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Abstract: So far a large number of research works have been studied and investigated in basic sequence
spaces ¢y, ¢, and loo. In this present work, we introduce the difference sequence spaces Wo(A, f), W (A, f)
and Woo (A, f) defined by non-negative real-valued ®-function on R and study some of their topological
properties defined by the paranormed structure on these spaces.

Keywords: Sequence spaces, Difference sequence space, Paranormed space, Orlicz function, Normal space

DOI: https://doi.org/10.3126/jnms.v5i2.50020

1 Introduction

The classical sequence space is a special case of function space if the domain is restricted to the set of
natural numbers. The vector space of all sequences of complex numbers is denoted by w. Any linear
subspace of w is called a sequence space. Let [, ¢ and ¢y be the linear spaces of bounded, convergent and
null sequences with complex terms respectively are defined by

loo = {x=(x) € w:supleg| < oo}
¢ = {x=(xx) €Ew:31e€Csuchthat|zy —I| - 0ask — oo}
co = {z=(xp)€w:|rg] > 0ask — oo}

and norm is given by
[|x|| = supg|zk|, k€ N.

Definition 1.1. A linear space X is said to be a paranormed space if there is a function g : X — R
satisfying [22]

1. g(#) =0 where 0 = (0,0, ---) be a zero vector in X,
2. g(x) = g(—=x),

3. g(z+vy) < g(x)+ g(y) (subadditivity), and

4. the scalar multiplication is continuous.

A paranorm g is called total if g(z) = 0 if and only if = 0 [22]. The pair (X, g) is called total paranorm
space. Nakano [12] and Simmons [20] introduced the notion of paranormed sequence space. Later on,
it was further investigated by some other authors like Maddox [9], Tripathy and Sen [2I] and Pahari
[13], (14}, (15}, (16, (7).

Definition 1.2. An Orlicz function is a function M : [0,00) — [0, 00) which is continuous, non decreasing
and convex with M(0) =0, M(x) > 0 for > 0 and M(z) — oo as z — oo [1].
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An Orlicz function M is said to satisfy As-condition [7] if there exists a constant L > 0 such that
M(2z) < LM (z) for all z > 0.

W. Orlicz used the idea of Orlicz function to construct the Orlicz sequence space. Lindenstrauss and
Tzafriri [§] used the idea of Orlicz function to construct the Orlicz sequence space

lM:{x:(xk)szf:{M<if|)} < 00, forsomep>0}.

k=1
The space I3 becomes a Banach space [§] with the norm

||| :inf{p>0:iM(|az€> < 1}

k=1

The space [ is called an Orlicz sequence space and is closely related to the sequence space I, with
M(z) =2, (1<p< o).

The various algebraic and topological properties of sequence spaces with the help of Orlicz function have
been introduced and studied as a generalization of various sequence spaces. For instance, we refer a few:
Bala [1], Erdem and Demiriz [2], Khan [4], Kolk [6], Mishra et. al [I0], Parashar and Chaudhary [I8] and
Rao and Ren [19].

Definition 1.3. A sequence space S is said to be solid (normal) [T] if for any sequence (z) in a sequence
space X and for all sequences () of scalars with |A;| < 1 for all natural number & implies that (Ayzi) € X.

Definition 1.4. For any sequence z = (xy), the difference sequence Az is defined by
Az = (Azp)ily = (Tk — Th-1)521-

Kizmaz [0] defined the following three sequence spaces
lo(A)={zcw: Az €ly},

c(A)={r €w:Azx €}, and

co(A)={z €w: Az € ¢cp}.

A sequence x = (zy) is called A-convergent if the lim zj, is finite and hence exists. Every convergent
sequence is A-convergent but not conversely. For, consider the sequence xj = k+ 1 for all natural numbers
k. Then, (Axy) = (zr — 2x+1) = —1 for each natural numbers k. Thus, x = (zy) is divergent but it is
A-convergent. This example illustrates the importance of studying the difference sequences.

Definition 1.5. A continuous function f : R — [0,00) is called a ® -function [3] if f(¢) = 0 if and only if
t = 0, even and non- decreasing on [0, 00). The ®-function is closely related to the Orlicz function.

Herawati and Gultom [3] in 2019 introduced certain type of sequence spaces defined by ®-function and
studied their paranormed structures on these spaces.

We now introduce the following class of difference sequences by extending the concept of sequence space
studied in Herawati and Gultom [3].

) WO(A,f):{x:(xk)6w:(3p>0);%zzzlf(%) —>Oasn—>oo}.

e W(A,f) = {332 (k) Gw:(3p>0)(ﬂl>0);%zzzlf(mm7;j_”) —>Oasn—>oo}.

e W(A f) = {x = (z) €Ew: (3p > 0);suppt Y0, f (%) < oo}.

where f is a ®-function.
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2 Main Results

In this section, we shall study some topological properties of the class Wy(A, f).

Theorem 2.1. If ®-function f satisfies Ag-condition, then Wy (A, f) forms a linear space over C.

Proof. Let x = (z1) and y = (yx) be sequences in Wy (A, f). Then there exist p; and pa > 0 such that

fz ('Awk>—>0asn—>oo (1)
k=1

and
Z ('Ayk|>—>Oasn—>oo. (2)
"=

Let us choose p = max {p1, p2}. Using the non-decreasing property of f on [0,00) and in view of and
, we can write

IN

1 & |Axy, + Ay 1< |Axy| 1
s (B = s (59)
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g

This shows that
x4y e Wo(A, f).

Again, let x € Wy (A, f) and o € C. Then

EE f<|Axk|>—>Oasn—>oo.
n
k=1

p

We need to show that ax € Wy (A, f).

The proof is obvious if @ = 0. So, let a # 0. Then |a] > 0.

By Archimedian property of real numbers, there exists ny; € N such that |a] < 2™*. Since f is non-decreasing
function on [0,00) and f satisfies Ag-condition, there exists M > 0, such that

f(alzg) < f(2Mag) < M™ f(x) for all k € N.

Hence,

72 (aA:Ek> Zf (|OZ|A$k|> ]\{:1 k:1f <|Amk|) —0asn — oo.

p

This shows that ax € Wy(A, f) and hence Wy (A, f) is a linear space. O

Theorem 2.2. The space Wy (A, f) is a paranormed space with a paranorm
g: Wo(A, f) = R defined by

_ 1N, (A .
g(x)—mf{p>0.n2f( >§1,n6N}.

k=1 P
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Proof. The proof of g(z) > 0 and g(—z) = g(x) can be easily shown for all x € Wy(A, f).
For the third property of paranorm, let z,y € Wy(A, f). Then there exist p1, p2 > 0 such that

1 — A
75 ( xk')—)()asn%oo
n

=1

and
n
A
f(' yk') — 0asn — oo.
Lt

Using non-decreasing property of f on [0, 00), we can obtain

1 <& A A
gz +y) = inf ,0>0:Zf(mk+yk|)<1
"= P
< inf p1>0:12f(|Axk|>§1 +inf p2>o;lzf<mk|)§1
nk:l P1 nk:1 P2
= g(@) +9(y)
Therefore,

g(r +y) < g(x) +g(y) for all z,y € Wo(A, f).

Finally, we prove the continuity of scalar multiplication.
Let x € Wy(4, f) be such that

(n)

g(z;, x) > 0asn — oo

and (o) a sequence of scalars such that a,, = a as n — co.
Now,

n (n)
(n) : 1 |l Azy ™ — anAzy|
" - = f D= <1
g(anx), axy) in {p >0 - kglf< p <
n (n)
inf{p>0:1 g f('anAxk ank |> Sl}
n
k=1

P

IN

: IS¢ |04Ax,(€n) — alAxy|
+1nf{p>0.n;f<

p

. 1
= OénOé|lnf{p1<Oép_oé|>>OZ

|Ax

n (n)‘
fl—<1
n: P1

)}

+|amf{p2:(| ) Zf<|mk 2A$k|>§1}

— Jan—al g («f") + lalg (o} — o)

—0asa, - aandg (:z:,(cn) — :z:k) — 0.

Hence, Wy(A, f) is a paranormed space.

O

Theorem 2.3. If f as ®-function satisfies the conver and As-condition, then the space Wo(A, f) is a

complete paranormed space.
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Proof. Let (x,(cn)) be a Cauchy sequence in Wy(A, f), where (gc,(cn)) = (ajgn), xé"), e ) Then there exists

n1 € N such that for every m > n > ny;

g (x(m) _ x(")) Zf <|Af¢ — Az |> <1

Using the convexity of f, we have

1 s . . 1 s A ("L)*A (n)

LS (1aaf) - aaf) < ek f<' R )

s ’ s €

k=1 k=1
Since € > 0 was arbitrary,
f (|Ax,(cm) - Axén)o =0for allm >n > n;.
This follows that
|x,(€m) — x,(gn)| <eforallm>n>n;.

This shows that (x,(en)) is a Cauchy sequence in R. Since R is complete, there exists x; € R such that

lim x(") =z
n—oo L  — Lk
Thus for every n > nq,

‘zl(cm) — x| = |x§cm) - nhﬁﬂgo z,(cn)‘ = nl;rgo |x§€m) - x,(gn)| <é
Since (x,(gn)> € Wo(A, f), we can write

fo I | — 0 as s — oo.
k=1 P

Using continuity of f, we have

|Azy| [ Timy, 0 Azl 1 1AM
————*% | = lim - —r | = .
Zf( Zf p ngI;OSZf ) Dass — o0
Thus,
Hence, (zr) € Wo(A, f).

Finally, we show that g(z(™) —z) — 0 as n — ooc.
Using the continuity of f, we have

*Zf |Aa:k — Az Slif |Aac](C hmmﬁooAx(m” 1 - f \Axén)—Aacl(cm)\ <1
k=1 P 5 k=1 p

Thus

gz —z) = 1nf{p>0 Zf(mxkp_Am) Sl}-

k=1

This implies that g(z(™) — ) < p for every p > 0.
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It follows that there exists a real sequence (2%) ,q > 1 for a real number p, together with

n p
g(a )—z)<ﬁ,q>1.

Thus we obtain g(z(™ —z) — 0 as n — oco.
Hence, Wy(A, f) is a complete paranormed space.

Theorem 2.4. The space Wy (A, f) is normal.

Proof. Let x = (z1) € Wo(A, f). Then there exists p > 0 such that
1< Az,
Zf<m> —0asn — o0
"= P

Let (o) be a sequence of scalars satisfying |ay| < 1 for all & > 1.
Using |ag| < 1 for all £ > 1 and non-decreasing property of f, we have

f(lax|Azy) < f(Axy)

Then,

LS (el 1 (llanly (1 (18nY
nk:l P nk:l n

This shows that agxy, € Wo(A, f) and hence Wy (A, f) is normal.

3 Conclusions

Here we established some of the results that characterize the linear topological properties of the difference
sequence space Wy (A, f) defined by non-negative real valued ®-function on R. Moreover, the results can
be used to prove the results related to the linear and topological properties of the classes W (A, f) and

References

[1] Bala, I., 2012, Cesaro sequence space defined by an Orlicz function, Communications in Mathematics

and Applications, 3, 197-204.

[2] Erdem, S., and Demiriz, S., 2019, On the new generalized block difference sequence space, Applications

and Applied Mathematics, 5, 68-83.

[3] Herawati, E., and Gultom, S. N. R., 2019, On a certain type of sequence spaces defined by ®-function,

JoRMTT, 1, 61-67.

[4] Khan, V. A., 2008, On a new sequence space defined by Orlicz functions, Communications Faculty of

Sciences University of Ankara Series A1 Mathematics and Statistics, 57, 25-33.

[5] Kizmaz, H., 1981, On Certain Sequence Spaces, Canadian Mathematical Bulletin, 24, 169-176.

[6] Kolk, E., 2011, Topologies in generalized Orlicz sequence spaces, Filomat, 25, 191-211.

16



Journal of Nepal Mathematical Society (JNMS), Vol. 5, Issue 2 (2022); J. L. Ghimire, N. P. Pahari

[14]

[15]

[16]

Krasnoselskii, M. A., and Rutickii, Y. B., 1961, Conver Functions and Orlicz Spaces, P. Noordhoff
Ltd, Netherland.

Lindenstrauss, J., and Tzafriri, L., 1977, Classical Banach Spaces, Springer-Verlag, New York.

Maddox, I. J., 1969, Some properties of paranormed sequence spaces, Journal of the London Mathe-
matical Society, 2, 316-322.

Mishra, V. N., Deepmala, Subramanian, N., and Mishra, L. N.; 2016, The generalized seminormed
difference of x? sequence spaces defined by Orlicz function, J. Appl. Computat. Math., 5.

Musielak, J., 1983, Orlicz spaces and modular spaces, Lecture Notes in Mathematics, 1034.
Nakano, H., 1951, Modular sequence spaces, Proceedings of the Japan Academy, 27, 508-512.

Pahari, N. P., 2014, On a certain topological structures of Banach space valued paranormed sequence
space Lo ((S,]]-]])), @, i) defined by Orlicz function, Journal of Rajasthan Academy of physical sciences,
13, 51-56.

Pahari, N. P., 2014, On normed space valued total paranormed Orlicz space of null sequences and its
topological structures, International Journal of Mathematics Trends and Technology, 6, 105-112.

Pahari, N. P., 2013, On a certain topological structures of Orlicz space (S, ((X,]].]), ¢, &, 1), F) of
vector valued sequences, International Journal of Mathematical Archive, 4, 231-241.

Pahari, N. P., 2014, On a certain topological structures of normed space valued generalized Orlicz
function space, International Journal of Scientific Engineering and Research, 2, 61-66.

Pahari, N. P., 2014, On normed space valued paranormed Orlicz space of bounded functions and its
topological structures, International Journal of Science and Research (IJSER), 3, 141-146.

Parashar, S. D., and Choudhary, B., 1994, Sequence spaces defined by Orlicz functions, Indian Journal
of Pure and Applied Mathematics, 25, 419-428.

Rao, M. M., and Ren, Z. D., 1991, Theory of Orlicz spaces, Marcel DekkerInc, New York.

Simmons, S., 1965, The sequence spaces (pv) and m(pv), Proceedings of the London Mathematical
Society, 422-436.

Tripathy, B. C., and Sen, M., 2004, On generalized statistically convergent sequence spaces, Indian
Journal of Pure & Applied Mathematics, 32, 1689-1694.

Wilansky, A., 1984, Summability through functional analysis, North-Holland Math. Stud., 85.

17



	Introduction
	Main Results
	Conclusions

