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1 Introduction and Preliminaries

In 1952, frame theory was introduced by Duffin and Schaefer [7] to study some deep problems in nonhar-
monic Fourier series by abstracting the fundamental notion of Gabor [9] for signal processing.

In the year 2000, M. Frank and D. R. Larson [8] have extended the theory for the elements of C∗-algebra
and Hilbert C∗-modules. Eventually, frames with C∗-valued bounds in Hilbert C∗-modules have been
considered in [1]. The basic idea was to consider module over C∗-algebra instead of linear spaces and to
allow the inner product to take values in the C∗-algebra. After the fundamental paper [5] by Daubechies,
Grossman and Meyer, frame theory began to be widely used, particularly in the more specialized context
of wavelet frames and Gabor frames [9].

During this century, frame theory developed rapidly and experienced several generalizations either in Hilbert
spaces or in Hilbert C∗-modules. For more details see [10, 13, 14, 15, 16, 17, 18, 19].

In this paper, we introduce the concept of positive operator frame, L-positive operator frame, ∗-positive
operator frame and ∗-L-positive operator frame for the set of all adjointable operators on a Hilbert C∗-
module denoted End∗B(V) where L is a positive operator. Also, we establish some new properties. Some
illustrative examples are provided to advocate the usability of our results.

In the following we briefly recall the definitions and basic properties of Hilbert B-module, where B is a
C∗-algebra. Our references for C∗-algebras are [4, 6].

Definition 1.1. [4]. Let B be a unital C∗-algebra and V be a left B-module, such that the linear structures
of B and V are compatible. V is a pre-Hilbert B-module if V is equipped with an B-valued inner product
⟨., .⟩B : V ×V → B, such that is sesquilinear, positive definite and respects the module action. In the other
words,

(i) ⟨f, f⟩B ≥ 0, for all f ∈ V, and ⟨f, f⟩B = 0 if and only if f = 0.

(ii) ⟨αf + g, h⟩B = α⟨f, h⟩B + ⟨g, h⟩B, for all α ∈ B and f, g, h ∈ V.

(iii) ⟨f, g⟩B = ⟨g, f⟩∗B, for all f, g ∈ V.
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For f ∈ V, we define ||f || = ||⟨f, f⟩B||
1
2 . If V is complete with ||.||, it is called a Hilbert B-module or a

Hilbert C∗-module over B.
For every b in C∗-algebra B, we have |b| = (b∗b)

1
2 and the B-valued norm on V is defined by |f | = ⟨f, f⟩

1
2

B ,
for all f ∈ V.

Let V1 and V2 be two Hilbert B-modules, a map L : V1 → V2 is said to be adjointable if there exists a map
L∗ : V2 → V1 such that ⟨Lf, g⟩B = ⟨f, L∗g⟩B for all f ∈ V1 and g ∈ V2.

We reserve the notation End∗B(V1,V2) for the set of all adjointable operators from V1 to V2 and End∗B(V1,V1)
is abbreviated to End∗B(V1).

In what follows, let I and J be finite or countable index subset of N.

We will give lemmas and definitions that will be useful to prove the results of this work.

Lemma 1.2. [1]. Let V1 and V2 be two Hilbert B-modules and L ∈ End∗B(V1,V2).

(i) If L is injective and L has the closed range, then the adjointable map L∗L is invertible and

∥(L∗L)−1∥−1IV1 ≤ L∗L ≤ ∥L∥2IV1 .

(ii) If L is surjective, then the adjointable map LL∗ is invertible and

∥(LL∗)−1∥−1IV2
≤ LL∗ ≤ ∥L∥2IV2

.

Lemma 1.3. [12]. Let V be an Hilbert B-module. If L ∈ End∗B(V), then

⟨Lf, Lf⟩B ≤ ∥L∥2⟨f, f⟩B, f ∈ V.

Lemma 1.4. [2]. Let V1 and V2 be two Hilbert B-modules and L ∈ End∗B(V1,V2). Then the following
statements are equivalent,

(i) L is surjective.

(ii) L∗ is bounded below with respect to norm, i.e., there is m1 > 0 such that ∥L∗f∥ ≥ m1∥f∥, for all
f ∈ V2.

(iii) L∗ is bounded below with respect to the inner product, i.e., there is m2 > 0 such that ⟨L∗f, L∗f⟩B ≥
m2⟨f, f⟩B, for all f ∈ V2.

Definition 1.5. Let L ∈ End∗B(V), where V is a Hilbert B-module. Then L is called a positive operator
if we have ⟨Lf, f⟩B ≥ 0 for all f ∈ V.
The set of all positive adjointable operators is denoted End∗

+

B (V).

Definition 1.6. [21] A sequence {Φi ∈ End∗B(V,Vi) : i ∈ I} is called a g-frame for a Hilbert C∗-module V
with respect to {Vi : i ∈ I} if there exist constants E,F > 0 such that

E⟨f, f⟩B ≤
∑
i∈I

⟨Φif,Φif⟩B ≤ F ⟨f, f⟩B; f ∈ V. (1.1)

The constants E and F are called the bounds of {Φi}i∈I . If E = F = α ̸= 1, the g-frame is called α-tight.
If only the right side of the inequality (1.1) holds, we call it a g-Bessel sequence.

Definition 1.7. [3] Let L ∈ End∗B(V). A sequence {Φi ∈ End∗B(V,Vi) : i ∈ I} is called a L-g-frame for a
Hilbert C∗-module V with respect to {Vi}i∈I , if there exist constants E,F > 0 such that

E⟨L∗f, L∗f⟩B ≤
∑
i∈I

⟨Φif,Φif⟩B ≤ F ⟨f, f⟩B; f ∈ V. (1.2)

The constants E and F are called the bounds for {Φi}i∈I .
A L-g-frame {Φi}i∈I is said to be tight if there exists a constant E > 0 such that

E⟨L∗f, L∗f⟩B =
∑
i∈I

⟨Φif,Φif⟩B, f ∈ V. (1.3)
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Definition 1.8. [11] A sequence {Li}i∈I ⊂ End∗B(V) is said to be an operator frame for End∗B(V), if there
exist constants E,F > 0 such that

E⟨f, f⟩B ≤
∑
i∈I

⟨Lif, Lif⟩B ≤ F ⟨f, f⟩B; f ∈ V. (1.4)

where E and F are called the bounds for the operator frame. An operator frame {Li}i∈I is said to be tight
if E = F ̸= 1. If only upper inequality of (1.4) holds, then {Li}i∈I is called an operator Bessel sequence
for End∗B(V).

Definition 1.9. [20] Let L ∈ End∗B(V). A sequence {Li}i∈I on a Hilbert C∗-module V is said to be a
L-operator frame for End∗B(V), if there exist constants E,F > 0 such that

E⟨L∗f, L∗f⟩B ≤
∑
i∈I

⟨Lif, Lif⟩B ≤ F ⟨f, f⟩B; f ∈ V, (1.5)

where E and F are called the bounds of {Li}i∈I . A L-operator frame {Li}i∈I is said to be tight if there
exists a constant E > 0 such that

E⟨L∗f, L∗f⟩B =
∑
i∈I

⟨Lif, Lif⟩B; f ∈ V. (1.6)

2 Positive Operator Frame

Definition 2.1. A sequence of adjointable operators {Li}i∈I on a Hilbert C∗-module V is said to be a
positive operator frame for End∗B(V), if there exist constants E,F > 0 such that

E⟨f, f⟩B ≤
∑
i∈I

⟨Lif, f⟩B ≤ F ⟨f, f⟩B; f ∈ V. (2.1)

The numbers E and F are called the bounds of {Li}i∈I . If E = F , the positive operator frame is called
tight. If E = F = 1, it is called a normalized tight positive operator frame or a Parseval positive operator
frame. If only upper inequality of (5.1) holds, then {Li}i∈I is called a Bessel positive operator frame for
End∗B(V).

Example 2.2. Let V be a Hilbert C∗-module and (fi)i∈I be a frame for V, then there exist constants
E,F > 0 such that

E⟨f, f⟩B ≤
∑
i∈I

⟨f, fi⟩B⟨fi, f⟩B ≤ F ⟨f, f⟩B; f ∈ V. (2.2)

We define the sequence of operators {Li}i∈I ⊂ End∗B(V) by Li = fi ⊗ fi, i ∈ I, so we have for all f ∈ V,∑
i∈I

⟨Lif, f⟩B =
∑
i∈I

⟨(fi ⊗ fi)f, f⟩B =
∑
i∈I

⟨⟨f, fi⟩Bfi, f⟩B =
∑
i∈I

⟨f, fi⟩B⟨fi, f⟩B,

Then by (2.2), we have

E⟨f, f⟩B ≤
∑
i∈I

⟨Lif, f⟩B ≤ F ⟨f, f⟩B; f ∈ V.

Thus {Li}i∈I is a positive operator frame for End∗B(V).

Theorem 2.3. Let {Li}i∈I be a positive operator frame for End∗B(V). Then {Li}i∈I corresponds to an
operator frame. The converse is also valid.

Proof. Let {Ri}i∈I be an operator frame for End∗B(V), then there exist constants E,F > 0 such that

E⟨f, f⟩B ≤
∑
i∈I

⟨Rif,Rif⟩B ≤ F ⟨f, f⟩B; f ∈ V,
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so
E⟨f, f⟩B ≤

∑
i∈I

⟨R∗
iRif, f⟩B ≤ F ⟨f, f⟩B; f ∈ V.

Thus {R∗
iRi}i∈I is a positive operator frame for End∗B(V).

For the converse, let {R̃i}i∈I be a positive operator frame for End∗B(V).

Since R̃i is a positive element in End∗B(V), then there exist Ri ∈ End∗B(V) such that R̃i = R∗
iRi i ∈ I.

{R̃i}i∈I is a positive operator frame for End∗B(V). Then there exist constants E,F > 0 such that

E⟨f, f⟩B ≤
∑
i∈I

⟨R̃if, f⟩B ≤ F ⟨f, f⟩B f ∈ V,

so
E⟨f, f⟩B ≤

∑
i∈I

⟨R∗
iRif, f⟩B ≤ F ⟨f, f⟩B f ∈ V,

thus
E⟨f, f⟩B ≤

∑
i∈I

⟨Rif,Rif⟩B ≤ F ⟨f, f⟩B f ∈ V,

hence {Ri}i∈I is an operator frame for End∗B(V).

Corollary 2.4. Let {Li}i∈I be a positive tight operator frame for End∗B(V). The sequence {Li}i∈I corre-
sponds to a tight operator frame. The converse is also valid.

Corollary 2.5. Let {Li}i∈I be a Bessel positive operator frame for End∗B(V). The sequence {Li}i∈I
corresponds to an operator Bessel sequence. The converse is valid.

Theorem 2.6. Let {Φi ∈ End∗B(V,Vi) : i ∈ I} be a g-frame for V with respect to {Vi}i∈I , then the
sequence {Φi}i∈I corresponds to a positive operator frame for End∗B(V). The converse is valid.

Proof. Results from the properties of the positive elements in a C∗-algebra.

Definition 2.7. Let {Li}i∈I be a positive operator frame for End∗B(V). The operator SL defined by

SL : V −→ V

f 7−→ SLf =
∑
i∈I

Lif.

is called the frame operator associated to {Li}i∈I or frame operator only if there is no confusion.

Proposition 2.8. Let {Li}i∈I be a positive operator frame for End∗B(V) with bounds E and F and frame
operator SL, then the operator SL is positive, self-adjoint and invertible. Moreover, we have EIV ≤ SL ≤
FIV and the following equality,

f =
∑
i∈I

S−1
L Lif =

∑
i∈I

LiS
−1
L f ; f ∈ V, (2.3)

called the reconstruction formula.

Proof. From the definition of frame operator, it’s easy to show that the operator SL is positive and self-
adjoint.
Moreover, we have

⟨Ef, f⟩B = E⟨f, f⟩B ≤
∑
i∈I

⟨Lif, f⟩B = ⟨SLf, f⟩B ≤ F ⟨f, f⟩B = ⟨f, f⟩B.

This shows that
EIV ≤ SL ≤ FIV ,
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which implies that SL is invertible. Further, for any f ∈ V, we have

f = S−1
L SLf = S−1

L

∑
i∈I

Lif =
∑
i∈I

S−1
L Lif,

and
f = SLS

−1
L f =

∑
i∈I

LiS
−1
L f.

Theorem 2.9. Let V1 and V2 be two Hilbert C∗-modules over a C∗-algebras B and A respectively. Let
{Φi}i∈I be a positive operator frame for End∗B(V1) with bounds E,F and frame operator SΦ. Let {Ψj}j∈J
be a positive operator frame for End∗A(V2) with bounds M,N and frame operator SΨ. Then {Φi⊗Ψj}i∈I,j∈J
is a positive operator frame for End∗B⊗A(V1 ⊗ V2) with bounds EM and FN and frame operator SΦ⊗Ψ =
SΦ ⊗ SΨ.

Proof. From the definition of {Φi}i∈I and {Ψj}j∈J we have,

E⟨f, f⟩B ≤
∑
i∈I

⟨Φif, f⟩B ≤ F ⟨f, f⟩B, f ∈ V1.

M⟨g, g⟩A ≤
∑
j∈J

⟨Ψjg, g⟩A ≤ N⟨g, g⟩A g ∈ V2.

Therefore,

EM⟨f, f⟩B ⊗ ⟨g, g⟩A ≤
∑
i∈I

⟨Φif, f⟩B ⊗
∑
j∈J

⟨Ψjg, g⟩A

≤ FN⟨f, f⟩B ⊗ ⟨g, g⟩A, f ∈ V1, g ∈ V2.

Then,

EM⟨f ⊗ g, f ⊗ g⟩B⊗A ≤
∑

i∈I,j∈J
⟨Φif, f⟩B ⊗ ⟨Ψjg, g⟩A

≤ FN⟨f ⊗ g, f ⊗ g⟩B⊗A,

Consequently, for all f ⊗ g ∈ V1 ⊗ V2 we have:

EM⟨f ⊗ g, f ⊗ g⟩B⊗A ≤
∑

i∈I,j∈J
⟨Φif ⊗Ψjg, f ⊗ g⟩B⊗A

≤ FN⟨f ⊗ g, f ⊗ g⟩B⊗A.

Then,

EM⟨f ⊗ g, f ⊗ g⟩B⊗A ≤
∑

i∈I,j∈J
⟨(Φi ⊗Ψj)(f ⊗ g), f ⊗ g⟩B⊗A

≤ FN⟨f ⊗ g, f ⊗ g⟩B⊗A.

The last inequality is satisfied for every finite sum of elements in V1 ⊗alg V2 and then it’s satisfied for all
h ∈ V1⊗V2. It shows that {Φi⊗Ψj}i∈I,j∈J is a positive operator frame for End∗B⊗A(V1⊗V2) with bounds
EM and FN , respectively.

By the definition of frame operator SΦ and SΨ, we have

SΦf =
∑
i∈I

Φif, f ∈ V1.

SΨg =
∑
j∈J

Ψjg, g ∈ V2.
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Therefore:
(SΦ ⊗ SΨ)(f ⊗ g) = SΦf ⊗ SΨg

=
∑
i∈I

Φif ⊗
∑
j∈J

Ψjg

=
∑

i∈I,j∈J
Φif ⊗Ψjg

=
∑

i∈I,j∈J
(Φi ⊗Ψj)(f ⊗ g).

By the uniqueness of frame operator, the last expression is equal to SΦ⊗Ψ(f ⊗ g), consequently we have
(SΦ⊗SΨ)(f ⊗g) = SΦ⊗Ψ(f ⊗g). The last equality is satisfied for every finite sum of elements in V1⊗alg V2

and then it’s satisfied for all h ∈ V1⊗V2. It shows that (SΦ⊗SΨ)(h) = SΦ⊗Ψ(h), so SΦ⊗Ψ = SΦ⊗SΨ.

3 Positive K-operator Frame

Definition 3.1. Let L ∈ End∗
+

B (V). A family of adjointable operators {Li}i∈I on a Hilbert C∗-module
V is said to be a L-positive operator frame for End∗B(V), if there exist a positive constants E,F > 0 such
that

E⟨Lf, f⟩B ≤
∑
i∈I

⟨Lif, f⟩B ≤ F ⟨f, f⟩B, f ∈ V. (3.1)

The constants E and F are called the bounds of {Li}i∈I . If E = F ̸= 1, the positive L-operator frame
is tight. If E = F = 1, it is called a normalized tight L-positive operator frame or a Parseval L-positive
operator frame.

Example 3.2. Let V be a Hilbert C∗-module and (ui)i∈I be a L-frame for V, then there exist a positive
constants E,F > 0 such that

E⟨L∗f, L∗f⟩B ≤
∑
i∈I

⟨f, ui⟩B⟨ui, f⟩B ≤ F ⟨f, f⟩B, f ∈ V. (3.2)

We define {Li}i∈I ⊂ End∗B(V) by Li = ui ⊗ ui for all i ∈ I.

Then we have,∑
i∈I

⟨Lif, f⟩B =
∑
i∈I

⟨(ui ⊗ ui)f, f⟩B =
∑
i∈I

⟨⟨f, ui⟩Bui, f⟩B =
∑
i∈I

⟨f, ui⟩B⟨ui, f⟩B.

Then by (3.2) we have

E⟨LL∗f, f⟩B = E⟨L∗f, L∗f⟩B ≤
∑
i∈I

⟨Lif, f⟩B ≤ F ⟨f, f⟩B, f ∈ V.

Let Q = LL∗, thus {Li}i∈I is a Q-positive operator frame for End∗B(V).

Theorem 3.3. Let {Li}i∈I be a L-positive operator frame for End∗B(V), then {Li}i∈I corresponds to a
L-operator frame. The converse is valid.

Proof. Let {L̃i}i∈I be a L̃-positive operator frame for End∗B(V).
By the definition of L̃i and L̃ then there exist Li, R ∈ End∗B(V) such that L̃i = L∗

iLi, i ∈ I and L̃ = R∗R.

From the definition of {L̃i}i∈I there exist positive constants E,F > 0 such that

E⟨L̃f, f⟩B ≤
∑
i∈I

⟨L̃if, f⟩B ≤ F ⟨f, f⟩B; f ∈ V.

So,

E⟨LL∗f, f⟩B ≤
∑
i∈I

⟨L∗
iLif, f⟩B ≤ F ⟨f, f⟩B f ∈ V.
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Thus,

E⟨L∗f, L∗f⟩B ≤
∑
i∈I

⟨Lif, Lif⟩B ≤ F ⟨f, f⟩B f ∈ V.

Hence, {Li}i∈I is a L-operator frame for End∗B(V).

For the converse, let {Li}i∈I be an L-operator frame for End∗B(V), then there exist positive constants
E,F > 0 such that

E⟨L∗f, L∗f⟩B ≤
∑
i∈I

⟨Lif, Lif⟩B ≤ F ⟨f, f⟩B f ∈ V,

so,

E⟨LL∗f, f⟩B ≤
∑
i∈I

⟨L∗
iLif, f⟩B ≤ F ⟨f, f⟩B f ∈ V,

Thus {L∗
iLi}i∈I is a LL∗-positive operator frame for End∗B(V).

Corollary 3.4. Let {Li}i∈I be a tight L-positive operator frame for End∗B(V). Then {Li}i∈I corresponds
to a tight L-operator frame. The converse is also valid.

Theorem 3.5. Let {Φi ∈ End∗B(V,Vi) : i ∈ I} be a L-g-frame for V with respect to {Vi}i∈I . Then {Φi}i∈I
corresponds to an L-positive operator frame for End∗B(V). The convers is also valid.

Proof. Just use characterization for the positive elements in a C∗-algebra.

Definition 3.6. Let L ∈ End∗
+

B (V) and {Li}i∈I be a L-positive operator frame for End∗B(V). We define
the frame operator

SL : V −→ V

f 7−→ SLf =
∑
i∈I

Lif

Proposition 3.7. Let L ∈ End∗
+

B (V) and {Li}i∈I be a L-positive operator frame for End∗B(V) with bounds
E, F and frame operator SL. Then SL is positive and self-adjoint. Moreover, we have EL ≤ S ≤ FIV .

Proof. It is clear that SL is positive and self-adjoint.
From the definition of {Li}i∈I , we have,

⟨ELf, f⟩B = E⟨Lf, f⟩B ≤
∑
i∈I

⟨Lif, f⟩B = ⟨SLf, f⟩B ≤ F ⟨f, f⟩B = ⟨Ff, f⟩B.

This shows that
EL ≤ SL ≤ FIV ,

Theorem 3.8. Let V1 and V2 be two Hilbert C∗-modules over a C∗-algebras B and A respectively and let
P ∈ End∗

+

B (V1) and Q ∈ End∗
+

A (V2). Let {Φi}i∈I be a P -positive operator frame for End∗B(V1) with bounds
E,F and frame operator SΦ, let {Ψj}j∈J be a Q-positive operator frame for End∗A(V2) with bounds M,N
and frame operator SΨ. Then {Φi ⊗Ψj}i∈I,j∈J is a P ⊗Q-positive operator frame for End∗B⊗A(V1 ⊗ V2)
with frame operator SΦ ⊗ SΨ and bounds EM and FN .

Proof. By the definition of {Φi}i∈I and {Ψj}j∈J we have:

E⟨Pf, f⟩B ≤
∑
i∈I

⟨Φif, f⟩B ≤ F ⟨f, f⟩B f ∈ V1.

M⟨Qg, g⟩A ≤
∑
j∈J

⟨Ψjg, g⟩A ≤ N⟨g, g⟩A g ∈ V2.
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Therefore,

EM⟨Pf, f⟩B ⊗ ⟨Qg, g⟩A ≤
∑
i∈I

⟨Φif, f⟩B ⊗
∑
j∈J

⟨Ψjg, g⟩A

≤ FN⟨f, f⟩B ⊗ ⟨g, g⟩A.

Then,

EM⟨Pf ⊗Qg, f ⊗ g⟩B⊗A ≤
∑

i∈I,j∈J
⟨Φif, f⟩B ⊗ ⟨Ψjg, g⟩A

≤ FN⟨f ⊗ g, f ⊗ g⟩B⊗A.

Consequently, we have for all f ⊗ g ∈ V1 ⊗ V2

EM⟨(P ⊗Q)(f ⊗ g), f ⊗ g⟩B⊗A ≤
∑

i∈I,j∈J
⟨Φif ⊗Ψjg, f ⊗ g⟩B⊗A

≤ FN⟨f ⊗ g, f ⊗ g⟩B⊗A.

Then,

EM⟨(P ⊗Q)(f ⊗ g), f ⊗ g⟩B⊗A ≤
∑

i∈I,j∈J
⟨(Φi ⊗Ψj)(f ⊗ g), f ⊗ g⟩B⊗A

≤ FN⟨f ⊗ g, f ⊗ g⟩B⊗A.

The last inequality is satisfied for every finite sum of elements in V1 ⊗alg V2 and then it’s satisfied for all
h ∈ V1⊗V2. It shows that {Φi⊗Ψj}i∈I,j∈J is a P ⊗Q-positive operator frame for End∗B⊗A(V1⊗V2) with
bounds EM and FN .
By the definition of frame operator SΦ and SΨ we have:

SΦf =
∑
i∈I

Φif f ∈ V1.

SΨg =
∑
j∈J

Ψjg g ∈ V2.

Therefore:
(SΦ ⊗ SΨ)(f ⊗ g) = SΦf ⊗ SΨg

=
∑
i∈I

Φif ⊗
∑
j∈J

Ψjg

=
∑

i∈I,j∈J
Φif ⊗Ψjg

=
∑

i∈I,j∈J
(Φi ⊗Ψj)(f ⊗ g).

By the uniqueness of frame operator, the last expression is equal to SΦ⊗Ψ(f ⊗ g). Consequently we have
(SΦ⊗SΨ)(f ⊗g) = SΦ⊗Ψ(f ⊗g). The last equality is satisfied for every finite sum of elements in V1⊗alg V2

and then it’s satisfied for all h ∈ V1⊗V2. It shows that (SΦ⊗SΨ)(h) = SΦ⊗Ψ(h), so SΦ⊗Ψ = SΦ⊗SΨ.

4 ∗-positive Operator Frame

Definition 4.1. Let V be a Hilbert C∗-module over a unitary C∗-algebra B. A sequence {Li}i∈I ⊂
End∗B(V) is said to be a ∗-positive operator frame for V if there exist strictly nonzero elements E,F in B
such that

E⟨f, f⟩BE∗ ≤
∑
i∈I

⟨Lif, f⟩B ≤ F ⟨f, f⟩BF ∗; f ∈ V. (4.1)

The elements E and F are called the bounds of {Li}i∈I .
If E = F = 1B, it is called a normalized tight ∗-positive operator frame.
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Proposition 4.2. Let {Li}i∈I be a ∗-operator frame for End∗B(V). Then {Li}i∈I corresponds to a ∗-
positive operator frame for End∗B(V). The convere is also valid.

Proof. =⇒) Let {Li}i∈I be a ∗-operator frame for End∗B(V), then there exist strictly nonzero elements
E,F such that

E⟨f, f⟩BE∗ ≤
∑
i∈I

⟨Lif, Lif⟩B ≤ F ⟨f, f⟩BF ∗; f ∈ V, (4.2)

so, we have,

E⟨f, f⟩BE∗ ≤
∑
i∈I

⟨L∗
iLif, f⟩B ≤ F ⟨f, f⟩B;F ∗ f ∈ V, (4.3)

by setting Ri = L∗
iLi i ∈ I, we obtain

E⟨f, f⟩BE∗ ≤
∑
i∈I

⟨Rif, f⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V, (4.4)

then {Ri}i∈I ⊂ End∗B(V) is a ∗-positive operator frame for V.
⇐=) Let {Li}i∈I be a ∗-positive operator frame for End∗B(V), then there exist strictly nonzero element
E,F such that

E⟨f, f⟩BE∗ ≤
∑
i∈I

⟨Lif, f⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V, (4.5)

since Li is a positive operator then Li = R∗
iRi i ∈ I, from last inequality we have

E⟨f, f⟩BE∗ ≤
∑
i∈I

⟨R∗
iRif, f⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V. (4.6)

So,

E⟨f, f⟩BE∗ ≤
∑
i∈I

⟨Rif,Rif⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V, (4.7)

which give the sequence {Ri}i∈I ⊂ End∗B(V) is a ∗-positive operators frame for V with bounds E and
F .

Let {Li}i∈I ⊂ End∗B(V) be a ∗-positive operator frame for End∗B(V) with bounds E and F .
We define the frame operator associated with {Li}i∈I by

SL : V −→ V

f 7−→ SLf =
∑
i∈I

Lif.

Proposition 4.3. The frame operator SL is self adjoint, positive and invertible and we have

∥E−1∥−2 ≤ ∥S∥ ≤ ∥F∥2.

Proof. Results from Lemma 1.2

Theorem 4.4. Let V1 and V2 be two Hilbert C∗-modules over unitary C∗-algebras B and A respectively.
Let {Φi}i∈I be a ∗-positive operator frame for End∗B(V1) with bounds E,F and frame operator SΦ. Let
{Ψj}j∈J be a ∗-positive operator frame for End∗A(V2) with bounds M,N and frame operator SΨ. Then the
sequence {Φi ⊗ Ψi}i∈I,j∈J is a ∗-positive operator frames for End∗B⊗A(V1 ⊗ V2) with bounds E ⊗M and
F ⊗N and frame operator SΦ⊗Ψ = SΦ ⊗ SΨ.
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Proof. By the definition of {Φi}i∈I and {Ψj}j∈J , we have

E⟨f, f⟩BE∗ ≤
∑
i∈I

⟨Φif, f⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V1,

and
M⟨g, g⟩AM∗ ≤

∑
j∈J

⟨Ψig, g⟩A ≤ N⟨g, g⟩AN∗ g ∈ V2,

therefore

(E⟨f, f⟩BE∗)⊗ (M⟨g, g⟩AM∗)

≤

(∑
i∈I

⟨Φif, f⟩B

)
⊗

∑
j∈J

⟨Ψjg, g⟩A


......... ≤ (F ⟨f, f⟩BF ∗)⊗ (N⟨g, g⟩AN∗)

then, we have :

(E ⊗M)(⟨f, f⟩B ⊗ ⟨g, g⟩A)((E∗ ⊗M∗)

≤
∑

i∈I,j∈J
⟨Φif, f⟩B ⊗ ⟨Ψjg, g⟩A

......... ≤ (F ⊗N)(⟨f, f⟩B ⊗ ⟨g, g⟩A)(F ∗ ⊗N∗)

so,

(E ⊗M)(⟨f ⊗ g, f ⊗ g⟩A⊗B)((E
∗ ⊗ F ∗)

≤
∑

i∈I,j∈J
⟨Φif ⊗Ψjg, f ⊗ g⟩B⊗A

......... ≤ (F ⊗N)(⟨f, f⟩B ⊗ ⟨g, g⟩A)((F ∗ ⊗N∗)

then

(E ⊗M)(⟨f ⊗ g, f ⊗ g⟩B⊗A)(E
∗ ⊗M∗)

≤
∑

i∈I,j∈J
⟨Φif ⊗Ψjg, f ⊗ g⟩B⊗A

......... ≤ (F ⊗N)(⟨f, f⟩B ⊗ ⟨g, g⟩A)(F ∗ ⊗N∗)

which give,

(E ⊗M)(⟨f ⊗ g, f ⊗ g⟩B⊗A)(E ⊗M)∗

≤
∑

i∈I,j∈J
⟨(Φi ⊗Ψj)(f ⊗ g), f ⊗ g⟩B⊗A

......... ≤ (F ⊗N)(⟨f ⊗ g, f ⊗ g⟩B⊗A)(F ⊗N)∗.

The last inequality is satisfied for every finite elements in V1⊗V2 and then it is satisfied for all h ∈ V1⊗V2.
It show that {Φi ⊗ Ψj}i∈I,j∈J is a ∗-positive operator frames for End∗B⊗A(V1 ⊗ V2) with bounds E ⊗M
and F ⊗N .

5 ∗-L-positive Opertor Frame

Definition 5.1. Let L ∈ End∗
+

B (V) and {Li}i∈I be a sequence of adjointable operators for a Hilbert
C∗-module V. Then {Li}i∈I is called a ∗-L-positive operator frame for V if there exist strictly nonzero
elements E,F in B such that

E⟨Lf, f⟩BE∗ ≤
∑
i∈I

⟨Lif, f⟩B ≤ F ⟨f, f⟩BF ∗; f ∈ V. (5.1)
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The elements E and F are called the bounds of {Li}i∈I .
If E = F = 1, it is called a normalized tight ∗-L-positive operator frame.

Proposition 5.2. Let {Li}i∈I be a ∗-L-operator frame for End∗B(V). Then {Li}i∈I corresponds to a
∗-L-positive operator frame for End∗B(V). The convere is also valid.

Proof. =⇒) Let {Li}i∈I be a ∗-L-operator frame for End∗B(V), then there exist strictly nonzero elements
E,F such that

E⟨L∗f, L∗f⟩BE∗ ≤
∑
i∈I

⟨Lif, Lif⟩B ≤ F ⟨f, f⟩BF ∗; f ∈ V. (5.2)

So, we have,

E⟨LL∗f, f⟩BE∗ ≤
∑
i∈I

⟨L∗
iLif, f⟩B ≤ F ⟨f, f⟩BF ∗; f ∈ V, (5.3)

by setting Ri = L∗
iLi and Q = LL∗ we obtain

E⟨Qf, f⟩BE∗ ≤
∑
i∈I

⟨Rif, f⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V. (5.4)

Then, {Ri}i∈I ⊂ End∗B(V) is a ∗-Q-positive operator frame for V.
⇐=) Let {Li}i∈I be a ∗-L-positive operator frame for End∗B(V), then there exist strictly nonzero element
E,F such that

E⟨Lf, f⟩BE∗ ≤
∑
i∈I

⟨Lif, f⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V. (5.5)

Since Li and L are a positive operators for End∗B(V), then Li = R∗
iRi, i ∈ I and L = QQ∗. From the

last inequality we have

E⟨QQ∗f, f⟩BE∗ ≤
∑
i∈I

⟨R∗
iRif, f⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V. (5.6)

So,

E⟨Q∗f,Q∗f⟩BE∗ ≤
∑
i∈I

⟨Rif,Rif⟩B ≤ F ⟨f, f⟩BF ∗ f ∈ V, (5.7)

which give the sequence {Ri}i∈I ⊂ End∗B(V) is a ∗-Q-positive operator frame for V with bounds E and
F .

Let {Li}i∈I ⊂ End∗B(V) be a ∗-L-positive operator frame for End∗B(V) with bounds E and F .
We define the frame operator associated with {Li}i∈I by

SL : V −→ V

f 7−→ SLf =
∑
i∈I

Lif

Remark 5.3. By the definition, the frame operator SL is self adjoint.

Theorem 5.4. Let V1 and V2 be two Hilbert C∗-modules over unitary C∗-algebras B and A respectively and
let P ∈ End∗B(V1) and Q ∈ End∗A(V2). Let {Φi}i∈I be a ∗-P -positive operator frame for End∗B(V1) with
bounds E,F and frame operator SΦ and let {Ψj}j∈J be a ∗-Q-positive operator frame for End∗A(V2) with
bounds M,N . Then the sequence {Φi⊗Ψj}i∈I,j∈J is a ∗-(P⊗Q)-positive operator frames for End∗B⊗A(V1⊗
V2) with bounds E ⊗M and F ⊗N and the frame operator SΦ⊗Ψ = SΦ ⊗ SΨ.

Proof. By the definition of {Φi}i∈I and {Ψj}j∈J we have

E⟨P ∗f, P ∗f⟩BE∗ ≤
∑
i∈I

⟨Φf, f⟩B ≤ F ⟨f, f⟩BF ∗; f ∈ V1,
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and
M⟨Q∗g,Q∗g⟩AM∗ ≤

∑
j∈J

⟨Ψig, g⟩A ≤ N⟨g, g⟩AN∗; g ∈ V2.

Therefore

(E⟨P ∗f, P ∗f⟩BE∗)⊗ (M⟨Q∗g,Q∗g⟩AM∗)

≤
∑
i∈I

⟨Φif, f⟩B ⊗
∑
j∈J

⟨Ψjg, g⟩A

......... ≤ (F ⟨f, f⟩BF ∗)⊗ (N⟨g, g⟩AN∗).

Then we have

(E ⊗M)(⟨P ∗f, P ∗f⟩B ⊗ ⟨Q∗g,Q∗g⟩A)((E∗ ⊗M∗)

≤
∑

i∈I,j∈J
⟨Φif, f⟩B ⊗ ⟨Ψjg, g⟩A

......... ≤ (F ⊗N)(⟨f, f⟩B ⊗ ⟨g, g⟩A)(F ∗ ⊗N∗).

So,

(E ⊗M)(⟨P ∗f ⊗Q∗g, P ∗f ⊗Q∗g⟩B⊗A)((E
∗ ⊗M∗)

≤
∑

i∈I,j∈J
⟨Φif ⊗Ψjg, f ⊗ g⟩B⊗A

......... ≤ (F ⊗N)(⟨f, f⟩B ⊗ ⟨g, g⟩A)(F ∗ ⊗N∗).

Then

(E ⊗M)(⟨(P ⊗Q)∗(f ⊗ g), (P ⊗Q)∗(f ⊗ g)⟩A⊗B)(E ⊗M)∗

≤
∑

i∈I,j∈J
⟨Φif ⊗Ψjg, f ⊗ g⟩B⊗A

......... ≤ (F ⊗M)(⟨f, f⟩B ⊗ ⟨g, g⟩A)(F ⊗N)∗.

The last inequality is satisfied for every finite elements in V1⊗V2 and then it is satisfied for all h ∈ V1⊗V2.
It show that {Φi ⊗Ψj}i∈I,j∈J is a ∗-(P ⊗Q)-positive operator frames for End∗B⊗A(V1 ⊗ V2) with bounds
E ⊗M and F ⊗N .
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