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Abstract: There are different types of contraction in the existing literature for the generalization of Ba-
nach’s contraction principle. Our aim in this paper is to generalize cyclic contraction so that it can explain
all types of cyclic contraction as a particular case. Besides all contractions in the existing literature we
introduce some new types of cyclic contraction before defining the generalized cyclic contraction.
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1 Introduction

After Banach’s contraction principle of a self mapping for existence of fixed point published in 1922[11],
there are so many generalizations on his work. In 2003 Kirk et al.[12] introduced the concept of cyclic
contraction and proved fixed point theorem for cyclic contraction mapping. Erdal et al.[1] in 2011 published
best proximity point based on different type of contractions such as cyclic contraction, Kannan type cyclic
contraction, Chattejee type cyclic contraction and Reich type cyclic contraction[13, 14, 15]. Recently in
2019, Dev Raj et al.[3] find out the Generalized Cyclic Contraction Mapping and its fixed point theorem
in Complete Metric Spaces. Other Many authors have investigated many theorems on this field such as
Rus and Pacurar[10] introduced some fixed point results for cyclic ϕ-contractions. Piatek[9] obtained some
results on cyclic Meir–Keeler contractions in metric spaces. Karapinar[4] used fixed point result for weakly
contractive map to establish some fixed point results for cyclic weak ϕ -contraction mappings.In this paper
we introduced some new types of cyclic contraction mappings and proved unique fixed point theorem on
such cyclic contractions.in the remarks section it is shown that the theorem in [3] is the Generalized theorem
of all type of Cyclic contractions.

2 Preliminaries

Here are some definitions and theorems.

Definition 2.1. Let X be a non-empty set and a mapping d : X ×X → R+ is called metric in X , if it
satisfies following conditions
(M1) d(x, y) ≥ 0
(M2) d(x, y) = 0 , if and only if x = y
(M3) d(x, y) = d(y, x) , for all x, y ∈ X
(M4) d(x, y) ≤ d(x, z) + d(z, y) , for all x, y, z ∈ X.Then the set X
with metric d is called metric space and it is denoted by (X, d)

Definition 2.2. Let A and B be nonempty subsets of a metric space(X, d). A mapping f : A∪B → A∪B
is called cyclic if f(A) ⊂ B and f(B) ⊂ A .

Definition 2.3. [12] Let A and B be non-empty subsets of a metric space(X, d). A mapping f : A ∪B →
A∪B is called cyclic contraction if f is cyclic and there exist P ∈ (0, 1) such that d(fx, fy) ≤ Pd(x, y) for
all x ∈ A and y ∈ B .
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Theorem 2.1. [12] Let A and B be non-empty closed subsets of a complete metric space(X, d). If a
mapping f : A ∪B → A ∪B be cyclic contraction in X then f has a unique fixed point in A ∩B

Definition 2.4. [1] Let A and B be non-empty subsets of a metric space (X, d). A mapping f : A ∪
B → A ∪ B is called Kannan type cyclic contraction if f is cyclic and there exist q ∈ (0, 1/2) such that
d(fx, fy) ≤ q[d(fx, x) + d(fy, y)] for all x ∈ A and y ∈ B.

Theorem 2.2. [1] Let A and B be non-empty closed subsets of a complete metric space(X, d).If a mapping
f : A ∪B → A ∪B be Kannan type cyclic contraction in X then f has a unique fixed point in A ∩B .

Definition 2.5. [1] Let A and B be non-empty subsets of a metric space (X, d). A mapping f : A ∪
B → A ∪ B is called Tetterjee type cyclic contraction if f is cyclic and there exist r ∈ (0, 1/2) such that
d(fx, fy) ≤ q[d(fx, y) + d(fy, x)] for all x ∈ A and y ∈ B.

Theorem 2.3. [1] Let A and B be non-empty closed subsets of a complete metric space(X, d).If a mapping
f : A ∪B → A ∪B be Chetterjee type cyclic contraction in X then f has a unique fixed point in A ∩B .

Definition 2.6. [1] Let A and B be non-empty subsets of a metric space (X, d). A mapping f : A ∪
B → A ∪ B is called Reich type cyclic contraction if f is cyclic and there exist k ∈ (0, 1/3) such that
d(fx, fy) ≤ k[d(x, y) + d(fx, x) + d(fy, y)] for all x ∈ A and y ∈ B.

Theorem 2.4. [1] Let A and B be non-empty closed subsets of a complete metric space(X, d).If a mapping
f : A ∪B → A ∪B be Reich type cyclic contraction in X then f has a unique fixed point in A ∩B .

Definition 2.7. [3] Let A and B be non-empty subsets of a metric space (X, d) . A mapping f : A ∪
B → A ∪ B is called Generalized cyclic contraction if f is cyclic and there exist p, q, r ∈ (0, 1) satisfying
p+ 2q + 2r < 1 such that
d(fx, fy) ≤ pd(x, y) + q[d(fx, x) + d(fy, y)] + r[d(fx, y) + d(fy, x)] For all x ∈ A and y ∈ B.

Theorem 2.5. [3] Let A and B be non-empty closed subsets of a complete metric space (X, d) .If a mapping
f : A ∪ B → A ∪ B be generalized cyclic contraction in X then f has a unique fixed point in A ∩ B . The
proof is in [3].

3 Main Results

Here we introduced three new types of cyclic contractions and name them type C1,C2 and C3.

Definition 3.1. Let A and B are non-empty subsets of a metric space(X, d). A mapping f : A∪B → A∪B
is called C1 type cyclic contraction if f is cyclic and there exist c ∈ (0, 1/3) such that d(fx, fy) ≤ c[d(x, y)+
d(fx, y) + d(fy, x)] for all x ∈ A and y ∈ B.

Theorem 3.1. Let A and B are non-empty closed subsets of a complete metric space (X, d) .If a mapping
f : A ∪B → A ∪B be C1 type cyclic contraction inX then f has a unique fixed point in A ∩B .

Proof. Fix x ∈ A . Now by the definition of 3.1 there exist c ∈ (0, 1/3) such that,

d(f2x, fx) = d(f(fx), fx)

≤ c[d(fx, x) + d(f2x, x) + d(fx, fx)]

≤ c[d(fx, x) + d(f2x, fx) + d(fx, x)]

≤ 2cd(fx, x) + cd(f2x, fx)

Therefore,

(1− c)d(f2x, fx) ≤ 2cd(fx, x)

or, d(f2x, fx) ≤ 2c

1− c
d(fx, x)

or, d(f2x, fx) ≤ σd(fx, x)
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Since c ∈ (0, 1/3) so σ = 2c
1−c <1

Now by induction we have d(fn+1x, fnx) ≤ σnd(fx, x) Then, for any m,n ∈ N where n > m we have

d(fnx, fmx) ≤ d(fnx, fn−1x) + d(fn−1x, fn−2x) + . . .+ d(fm+1x, fmx)

≤ (σn−1 + σn−2 + . . .+ σm+1 + σm)d(fx, x)

≤ σm(σn−m−1 + σn−m−2 + . . .+ σ + 1)d(fx, x)

≤ σm 1

1− σ
d(fx, x) [Sum of infinite series as, n → ∞ ]

Since σ < 1 so σm → 0 as, m → ∞ thus, we have d(fnx, fmx) → 0 as n,m → ∞. Therefore ⟨fnx⟩ is
Cauchy sequence. Since (X, d) is complete so ⟨fnx⟩ converges to some point u ∈ X . Since x ∈ A so
f2nx ∈ A and f2n−1x ∈ B . But f2nx → u and f2n−1x → u . As the sets are closed so u ∈ A ∩ B.It
remains to show that fu = u we have,

d(fu, f2nx) = d(fu, f(f2n−1x))

≤ c[d(u, f2n−1x) + d(fu, f2n−1x) + d(f2nx, u)]

Taking, n → ∞ , we get f2nx = u and f2n−1x = u ,then we have,

d(fu, u) ≤ c[d(u, u) + d(fu, u) + d(u, u)]

=⇒ d(fu, u) ≤ cd(fu, u) [∵ d(u, u) = 0]

=⇒ (1− c)d(fu, u) ≤ 0

Since 1− c > 0 so d(fu, u) = 0
=⇒ fu = u
Thus u is a fixed point.To show the uniqueness of fixed point, let us suppose that there exist two fixed
points u and v such that fu = u and fv = v Then we have,

d(fu, fv) ≤ c[d(u, v) + d(fu, v) + d(u, fv)]

≤ c[d(u, v) + d(u, v) + d(u, v)

≤ 3cd(u, v)

or, d(u, v) ≤ 3cd(u, v)

or, (1− 3c)d(u, v) ≤ 0

=⇒ d(u, v) = 0 [∵ (1− 3c) > 0]

=⇒ u = v.

Therefore f has a unique fixed point in A ∩B , this completes the proof.

Definition 3.2. Let A and B be non-empty subsets of a metric space(X, d). A mapping f : A∪B → A∪B
is called C2 type cyclic contraction if f is cyclic and there exist c ∈ (0, 1

4 ) such that d(fx, fy) ≤ c[d(fx, x)+
d(fy, y) + d(fx, y) + d(fy, x)] for all x ∈ A and y ∈ B.

Theorem 3.2. Let A and B be non-empty closed subsets of a complete metric space (X, d) .If a mapping
f : A ∪B → A ∪B be C2 type cyclic contraction in X then f has a unique fixed point in A∩ B .
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Proof. Fix x ∈ A . Now by the definition of 3.2 there exist c ∈ (0, 1
4 ) such that

d(f2x, fx) = d(f(fx), fx)

≤ c[d(f2x, fx) + d(fx, x) + d(f2x, x) + d(fx, fx)]

≤ c[d(f2x, fx) + d(fx, x) + d(f2x, fx) + d(fx, x)]

[∵ d(fx, fx) = 0]

≤ 2cd(fx, x) + 2cd(f2x, fx)

Or (1− 2c)d(f2x, fx) ≤ 2cd(fx, x)

Or d(f2x, fx) ≤ 2c

1− 2c
d(fx, x)

Or d(f2x, fx) ≤ αd(fx, x)

Now by induction we have d(fn+1x, fnx) ≤ αnd(fx, x) Then, for any m,n ∈ N where n > m we have

d(fnx, fmx) ≤ d(fnx, fn−1x) + d(fn−1x, fn−2x) + . . .+ d(fm+1x, fmx)

≤ (αn−1 + αn−2 + . . .+ αm+1 + αm)d(fx, x)

≤ αm(αn−m−1 + αn−m−2 + . . .+ α+ 1)d(fx, x)

≤ αm 1

1− α
d(fx, x) [Sumofinfiniteseriesas, n → ∞]

Since α < 1 so αm → 0 as m → ∞ thus, we have d(fnx, fmx) → 0 as n,m → ∞ Therefore ⟨fnx⟩ is Cauchy
sequence. Since (X, d) is complete so ⟨fnx⟩ converges to some point u ∈ X . Since x ∈ A so f2nx ∈ A and
f2n−1x ∈ B . But f2n → u and f2n−x → u . As the sets are closed so u ∈ A ∩B.It remains to show that
fu = u we have,

d(fu, f2nx) ≤ d(fu, f(f2n − 1)x))

≤ c[d(fu, u) + d(f2nx, f2n−1x) + d(fu, f2n−1x) + d(f2nx, u)]

Taking, n → ∞ , we get f2nx = u and f2n−1x = u ,then we have

d(fu, u) ≤ c[d(fu, u) + d(u, u) + d(fu, u) + d(u, u)]

Or d(fu, u) ≤ 2cd(fu, u)

Or (1− 2c)d(fu, u) ≤ 0

Since 1− 2c > 0 so d(fu, u) = 0

=⇒ fu = u

Thus u is a fixed point.To show the uniqueness of fixed point, let us suppose that there exist two fixed
points u and v such that fu = u and fv = v Then we have,

d(fu, fv) ≤ c[d(fu, u) + d(fv, v) + d(fu, v) + d(fv, u)]

≤ c[d(u, u) + d(v, v) + d(u, v) + d(v, u)]

≤ 2cd(u, v)

Or d(u, v) ≤ 2cd(u, v)

Or (1− 2c)d(u, v) ≤ 0

=⇒ (u, v) = 0 [∵ 1− 2c > 0]

=⇒ u = v.

Therefore f has a unique fixed point in A ∩B , this complete the proof.

Definition 3.3. Let A and B are non-empty subsets of a metric space(X, d). A mapping f : A∪B → A∪B
is called C3 type cyclic contraction if f is cyclic and there exist c ∈ (0, 1

5 ) such that d(fx, fy) ≤ c[d(x, y) +
d(fx, x) + d(fy, y) + d(fx, y) + d(fy, x)] for all x ∈ A and y ∈ B.
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Theorem 3.3. Let A and B be non-empty closed subsets of a complete metric space (X, d) .If a mapping
f : A ∪B → A ∪B be C3 type cyclic contraction inX then f has a unique fixed point in A ∩B .

Proof. Fix x ∈ A . Now by the definition of 3.3 there exist c ∈ (0, 1
5 ) such that,

d(f2x, fx) = d(f(fx), fx)

≤ c[d(fx, x) + d(f2x, fx) + d(fx, x) + d(f2x, x) + d(fx, fx)]

≤ c[d(fx, x) + d(f2x, fx) + d(fx, x) + d(f2x, fx) + d(fx, x)]

[∵ (fx, fx) = 0]

≤ 3c d(fx, x) + 2c d(f2x, fx)

=⇒ (1− 2c)d(f2x, fx) ≤ 3c d(Tx, x)

=⇒ d(f2x, fx) ≤ 3c

1− 2c
d(fx, x)

=⇒ d(f2x, fx) ≤ γ d(fx, x)

Since c ∈ (0, 1
5 ) so γ = 3c

1−2c < 1 Now by induction we have d(fn+1x, fnx) ≤ γnd(fx, x) Then for any
m,n ∈ N where n > m we have,

d(fnx, fmx) ≤ d(fnx, fn−1x) + d(fn−1x, fn−2x) + . . .+ d(fm+1x, fmx)

≤ (γn−1 + γn−2 + . . .+ γm+1 + γm)d(fx, x)

≤ γm(γn−m−1 + γn−m−2 + . . .+ γ + 1)d(fx, x)

≤ γm 1

1− γ
d(fx, x) [∵ Sum of infinite series as ,m → ∞]

Since γ < 1 so γm → 0 as n,m → ∞ thus, we have d(fnx, fmx) → 0 as n,m →
infty Therefore ⟨fnx⟩ is Cauchy sequence. Since (X, d) is complete so ⟨fnx⟩ converges to some point
u ∈ X . Since x ∈ A so f2nx ∈ A and f2n−1x ∈ B . But f2n → u and f2n−1x → u . As the sets are closed
so u ∈ A ∩B.It remains to show that fu = u we have,

d(fu, f2nx) = d(fu, f(f2n−1x))

≤ c[d(u, f2n−1x) + d(fu, u) + d(f2nx, f2n−1x) + d(fu, f2n−1x) + d(f2nx, u)]

Taking, n → ∞ , we get f2nx = u and f2n−1x = u ,then we have,

d(fu, u) ≤ c[d(u, u) + d(fu, u) + d(u, u)] + d(fu, u) + d(u, u)]

or, d(fu, u) ≤ 2cd(fu, u)

or, (1− 2c)d(fu, u) ≤ 0

Since, 1− 2c > 0, d(fu, u) = 0 =⇒ fu = u

Thus u is a fixed point.To show the uniqueness of fixed point, let us suppose that there exist two fixed
points u and v such that fu = u and fv = v Then we have,

d(fu, fv) ≤ c[d(u, v) + d(fu, u) + d(fv, v) + d(fu, v) + d(fv, u)]

≤ c[d(u, v) + d(u, u) + d(v, v) + d(u, v) + d(v, u)]

≤ 3cd(u, v)

or, d(u, v) ≤ 3cd(u, v)

or, (1− 3c)d(u, v) ≤ 0

=⇒ (u, v) = 0 [∵ 1− 3c > 0]

=⇒ u = v.

Therefore f has a unique fixed point in A ∩B , this complete the proof.
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4 Remarks

The cyclic contractions C1,C2 and C3 are the special cases of Generalized cyclic contraction in [3] and their
fixed point theorems also special case of Generalized fixed point theorem in [3] as given below.

� When q = 0 and p = r in generalized theorem in [3] then it becomes C1 type cyclic contraction 3.3.

� When p = 0 and q = r in generalized theorem in [3] then it becomes C2 type cyclic contraction
theorem 3.2.

� When p = q = r in generalized theorem in [3] then it becomes C3 type cyclic contraction theorem
3.1.

5 Conclusions

It is found that the three new types of cyclic contractions C1,C2 and C3 can be formulated to exist fixed
points accordingly and they are also special cases of theorem in [3] as shown in remarks above.
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