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Abstract: The k-Lucas sequence is companion sequence of k-Fibonacci sequence defined with the k-Lucas

numbers which are defined with the recurrence relation Ly yy1 = kL n + L n—1, with the initial conditions
Lro=2, Ly1 =2, forn>1. In this paper, we introduce a new generalisation My, , of k-Lucas sequence.

We present generating functions and Binet formulas for generalized k-Lucas sequence, and state some
binomial and congruence sums containing these sequences.
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1 Introduction

The well known integer sequence, Fibonacci sequence is defined by the numbers which satisfy the second
order recurrence relation F,, = F,,_1 + F,,_o with the initial conditions F; = 0 and F; = 1. The Fibonacci
numbers have many interesting properties and applications in many research areas such as architecture,
nature, engineering and art. The Lucas sequence is companion sequence of Fibonacci sequence defined
with the Lucas numbers which are defined with the recurrence relation L, = L,,_1 + L,,_o with the initial
conditions Ly = 2 and L; = 1. Binet’s formulas for the Fibonacci and Lucas numbers are
P, = "™ —ro”
Ty —T2

and

Ly =r"+mr"

1+

are the roots of the characteristic equation 22 — 2 —1 = 0.

respectively, where r; = and ro =

s

The positive root r; is known as the golden ratio. The Fibonacci and Lucas sequences are generalised by
changing the initial conditions or changing the recurrence relation. One of the generalizations of the
Fibonacci sequence is k-Fibonacci sequence first introduced by Falcon and Plaza [5]. The k-Fibonacci
sequence is defined by the numbers which satisfy the second order recurrence relation Fj , = kFj ,—1 +
Fi n—2 with the initial conditions Fj o = 0 and Fj; = 1. Falcon [6] defined the k-Lucas sequence which
is companion sequence of k-Fibonacci sequence defined with the k-Lucas numbers which are defined with
the recurrence relation Ly, = kL n—1 + Ly, n—2 with the initial conditions Ly o = 2 and Ly ; = k. Binet’s
formulas for the k-Fibonacci and k-Lucas numbers are

Tln — 7‘2"
Fon=—""—
L —T2
and
Liyn=mr"+r"
kE+Vk?+4 kE—+Vk?+4
respectively, where ry = % and ro = % are the roots of the characteristic equation

2?2 — kx — 1 = 0. The characteristic roots 1 and 5 satisfy the properties

7“1—T2:\/k2+ :\/g, T1+7’2:k, 7”17’2:—1.

The reader can refer to [T}, 2, B, [, [7, 8, @, 10, M1, 2] for properties and applications of k-Fibonacci and
k-Lucas numbers.
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In the present paper, our main aim is to define generalised k-Lucas sequence and derive the relations
connecting the generalised k-Lucas sequence and companion sequence. We have adapted the methods of
Carlitz [2] and Zhizheng Zhang [3] to the generalised k-Lucas sequence My, ,, and derived some fundamental
and congruence identities for these generalised k-Lucas sequences.

2 Generalized k-Lucas Sequence My,
In this section, we establish certain basic properties of the generalized k-Lucas sequence.
Definition 1. For n > 1, the generalized k-Lucas sequence My, ,, is defined by the recurrence relation

M1 = kM + My 1, with My o =2 and My =k 4+ 6.

Definition 2. For n > 1, the companion sequence N, ,, of N ,, is defined by the relation Ny , = Ng nt1+
Nk n—1-

The characteristic equation of the initial recurrence relation of My, ,is same as k-Lucas sequence. It is
interesting to observe that if we add § with k in initial condition of sequence My ,, then it is multiplied
with F} ,, and Fy ,, + L, in the identities

Mk‘,n = 5Fk,n + Lk,nv
Nkﬂ’L =0 (Fk;n + Lk,n) 5

respectively.
Theorem 3. (Binet Formulas). Forn > 1,

r1"™ — rary™
My, — 171 272 (1)

? T1— T2

and

Ni =11m1" + 121r2", (2)
where, 1, = 8 + V8 and 75 = § — V6.
Next, we state certain basic properties of the generalized k-Lucas sequence, these properties can proved
using and .
Theorem 4. (Catalan’s Identity). For n,r > 1, we have

Moo Mimsr — M2 = (=1)"776(1 — 5)Fk2,r~
Theorem 5. (Cassini’s Identity). For n > 1, we have
M1 My — M = (=1)"16(1 - 5).

Theorem 6. (d’Ocagene’s Identity). Let n be any non-negative integer and r a natural number. If
n>r+1, then

Mk,er,n+1 - Mk,r+1Mk,n = (_1)n5(1 - 5)Fk,r7n'
Theorem 7. (Convolution Theorem). For n,r > 1, we have
Mk,er,n+1 + Mk,r—le',n = Mk,n+r + (52 +0— ﬁ)Fk,n—&-r

+ (26 + V) Ly -
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Theorem 8. (Asymptotic Behaviour). For n,r > 1, we have

. M,
lim —=2" = .
n—oo kn—r

Theorem 9. The generating function for the generalized k-Fibonacci sequence My, 1y, is

iM o TMuy =220k +2
v Pt 1—aLy; +2?(-1)t

Theorem 10. For n > 3, we have
n—2
1 < M.

)

Theorem 11. Forn,k > 1

- Mpnt1 + M —(2+k+90)
1. i= ’ ,
2 M :

S Mizni1 — (k+6
2. ZMk,%: L +1k ( ),

i=1

n M 7l_2
3. ZMI@,%—l:kgT’

=1

- EMpns 1My — k% —6(2k — 1) — 262
e
i=1

Proposition 12. For n > 0, the following identities hold for My ,, and Ny -

Mpn =0F,n + Li g,

Nin =6 [Fen + Li )

M+ M s = (k2 + 2) My o,

Nk’n + Nk,n+4 = (k2 + 2)Nk,n+27

Nin + Nigngz = OMi g1,

Mpp—3 + Mg iz = (kQ + 1)Nk,n7

Nin—s + Nings = 0(k% + 1) My,

Nin® = oMy n? = 4(—=1)"15(1 - 9),

My an M ont1 = My ant+1 + 6(Frant1 + L an+1) — k(6 — 1).

© 0 N g N

. n .
Throughout this paper, the symbol (il,iz,....,i<n_1)) is defined by —illigl....i(n_l)!s!’

where
s=n— (il +i9 + ... + i(nfl))-

In next section, we explore certain properties of the generalized k-Lucas sequence My, ,,.

3 THE MAIN RESULTS

Lemma 13. Let u = ry or rq, then
(a) u? = ku +1,

(b) u' = qu:,n + Fk:,nfh
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(d) ut = ur =R (1

Theorem 14. For n,r,s,t > 1, we have
(a) Mpptt = FrpnMpip1 + Fiono1 Mo g,
(b) Mk,2n+t = Lk,an,n+t - (*1)an,t:

Fk sn Fk (s—=1)n
it = 2 — (—pnhlebn
(C) Mk,a7t+t Fk,n Mk,n+t ( ) Fk,n

(d) Mk,sn+tFk,rn - Mk,rnthFk,sn = (_]-)San,tFk,(r—s)n'

Mk,t7

Theorem 15. For n,r,s,t > 1 and Dy, = My, or Nk,n, we have
n n .
1. Dyan = X (i) KD,
i=0

n

2. Dpontt = 2, (z) K'Dy itt,
i=0

no/n . .
3. Diyntt = Z (7'> Flz,rFl?,rilpk,i+t;

1=0
4 Drgrnyt = 3 (%) (=)D LE Dy
1=0

1 n n . i .
. Dk,trn—i—l - F]? Z:O (l) (_1)(n_z)(r+1)Fk,(t_l),,.F]ivter,ri-&-l;

o

@
i
<

(1) (0" Drpinoiysise Pl = Dit Py,

=

@
Il
<

(z> (71)("7i)Dk,ri+tF;§Zn__i1) = Dyt Fy s

&

s
I
<

" i n—i i smn n
(Z> (_1)(n_Z)F1£,sm)FIS,Zka»m[Tn-i-i(S—T)]-‘rt =(=1) ,Dk:tFk,(rfs)m'

Lemma 16. Let u = ry or rg, then
1 k+ (K4 u = u?,
2. 1+ ku+ub = Lk72u4,

1+ ku+u' = Ly 4u,

1+ ku+ ul® = Ly gul?,

1+ ku+u?t = Lk)muls,

1+ ku+ub = Lk,32u34,

1+ ku + ul?® = Ly, 64u®,

S S N

1+ ku + u?® = Ly 195u'®,
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9. 1+ ku+udt = Lk,256u258,
10. 1 4 ku + ul(]26 — Lk7512u514,
11. 1+ ku + 12990 = Lk,1024u1026.

In general, if Ly, ,, is n'" k-Lucas sequence and w =1 or ry, then

1+ ku—+ w2@HD) = Ly on+1 TECER N

Theorem 17. Fort > 1 and Dy, = My, or ./\/'k,n, we have
1. Dy43 = (k* + 1)Dg 41 + kD s,
Dt + kDy 41 + Di ry6

2. Dyyos =
,t+ Lk,Z
D kD, D
3. Dpoyis = ke + kL7t+1 + k,t+10’
k.4
_ Dry + kDriy1 + Drris
4. Dri4+10 = 17 ,
k.8
~ Dyt +kDry1 + Drpr3a
9. Dit18 = )
L 16
Dyt + kD t+1 + Dy 1466
6. Dit+34 = 7 ,
k,32
_ Dyt + kDg i1 + D t+130
7. Dit+66 = i ,
k,64
Dit + kD 141 + Dy 14258
8. D 4130 = i ;
k,128
Dt + kDy 141 + Dy 14514
9. D tya58 = I )
k,256
D kD D
10. Dysssia = kit + KDk i1+ k,t+10267

L 512

Dyt + kDy,t+1 + Dr 142050

11. Dy y1026 = 7
k,1024

In general, for t > 1, we have

Dk,t + k’Dk7t+1 + Dk’t+2n+2+2
Lk’2n+1 ’

Dy tron+i42 =

Theorem 18. For n,t > 1 and Dy, = My, or N, we have
n . .
1. Dyppe = > (i,j) k="(=1)7*5 Ly 2" Dk 4i+6j+t,
i+j+s=n
n

2. Dyyt =, (i,j) k™ (=17 Ly 4" D 6i+10j+t,
i+j+s=n

n . X
3. Dyt = > (i,j) E="(=1)7"° Ly "Dk 10i+18j+15
i+j+s=n
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n ) .
4. Dyt = <17J> E="(=1)7%° L 16" D 18i+34j 45
i+j+s=n
U _ i+ i
5. Dintt = i,J | K7™ (=1)77° L 32" Dh. 34i 4665+t
i+j+s=n
6. Dppyt = i,j ) k7" (=1)7%° Ly 64" Dr 66141305+
1+j+s=n
R —n +s i
7. Diptt = i,5 ) k7" (=1)?"% Li, 128" Dk, 130i 1258+t
i+j+s=n
LD _ i+ i
8. Dppyt = 0,7 ) k7™ (=1)7"° Ly 256" Dk, 258i+514j+1
it+j+s=n
LD _ i+ 3
9. Dippyt = 4,7 ) k7" (=1)?"* Ly 512" D 514i+1026 -+
i+j+s=n

n

10. Dy pyt = (LJ) k=™(—=1)7"% L 1024' Dk,1026i+2050;+ -
1+j+s=n

In general, for r,n,t > 1, we have

Dk,n«l,»t = Z (l,]) kin(_l)j+st}2r+1ka)2r+1(i+2j)+2(i+j)+t.
i+j+s=n

Theorem 19. For n,t > 1 and Dy, = My, or Nin, we have

1. Dintt = . (i,j) k7 (—1)7+5 Ly, 2" Dy aich j+1.

i+j+s=n
2. Drponst = ., |67 ) K (=1 "Ly a"Dr givjtre-
i+j+s=n
KL ; i+ 3
3. Diisntt = 9. 1,7 ) k7 (=1)7%° Ly, 8" D, 10i4j+4
i+j+s=n
4. Drsantt = i,J | K (=1)""° Li 16" D 1sitji+t
1+j+s=n
n. ) s i
5. Di.6ontt = i,J | k7 (=1)" 7" Ly 32" D 34i+j+¢
i+j+s=n
6. Di130n+t = i,j | K (=1) *Li,64 D 66i+j+ts
i+j+s=n
7. Di.2ssntt = iyJ ) k7 (—1)77° Ly 128" D 130i+j+¢
i+j+s=n
8. Drsiantt = i,J | k7 (=1)""* Lk, 256 D 258i+j+t5
i+j+s=n

n

9. Dy 1026n+t = 0,7 ) k7 (=1)7"5 Ly 512" Dk 5140+ j+15

10. Diooson+t = iJ) k7 (=1)7%5 L 1024" Dk 10261+ j+1 -

it+j+s=n

i+j+s=n (
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In general, for r,n,t > 1, we have

Dy 2r242nre = D (M’) k7 (=1)7%° L gr1 "Dy (2r41 4 2)i it
i+j+s=n

Theorem 20. For n,t > 1 and Dy, = My, or Ni., we have

n .
L Drante = ). <m> k' Li,2™ "Dy 6i+j+ts
i+j+s=n

n . _
2. Diontt = D <Z7J> k' Ly 4™ "Dr10i+j+t5
i+j+s=n

3. Dron+t = >

i+j+s=n

5. Disantt = .
i+j+s=n

4. Dpigntt = (Z}j) kI Ly 16~ " Dk 34i+j+t,
0. Droon+t = > ( )

1 -n
kI Ly 128" " Di 258i+j+t

8. Dyosgntt = .
i+j+s=n

—n
Di,514i4j+t5

9. Dy siantt = 9,
i+j+s=n

/\/b/-\
. &3 )
N~
BN
<.
h
>~
()
ot
1=y

n
. i —-n
ZJ) kL 512" "Dk, 1026i+j+t»

n

L. ; -n

10. Di1026n+t = (%]) k7 Ly, 1024 " Dr,2050i+j+¢ -
i+j+s=n

In general, for r,n,t > 1, we have

n .
.. —-n
Dy, 2r+142)ntt = E (Z,]) K Ly, gr+1 Dy, (2r+142)itj+t-
1+j+s=n

n
Lemma 21. Let u =11 or ra, then forl, = Y Lioi and n,t > 1, we have

i=1
1. 14+ u* = Lu?,
2.1+u8:l—2u4:l2u271—2,

Iy Iy

l3 13 13 lS lS
3. 1 16:78:74_7:l 2_ 9 _ 29

tuT=g [T P e A A

Iy ly ls UL 1 1 1 1 1
R TTIDH - I O T SO L D B D ISR (N Do N N T
d U= = e = 4[l2+l3] 4 4L1+zg+zs}’
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l
5. 1+u64:l—5u32:l—5u16—l—5:l—5u8—l5 {—F] =2yt — 1y {++

ly l3 ly Iy
1 1 1 1
=lsu? —1 +++}
° Ty s

In general, we have

ln—l on—1,
ln72u ’
n ln— n—t to1
1+ 42" = l Lou? —l1 X Ift=23,4,....n
n—t—1 L i:2 n—i
n—
ln71u2_ln71
=2 ln—i

n
Theorem 22. Forl, =Y. Lyoi, n,t > 1 and Dy, = My, or Ny, we have
i=1

1=

1. Dy tya = iDi 42 — Dry,

l l
2. Diqig = fpk,t+4 — Dyt =12Dp 12— (1 + f)Dk,t;

3. Dy i+16 = %Dk,t+8 — Dg 1,
= %Dk,t+4 —(1+ %)Dk,tv
=13Dk 42 — (1 + % + %)Dk,u
4. Dy ty32 = ka,t+16 — Dy 4,
= %Dk,t+8 —(1+ %)Dk,tv
= %Dk’t+4 -1+ % + %)Dk,n

i 1 1
=Dy — (14 = + 2+ 2Dy,
L n

5
5. Ditvea = TDk,t+32 — Dyt
4

ls
= “Driy16 — (1 + E)Dk,b
I3 N
l l l
= jDk7t+8 1+ 54 E)ka
12 ZB l4
l5 Is Is s

l l l l
= Z5Dk7t+2 - (1 + 2 + 2 + 2 + E)Dk,t-
lh o 3

In general, we have

Uy

lilpk,twnfl — Dy.3

n—2

lp_1 5 1

Drpsan = Lo Prerr ~ o FO4 12

n—1

ln—1Dipyo —ln—1 Y (l + 1)Dy .
=2 ‘n—1i

26
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n
Theorem 23. Forl, = Y Ly i, n,t > 1 and Dy, = My, or Ny, we have

i=1

1. Dyantt = . (7;>l§(_1)jIDk,2i+t7
i+j=n
l
2 Desnse= ¥ (1) (B (-1 Draite,
iti=n 1
I+ 1

= ¥ (1) B0 ) Desise

1+j=n

3. Diontt = 2. (z) (lj)l(*l)JDk,mn

i+j=n 2
n\ g . . l
= X (%> (73)2(—1)](1 + lj)DkAitha
1+j=n 1
_ n i l3 l3
= Z+]Z=n (Z) 13 ( ) (1 + ll + l )Dk 25+t -

l )
4. Dpsontt = ( )(l;l) (—=1)? Di, 16+t

i+j=n
n l4 l
= 2 (1)@t PDesi,
i+j=n 2
n l4 . - l4 l
= ) i 1 D
2 ()G D,
n i . l4 l4 l
= ) LA(—1)7(1+ 2 Dy,
i+§::n <Z) A Iy L la 13) k2itt
n\ s . .
9. Dyeantt = _+Z (l) (i)’(—l)JDk,amt,
1+j=n
= > (1) 0+ D) Dreis,
i+j=n 3 4
NI ls s
= ) (=) (=1 Dy 8i+t,
HFAQQQ<><+Q+Z>MH
n\ s l l ls
= ¥ () @0+ 2+ 2+ DD,
i+j=n ll 12 l3 l4
n ls l5 Iy ls
= I55(—=1)7(1 Dp 2
i+JZ:n(Z>5( )(+ll+lz+ls+l)k2+t

In general, we have

n lr—l i ;

(1) =2 (1Y Dy i
+j=n 2

RO
2 () G Y S+ 7 D

lrfsfl
Ifs=234,....n—2;

z(%mqﬂ—nzhﬂ+l

i+j=n l r—h

Dk:,2rn+t -

)]Dk: 21+t

Lemma 24. Fort > 1, we have

(1) 12 =rVo -1,

7“% = —Tg\/g— 1,

(2) ri = (k>4 2)r1vV6 — (k* +3),
— (k% +2)r9V/6 — (K + 3).
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(3) 16 = (k2 + 1)(k® + 3)r1V/0 — (k* 4+ 5k% + 5),
r§ = —(k? + 1)(k* + 3)raV/6 — (k* + 5k + 5),

(4) 8= (k* 4+ 2)(k* + 4> + 2)r1V6 — (kS 4 Tk* + 14k + 7),
r§ = —(k? + 2)(k* + 4k? + 2)roV/0 — (kS + Tk* + 14k% + 7),

(5) 10 = (k* + 3k% + 1) (k* + 5k% 4+ 5)r1vV/6 — (k% + 3)(k® 4 6k* + 9k2 + 3),
a0 = —(k* 4+ 3k + 1) (k* + 5k + 5)raV/0 — (K + 3) (kS + 6k* + 9K 4 3).

In general, we have

F Ly o
2t k,2t k,2t—1
1 = U} 5_ )
k k
F Ly ot
rat = — 2’% roV8 — k’]it L

Lemma 25. Fort > 1, we have

(1) v} = (K +3)r1 — V3,
ri = (k* +3)r2 + V3,

(2) 5 = (k* + 5k% + 5)r; — (k% +2)V/0,
r3 = (k* 4 5k 4+ 5)ra + (k* + 2)V/5,

(3) T = (kS 4 Tk* + 14k> + T)rp — (k% + 1) (k> 4 3)V/5,
rh = (kS + TE* 4+ 14k + T)ry + (K2 + 1) (k* + 3)V/0,

(4) r) = (k? + 3)(k® + 6k* + 9k% + 3)ry — (K + 2)(k* + 4k% + 2)V/3,
9 = (k? + 3)(kS + 6k* + 9k? + 3)ry + (K + 2)(k* + 4k* + 2)V/5,

(5) it = (k'O 4 11k% + 448 + T7k* 4 55k + 11)ry + (K* + 3k + 1)(k* + 5k + 5)V/0,
il = (K10 4 1158 + 44KS + 7T7K* 4+ 55Kk2 4 11)ry — (K* + 3k2 4+ 1) (k* + 5k2 + 5)V/6.

In general, we have

L o141 Fy, o
T2t+1 — ,2t+ ry — k, \/37

! k
L F
rattt = k’ztﬂ ro + IZ% V.

Theorem 26. For s,t > 1, we have

1. Mk,s+2 + Mk,s = Nk,erly
Nk,s+2 +Nk,s = 6Mk,s+17

2. Mp,s+a+ (k2 + 3)/\/116,5 = (k2 + 2)./\/.1@754_1,
J\/‘k75+4 + (k2 -+ S)Nk,s = (k2 + 2)5Mk,s+1,

3. Mg s16 + (k4 +5k2 + 5)./\/1}9’5 = (k?2 + 1)(/€2 + 3)./\/’]{;’54»17
Nk,s+6 + (k4 +5k2 + 5)Nk75 = (ki2 + 1)(k2 + 3)(5./\/1]@754_1,

4o My sis + (K8 + Th* +14k2 + )My, s = (K2 + 2)(k* + 4k? + 2)Nj 541,
Nis+s + (K + Tk* + 14k% + T)Ny s = (k% + 2)(k* + 4k2 + 2)0 M 511,

5. My si10 + (K% 4 3) (kS + 6k* + 9k 4+ 3) My, s = (k* + 3k* + 1) (k* 4+ 5k + 5)Nj 541,
Ni.st10 + (k% 4+ 3)(k® + 6k + 9k% + 3)Nk s = (k* + 3k% + 1) (k* + 5k% + 5) 6Nk 541
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In general, we have

Lot F)

Mk7s+2t + k)zt 1Mk,s = %Nkﬂwrla (3>
Ly op— F)

Nk s+10 + k;t 1Nk,s = 221& §Nk s+1 (4)

Remark 27. Using Ly 2—1 — Fr ot = Fiot—2 in 7 we get

k 2t Fioi o
Mk,s+2t Mk ,5+2 + A Mk,s = 07

Nk,s+2t -

Theorem 28. For s,t > 1, we have

1. Mk,s+3 +Nk,s = (kz + 3)Mk,s+1;
Nis+3 + My s = (k% + 3) Ny 511,

2. Mk,s+5 (kz + 2) k,s — (k4 + 5k2 + 5)Mk,s+17

s

Nists + 0(k2 +2)My s = (K* + 5k + 5)Ny 511,

(
3. My sir + (k2 (k% + 3)Nps = (K5 + TE* + 14K% + T) My 511,
Nisrr +0(k2 + 1) (k2 + 3) My = (kS + 7h* + 14K% + T)Nj o1,
(k?
(

1)
1)
4. Mg si9+ 2)(k* + 4k% + 2)Ni. s = (k2 + 3) (kS + 6k* + 9k2 + 3) My, 541,

+
_|_
+
Nisto +0(k? + 2)(k* + 4k + 2)My.s = (k* + 3)(k® + 6k* + 9k2 + 3)Nj 541,

5. My si11 + (k% + 3k% + 1) (k* + 5k + 5)Nj s = (K10 + 11k% + 44KC + 77k* + 55k% + 11) My 511,

(
Nisi11 + 6(k* + 3k + 1) (k* + 5k + 5) My s = (k10 + 11k + 44k5 + 77k* + 55k% + 11) Ny g4 1.

In general, we have

F L.
M sy2e41 + k’Qt/\/k.s = k’f;“ M s+1, (5)
F L
Nk,s+2t+1 + 5 k2 Mk s — b thrlNk s+1- (6)

Remark 29. Using (k* + 3)Fj ot — Liot—1 = Fgt—2 in , we obtain

Ly or 41 Fiot—9 B
M, s2t41 RO+ 3>Mk,s+3 + RO £ S)Nk s =0,
Lk 2t+1 Fk 2t—2
s — s —4 8 —
Nis2t1 k(K2 + 3)N’“ #t e g Me

Theorem 30. Forn,s,t > 1, we have

LS 83 My ngss if n is even;
1. ()M L=k

Z ? k,2i+s {521_/\/‘k’n+57 if n is odd,

n 8% Nients, if n is even;
Nk 2i+s — w+1 . .
2 Mponts, if n is odd

(k2 + 2)"52/\/11€ nts, if nis even;
(2 4+2)"5" 5 Nk ntss U mois odd,
(k2 +2)"65 N, nts, if nis even;

=n M nts, ifnis odd

(
2y (7) (2 + 3 My iy = {
(

i k2 + 3)(n—) A its =
’)( +3) RAES T (k2 4 2)n5 ™
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3. > (?) (k* + 5k% 4+ 5) ") My 654

R )R+ 3)"5 ./\/lk s if n is even;
T B2+ D)(R2 4 3)"0" T Nimrs,  if nis odd,
> (1) Ot + 582 4 5) DN i

=0
)Mk + 3
R+ D) (R2+3

"5 Nk s if n is even;

)
) if n is odd

> (Z> (KS + Tk + 14k2 + 7)) My, 7144
=0

B {(k‘2 +2)" (k* + 4k% +2)"5% My s, if n is even;

(k2 +2)"(k* + 4k2 4+ 2)"6 "% Niynys,  if n is odd,
> () (8 + 7R 4+ 1482 4 1) DN g
=0
(R 2)" (Rt + 4k? + 2)"52/\/}C ntss if nis even;
T (B2 2 (K 4 4K2 4+ 2)"0"F Mypys, i nis odd

> () (2 3)9 (KO + 6k + 9K + 3)" ) My 10544
=0

(K* + 3k% 4+ 1) (k* + 5k% + 5)"6 % My nt s, if n is even;
(k* + 3k2 4+ 1)"(k* + 5k2 +5)"6 "2 Nimis,  if 1 is odd,
S () (82 + 3)" =9 (KO 4 6k + 9k + 3)" ) N r0is
=0
_ {(k4 + 3k + 1) (k* + 5k2 + 5)"62./\@ ntss if n is even;

.
|

(k* + 3k2 + 1)"(k* + 5k2 4 5)"6 "% My nys, if n is odd.

In general, for n,s,t > 1, we have

>
=0
>

=0

(TZL) kG (L 2t—1) "D My tigs = {

( ) M (Liat—1) "I Ny avivs = {

n+1

k=" (Fr2t)™0

Theorem 31. For n,s,t > 1, we have

130 () (~ DD + 8 My iy 4 = {

> (Z) (=)= (k2 + 3)" Ny o(n—i)4n

2(k% + 2)"53

Z (TLL ( )(n Z)(k4+5k2+5) Mk4n 1)+n:{

i=0 2(k? +2)
(k% +2)m6"s"
= 2(k? + 2)n6"F

)
i (7)( D)= (k% + 5k + 5)' N, a(n— Z)M:{
)

n/n . .
5 () (=D DR + TR+ 14K + ) Min iy

CJ2(k? + 1) (R + 3)n6 %, if n is even;
T 2k + 1) (K2 + 3)n if n is odd,

30

207, if n is even;

25”“ if n is odd,
25nT+2, if n is even;
2072 if n is odd.

)

k=" (Fr20)"0% My s, if n is even;
k" (Frot)"0"% Nimss, if n is odd,
k™" (F00)"0% Nionts,  if 0 is even;

T Mpnts, 4f nis odd.

if n is even;
if n is odd,
if n is even;
if n is odd.



Journal of Nepal Mathematical Society (JNMS), Vol. 2, Issue 2 (2019); A. D. Godase

(7{) (=)= (kS 4 Th* + 14k% + 7)' Ny 6(n—i)4n
1=0

2R+ )R+ 3)"6"7“, if n is even;
T2k + D) (K2 +3)"6"5,  ifn is odd.

n

403 (1) (CDOD 02+ 3) (K + 6k + 9k +3) M sy

1=0

2k + 2)n (Kt + 4K2 + 2)n6 %, if n is even;

O 2(k2 4 2)n (kY + 4k2 4+ 2)76" 5, ifn is odd,

> (3) (1) (2 4 8) (kS + 6k + 9K + 3) N sn) 0
1=0

2R+ 2) (R 4 4K + 2)7‘6”;2, if n is even;
T2k + 2)n (kY + 4R+ 2)"6",  if nis odd.

5.3 (0) (—1)0 D10 + TR + 44K + 44K + 55K + 1) My 105y 1

1=0

f2(Kt + 3K + 1) (K* + B5K% + 5)"6 if n is even;

T 20kt + 3K+ 1) (K + BE2 4+ 5)"6 5, ifn is odd,

) (’{) (—1) =D (K10 1 11K + 44KS + 44K + 55K + 11)' N5 10(ni)im
=0

[ 2(KY 4 3K2 + 1) (K + 52 + 5)"5 " if m is even;

)20kt 4 3K + DMK+ 5k2 + 5)"6 T, if nis odd.

In general, for n,s,t > 1, we have

> (3) (1D kT L) Misign-iy o

=0

> (z) (_1)(nii)kii(Lk,2t+1)i-/\/k,2t(n—i)+n =

=0

)T (F20)"6%, if n is even;
k)fn(Fk,zt)"(SnTﬂ, if n is odd,
T F0)"0" %, if nis even;
“(Fiat)"6"5,  if nis odd.

—~

In next section, we prove some properties of the generalized k-Lucas sequence.

The Proofs of the Main Results
Proof of Lemma([13]): We prove only (a), (c) and (d) since the proofs of (b) and (e) are similar.

Proof of (a): Since r1 and ry are roots of > — kr — 1 = 0, then

r? =kry + 1, (7)

r3 = kro + 1. (8)

This completes the proof of (a).
Proof of (¢): From (b), we have

" = Fypu T U F
= Fy n(WFgny1 + Frn) + 0" Fin_1
= uFpnFini1 + Feno1u” + F7
= (u" = Frn1)Frnt1 + Frp_1u” + F,
=" (Fens1 + Fin—1) + Fi = FenFrno1.
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Using F n—1Fknt1 — F2,, = (=1)" and F 41 + Fin—1 = Lk n, we obtain

u?" = Ly pu™ — (—1)™.

This completes the proof of (c).
Proof of (d): If uw = ry, then we have

T{n _ Tén T§t71)’n _ Tétfl)n
F; r? — (=1)"Fy 4— =(——=) = (rir)"(—————=—
kitnT1 ( ) k,(t—1)n (7"177"2)1 (12)( L — 1y
_ (T? — Tg) tn
= 1
TL — T2
= Fk’nr'i".

This completes the proof of (d).

The proofs of Theorems , are similar. Hence, we prove only Theorem .

Proof of Theorem((14): We prove only (a), since the proofs of (b), (c) and (d) are similar.
Proof of (1): From[L3|b), we have

T{L - Fk,nTl + Fk,n—h (9)

Ty = Fgnro + Fino1. (10)

Multiplying (9) by 7, by 72rt and subtracting, we obtain

+t n+t = o t41 t+1

Arptt — rorg i — rar rrt — rard

)+Fk’n71(
r — T2 L — T2 L — T2

Hence, it gives that

Myt = FronpMp g1 + Fip 1M 1.
This completes the proof of (a).
The proofs of Theorems — and are similar. Hence, we prove only Theorem .
Proof of Theorem({15)): We prove only (3), since the proofs of (1), (2) and (4)-(8) are similar.
Proof of (3):From [L3|b), we have

ri = Fy,rr1 + Frr-1, (11)

7"; = Fkyr’)"g + Fk’rfl. (12)

Now, by the binomial theorem, we have

n

mrit = Z (7;) F,i,TFIZ:ilﬁTi, (13)
=0
n

gt =3 (1) B F k. (14)
=0
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Now, by subtracting from , we obtain

flTIn+t _ ,';27,12"n+t 1+t

n G4t _
NS (B p gt (A e
- 1 kot kr—1

=0

L —r2 L — T2

Hence, it gives that

S n % n—1
M rntt = Z (l) Fy Bl D Meige
i=0
Now, by adding and (14), we get
n n
rr T gt =y (Z) L ER (T 4 k).
i=0
Hence, it gives that

n

n . .
Nirnat = E (Z) Flz,TFI?,rilNk,iH'

i=0
This completes the proof of (3).

Proof of Lemma(16[): We prove only (1) and (2) since the proofs of (3)-(11) are similar.

Proof of (1): Using @ and , we have
u? = ulu
= (ku+ 1u
=ku® +u
=k(ku+1)+u
=ku+k+u
=k+ (k* + Du.

This completes the proof of (1).

Proof of (2): Using (7)) and (§)), we have

1+ ku+ +u® =u? +u
=u? +ut(ku+1)
=u? 4 ku® +ut
=u? 4 kud(ku+ 1) +
=u? 4 B2t + ku® + ot
= (K + Dut + ku® +?
= (E* + Du* +u?(ku +1)
=k + Dt +u?
= (k* + 2)u*

= Fk,2u4.
This completes the proof of (2).

The proofs of lemma are similar. Hence, we prove only Lemma .
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Proof of Lemma(24]): We prove only (1) and (2) since the proofs of (3) - (5) are similar.
Proof of (1): Using and , we have

rlx/g—lzrl(rl—rg)—l
:T%—Tl’/'g—l
=r?4+1-1

_ 2
=y

This completes the proof of (1).
Proof of (2): Using and (), we have

(k2 +2)r V6 — (k2 4 3) = (% + 2)r1(r1 —12) — (k% +3)
k2 4+ 2)(r? —rirg) — (k* +3)
=K +2)(rf +1) — (k* +3)
=r2(k* +2) + (k* +2) — (k* + 3)
=rik? +2r] — 1

=r2k? +2(kr +1) -1

=2k 4+ 2kry 4+ 1

:rszJrkrl +kri +1

= (kri + 1)(kry + 1)

2,2
=rn

_ .4
=Ty

=
=

This completes the proof of (2).
The proofs of Theorems and are similar. Hence, we prove only Theorem .
Proof of Theorem(26]): We prove only (2), since the proofs of (1) and (3)-(5) are similar.

Proof of (2):From 242), we have

i+ (K% +3) = (k* +2)r Vo,

3+ (k2 +3) = —(k® + 2)ry V6.
Multiplying by 773, by r2r5 and subtracting, we obtain

s+4

_ 4 _ _ _
r17“f+ — 7T ] — rars

+ (k* +3) =(k* +2)(r st + eyt

L — T2 T — T2

Hence, it gives that

M sia+ (k2 +3)Mps =(k* + 2)Nyor 1.

Multiplying by 7173, by rar5 and adding, we obtain

4 4 7;17"54"»1 - 7’T2718+1
AR O ) ) = (0 (LT
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Hence, it gives that

Nista+ (B2 +3)Np s = (k% + 2)6 My, 511
This completes the proof of (3).
The proofs of Theorems and are similar. Hence, we prove only Theorem (30)).
Proof of Theorem([30)): We prove only (2), since the proofs of (1)and (3)-(5) are similar.
Proof of (2):From [24]2), we have

44 (K2 +3) = (K2 4 2)r Ve,

34+ (k2 +3) = —(k* +2)r V6.

Now, by the binomial theorem, we have

n

Z() k;2+3 n— 1)(’ PAES) — (k2 4 2)6 % (7 ),

=0

fﬁ() B2 4 3) D (rary ) = (<1)" (2 4+ 2)"0% (rar ).

1=0

Now, by subtracting from , we obtain

4445 n+s (_1)n7;27,;1+s

n di+s
3 (5) e B g i
i—o L — T2 L — T2

).
Hence, it gives that

"L » k2 4+2)"0% My s if n is even;
! k2 +3 (n z)M e = ( Y n+s )
; (Z) ( ) bt (k2 + 2)"5TlNk7n+s, if n is odd.

Now, by adding and (18], we get

n

S (3) (2 + 90Dt 4 rardt) = (2 4 2068 (i 4 (-1 ),
=0
Hence, it gives that

. k%2 +2)"8% N nys, if n is even;
]{?2 + 3 (n— z)N s = ( N n+ss )
; ( ) it (k2 + 2)"6"% Mypps, if nis odd.

This completes the proof of (3).

(17)

(18)

4 Some Congruence Properties of the Generalized k-Lucas Se-

quences

In this section, we established and proved certain congruence properties of the generalized k-Lucas sequence.
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Theorem 32. For n,t > 1 and Dy, = My, or ./\/'k,n, we have

1 DKWH‘§%<;)k”(D"Dh®+tO (modLy.s).
2.DhnH-—éz(y)kﬂ%—1wI%Jw+tzo (modLy,4).
3. DMWH—i§%<;)k_"C—D"DkJ&+tEO (modLyg).
/. Dhn+t—jio<3)k"C—D”Dk3@+t::0 (modLy. 1)
5. Dimst — éo (3) k="(~1)"Dygajee =0 (modLy,s2).

6. Drnit — é:o <3) E7"(=1)"Dy130j4¢ =0 (modLy4)-

n /n

7:met—z%<0k:%—nwad%ﬁtzo (modLy, 125).
8. Dyt — éo (;) k= (—1)"Dysiajee =0 (modLy,o5).
9. Dintt — ]éo <3) E7"(=1)"Dy 10265+t =0 (modLy 512).

S

10. Dyt — (]) E="(=1)"Dy 2050j+¢t =0 (modLg, 1024).
j=0

In general, for r,n,t > 1, we have

n

D ntt — Z <]) kin(fl)nDk’(2r+2+2)j+t =0 (mode)QrH).
=0

Theorem 33. Forn,t > 1 and Dy, = My, or Nin, we have

n

n .
1. Din+tt — Z () K (=1)"Dyjre =0  (modLg,2).
2. Diion+t — 2 kI(=1)"Dgj4t =0 (modLy.4).
3. Dk ,18n+t — Z kJ Dk g+t = =0 (modevg).

5. Di.66n+t — Z k}J ,Dk,]-i-t =0 (modthg).

(F)
(F)

4. Disanrs — i()m "Dy jae =0 (modLy1).
(7)1

6. Dk,130n+t Z < >kj( ) Dk,j+t = 0 (mode764).
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7. Dy ossntt — 2 <J) kI(=1)"Dy jst =0 (modLg 128).
=0

8. Dk,514n+t — Z <j) k’j(fl)n'Dk’j_H = 0 (mode7256).

=0

n n X
9. Di,1026n+t — 2 <J> B (=1)"Dy jyt =0 (modLy514).

J=0

M=

n .
10. Dy 20500+t — (]> kB (=1)"Dyjyt =0 (modLy 1024)-

=0
In general, we have

n

Dy a2t 2ymit — (]) kI (=1)"Dyj1e =0 (modLy gr+1).
§=0

The proofs of Theorems and are similar. Hence, we prove only Theorem .
Proof of Theorem(32]): We prove only (1), since the proofs of (2)-(10) are similar.

Proof of (1):From Theorem (1)), For n,t > 1 and Dy ,, = My, or N, we have

n . .
Dyt = Z (%J) k™" (=1)** L 2" Dy aitej+t
i+j+s=n;izo0
+ (l ]) (1) Ly "Dy iejrts
z+J+s 34=0

= (z j) k™ (—=1)7" Lg 2" Dy aiv6j41

z+]+s N35£0
n
+ E ( ) )" D64t

7=0

n

Dipntt — (]) E7"(=1)"Dy 654+
0

j=

n . .
= Z <i,j> k™"(—=1)?*° L 2" Dk 4it 65+t

i+j+s=nsizo
n n
S Ly divides (Dgpir— Y (;) k7" (—1)"Drgjst),
j=0
Dyt — Z (J) E™"(=1)"Drejrt =0 (modLy2)
§=0

This completes the proof of (1).

5 Conclusion

In this paper, we present generating functions and Binet formulas for generalized k-Lucas sequence and its
companion sequence. Also, derived some binomial and congruence sums containing these sequences.
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