|

and, we get

d 1 1 T2
77// / alp2 ()1 |y? (z, p,q.t)| dgdpdz
dt2 Q 0 T1

1 1 T2
= -3 / / / 2|u2 (q)| yypdqdpdx
Q 0 T1

1 T2
- 5// |2 (q)| |9 (2,0, ¢, t)| dgda
QJr
1 T2 )
*5// |2 (@) y* (2,1, 4, 8)| dgda
Q Tl

1 2 9
= 3 k2 (q)] dq | [l
1 1 2 9
2 QJn

Then, we have

d 2 1
GEO = ol = [ [ @)y 1.0l dgdn + 5 (=0 ) ()
T1

1 L[
g+ ([ e @l ) el

1

1 2
—5/ / lu2 (@) |y (x,1,q.t)| dgd.
Q T1
By (20) and (21]), we have (18). From Young’s inequality, @—@ in , we have ((19)).

Now, we get the main result. Firstly, we define

H(t) = —E®)
Dl - g el = 5 (1= [ @ @)

1 1 1 T2
~y@osn)® -3 [ [ [ alna @1y @.p.0.1)| dadpd.
Q 0 T1

3 Blow up at infinite time

In this section, we get the blow-up at infinite time of solutions for the problem —.

(20)

(21)

(22)

(23)

Theorem 3.1. Let —@ and hold. Suppose that F (0) < 0 holds. Hence, the local solution for the

problem grows exponentially.

Proof. By , we get
E(t) < E(0) <O0.

22

(24)
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Therefore,
T2
H (1) = —F()>e (||ut|2+ /Q [ @l <x,1,q,t>|dqdaz)
T1
T2
> CI/Q/ lu2 ()] |v? (2,1,q,t)| dgdz > 0 (25)
and b
0< H(0) < H (1) <l (26)
We set
Kt)=H(t)+e / wugde + [ w2de, (27)
Q 2 Ja

where € > 0 to be specified later. We multiply the first equation by w and take derivative of 7 we
have

K () = H'(t)+5||ut||2+€/QAu/0tw(tq)Au(q)dqdm
—laul® +eb [ uPac—e [ "o (@) Juy (21, )] dad. (28)
By using
[ [ e @l 21,0 dads
< 6{61 (/ uz(q)ldQ> Il + 45 [ / 2 (@)1 |97 (2, 1, |dqu} (29)
and

6/0 w (t—q) dq/QAuAu (¢) dxdg
= 5/0 w(t—q)dq/ﬂAu(Au(q)—Au(t))da:dq

t
te / @ () dq | Au?
0

vV

e ¢ e
s [ =@ddlau - 5 (@o du o). (30)
0

We get, by (28),

1 t

K@) > B O+elul e (1-5 [ @ @ada) 1au?
0
vepfulf et ([ e @l da) Jul?

€ 2 3
e [ e @l g0 dade + 5 (0 2 0. (31)
16y Jo /.. 2
From 1.| and set d; such that, 46 o =5 substitute in 1D we obtain

K'(t) > [1—er]H (t) +e |Jul

7 [(1 _ ;/Otw(q) dqﬂ 1Au| + &b |[ull?

([ e @lda) Il + 5 (o 20 0. )

dc1k )

23
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F0r0<a<1,by

ebllull, = 5p(1—a)H(t)+w

+M (1 - / o dq) | Au)?

(1fa)(woAu (t)

sp (1—a)
/ / / a1z @)1 |y (@ p, 0, )| dadpda. (33)

e |* + eba [lull,

Substitute in , we get

K'(t) > [1—er]H (t)+e {“12“) + 1] (e ||®

+5K (1_a>(1—/w dq) (1—;/Otw(q)dq)]||Au|2

i ([ e @l da) P 1) 1 1) bl

ep (1-a)
/// alp2 (@)1 |y? (z, p,q.t)| dgdpdx

(p(1—a)+1)(woAu)(t). (34)

+3
Utilizing Poincare’s inequality, we have
11—
K'(t) > [1—exlH (t)+e [p(Qa) + 1} g2

+=(p (1—a)+1)(woAu (t)

{2 o (22)
([ o

+5ba [ull? +ep (1 —a) H (t)

ap 1—a
/// qlp2 ()| |v? (z, p, ¢, t)| dgdpdz. (35)

Here, take a > 0 so small, hence

1
a =PI
2
and suppose
0 M_l 200
dg < —2 = : 36
/0 w (q) dg <p(12_a)_%> 2041—1—% (36)

then, choosing x so large, such that

ay = (1)(12_@—0 —/Otw'(q)dq (p(l _QG)_1> - 4;,{ (/:2 |M2(Q)|dQ) >0

Once k and a are fixed, picking € so small enough, such that

ap=1—ex>0

24
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and b
K () < » [[ull} - (37)

Therefore, for some § > 0, the estimate becomes

K'(t) = B{H(t)JrIIUt||2+||AUII2+(w0AU) (®) + lfull;

+/Q/Ol /:qluz @l |y? (w7ﬂ7q7t>|dqdpdx} (38)

K(t)>K(0)>0,t>0. (39)
From Poincare’s and Young’s inequalities, using , we get

and

K@) = (H(t)+5/uutdx+ = u2dx>
Q 2 Jo

[0+ [ wu

¢ [H (@) + 12wl + ] (40)

IN

2 2
Tl + 1A }

IN

For ¢ > 0, since H (t) > 0, by , we obtain

el —(1—/ @ (@) |8l = § (0 ) 0

—7/// qlu2 (@) |y° (z,p,q.t |dqdpd33+ [l

(41)
then
1 t 2 b p b P
(1= [ w@dg ) |Aul” < —luly < —lull, + (@0 Au) ()
0 p p
1 To
+/ / / alp2 (@)1 |y? (z,p,q.t)| dgdpdz. (42)
Q 0 T1
Hence,
||Au||2 < ||u||p + 2 (wo Au) ( (/ w ( dq) ||Au||
=3 [ [ atws @11 0.0 dadpa (43)
0 T1
On the other hand, by using @, to obtain
2b
1Au|® < N lully +2 (@ 0 Au) (1) + (1 = 1) || Aul®
1 T2
+2/Q/ / qlp2 (@) |y (=, p,9,)| dgdpda. (44)
0 T1
Consequently, inserting into , there is positive constant k; such that, for V¢ > 0
Kit) < k { (t) + 1A + [|ue|* + ~ ||u||p + (@ o Au) (¢)
+/z/ / qlp2 (0)| |v* (z, p,q,t)| dgdpdz | . (45)
S 0 T1

25
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Utilizing the inequalities and , we get the differential inequality

K'(t) > M (1), (46)
where A > 0, depending only on £ and k.
Integrating , we have
K(t) > K (0)eM vt > 0. (47)
By and , we obtain
b
Kt)<H(t) < » lull - (48)

From and , we get

||u||§ > CeM, Vit > 0.

Hence, we complete the proof. O

4

Conclusion

In recent times, there have been many published works regarding to hyperbolic-type equations with delay.
There are no blow up results at infinite time of the viscoelastic-plate equation with distributed delay term
and source term to the best of our knowledge. Initially, we have given the local-global existence of solutions.
Then, we have established the blow up results at infinite time under sufficient conditions.
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