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This study explored the role of abstract thinking in teaching solvable and 
nilpotent groups in abstract algebra. We used an ethnographic approach, 
preparing a set of questionnaires and working with three university-level 
abstract algebra teachers to gather detailed insights. The main research 
objective was to explore the role of abstract thinking in understanding and 
teaching the concepts of solvable and nilpotent groups in algebra, and 
research question was how abstract reasoning influences students’ conceptual 
clarity, problem-solving ability, and mathematical maturity in group theory. 
We used open-ended questionnaires to facilitate in-depth discussions about 
their pedagogical approaches and we observed the classroom teaching 
of abstract algebra for finding, challenges, and successes in conveying 
concepts in solvable and Nilpotent group. The study maintained rigorous 
ethical considerations throughout data collection and analysis, ensuring 
participant confidentiality and informed consent. Findings highlighted the 
critical role of abstract thinking in enhancing comprehension and promoting 
a supportive learning environment, ultimately empowering students to 
navigate advanced algebraic structures confidently and creatively. 
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Introduction 
The concept of a subnormal series is fundamental in group theory as it provides a structured way to break down a 

group into simpler components (Bhattacharya et al.,2007).  It helps in analyzing the hierarchical structure of groups and 
understanding their normal subgroups. By refining a subnormal series, we can arrive at a composition series, where each 
factor is simple, leading to the classification of groups through their composition factors (Bhattrai, 2011; Faizah et al., 
2020; Hausberger, 2020). The group S3 (the symmetric group on 3 elements) is not a subnormal series itself, but we can 
construct subnormal series for S3(Gallian, 2013). Therefore, S3 > A3 >1. In this context a subnormal series of a group G 
is a chain of a subgroup{e}= Gn ∆ Gn-1 ∆ Gn-1……. ∆ G1 ∆ Go = G. For the infinite cyclic group Z under addition, every 
subgroup is normal because the group is abelian (Gallian, 2013). 

A common subnormal series for 𝑍 is given Z⊇2Z⊇4Z⊇8Z⊇⋯ In this series, each subgroup 2n Z is normal in 
Z (and in any intermediate subgroup) since all subgroups in an abelian group are normal (Goyal et al., 2015). 
The factor groups Z/2Z, 2Z/4Z, etc., are each isomorphic to the cyclic group of order 2 (Herstein, 2006). This 
descending chain is an example of a subnormal series for 𝑍 that illustrates the nested structure of its subgroups. 
This idea is crucial in results like Schreier’s Refinement Theorem and the Jordan-Hölder Theorem, which establish the 
uniqueness of composition factors in different subnormal series of a group (Hungerford, 1974). 

We study normal series in abstract algebra because it provides a structured way to explore the hierarchy and internal 
organization of groups. A normal series breaks down a group into successive normal subgroups, where each subgroup is 
normal in the preceding one (Hazzan, 1999). This allows us to investigate how the group is built from smaller subgroups, 
and it plays a key role in understanding the group’s structure (Gaonkar, 2017). The quotients of successive normal 
subgroups, called factor groups, reveal important information about the group’s composition (Hungerford, 1974). By 
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analyzing these factors, we can gain insights into the properties and behavior of the entire group, especially in the 
context of solvability and simplicity.

Moreover, normal series are crucial in the classification and study of groups. It is used to construct composition 
series, where all factor groups are simple, leading to a classification of groups based on their simple components. This 
idea is foundational in the Jordan-Hölder Theorem, which ensures that different normal series of a group yield the same 
structure factors, providing a unique structure for the group (Dummit & Foote, 2008). Studying normal series helps in 
understanding how groups decompose and how different types of groups, such as solvable or simple groups, fit into the 
broader algebraic landscape, with applications ranging from group theory to Galois theory and representation theory 
(Fraleigh, 1984). In this context, S3 permutation group is the normal series such as {e}∆ A3 ∆ S3, where {e} is a trivial 
subgroup, A3 = {e, (123), (132)} is an alternating group which is normal in S3 (Bhattrai, 2011). So S3 has a normal series 
(Hungerford, 1974). 

The cyclic group Z5 is a cyclic group of order 5, Since 5 is prime, Z5​ is a simple group, meaning it has no nontrivial 
normal subgroups. Z6 = {0,1,2,3,4,5} under addition modulo 6. It is a cyclic group generated by 1, 𝑍6= ⟨1⟩, the subgroups 
of 𝑍6 correspond to the divisors of 6, {0} (trivial subgroup), ⟨3⟩= {0,3} (order 2), ⟨2⟩= {0,2,4} (order 3), 𝑍6 itself. G= {1, 
-1, i, -i} is a cyclic group which is abelian and it is a normal subgroup such as {1} ∆ {1, -1} ∆ G (Hungerford, 1974). 
Here, {1, -1} is a normal subgroup of G because it is the unique subgroup of order 2, and every subgroup of an abelian 
group is normal. This sequence forms a normal series as each subgroup is normal in the entire group (Bhattrai, 2011; 
Maharjan, 2007). The length of a subnormal series is the number of proper containment steps in the series, which is 
equal to k. For example, in the cyclic group 𝑍6 = {0,1,2,3,4,5}, one possible subnormal series is 𝑍6 ∆⟨3⟩ ∆ {0}. Since, 
this series has two strict containment steps, its length is 2 (Dummit & Foote, 2008). Again, for the dihedral group, let 
n>2 and S be the set of all vertices of regular n-gon is called the dihedral group of degree n denoted by Dn and written by 
|Dn| = 2n, D4= {(1), (1234), (13) (24), (1432), (24), (13), (12) (34), (14) (23)}. Here, D4 admits a normal series, meaning 
it can be decomposed into a chain of normal subgroups (Maharjan, 2007).
Nilpotent Groups Generalize Structural Simplicity and Applications in Group Theory

Nilpotent groups generalize abelian groups and have a well-structured lower central series, making them easier to 
study (Howe, 2022). It plays a crucial role in the classification of finite groups and p-groups, which are fundamental in 
algebra and number theory (Burton,2010; Howe, 2022). Nilpotent groups correspond to nilpotent falsehood algebras, 
which are essential in solving differential equations, understanding geometry, and modeling physical systems in quantum 
mechanics and relativity. Every nilpotent group is solvable, but not every solvable group is nilpotent (Dummit & Foote, 
2008). 

Nilpotent groups have a faster approach to reaching the trivial group through the lower central series, while solvable 
groups use the derived series. For example, the group (a group of upper triangular matrices with 1s on the diagonal) is 
nilpotent, and since all nilpotent groups are solvable, it is also solvable (Vasishtha & Vasishtha, 2000).

The symmetric group S4 is solvable, but not nilpotent. However, a p-group (for prime 𝑝) is always nilpotent, and 
hence solvable. Nilpotency measures how close a group is to being abelian, with strict constraints on its commutator 
structure. Solvability measures whether a group can be broken down into abelian quotients using the derived series 
(Dummit & Foote, 2008).

The commutator subgroup acts as the first step in the process of measuring nilpotency, making it the “basis” for 
understanding nilpotent groups (Israel, 2007). If the commutator subgroup is small or gets absorbed quickly in the lower 
central series, then the group is highly nilpotent. S3 is solvable group and S5 is not solvable (Dummit & Foote, 2008).  
Methods

This study employed a qualitative ethnographic research design to explore the role of abstract thinking in teaching 
solvable and nilpotent groups in algebra (Creswell, 2009). Conducted in higher education settings, the research focused 
on three experienced university-level abstract algebra instructors. Data collection methods included unstructured 
questionnaires, semi-structured interviews, and classroom observations (Creswell & Creswell, 2018). The unstructured 
questionnaires and interviews captured teachers’ perspectives on fostering abstract thinking and the challenges students 
face in grasping complex group theory concepts. Classroom observations provided real-time insights into teaching 
strategies, student engagement, and approaches to addressing conceptual difficulties.

The study was grounded in a qualitative paradigm, embracing an ontological belief in multiple realities and a 
subjective epistemology where knowledge is co-constructed between researcher and participants (Creswell, 2012). An 
interpretivist methodology guided the inquiry, aiming to understand the lived experiences and instructional intentions of 
the teachers. A value-laden axiological stance acknowledged the researcher’s positionality in the knowledge construction 
process. Through interviews and observations, the study explored how abstract thinking supports students’ conceptual 
clarity, problem-solving skills, and mathematical maturity when learning solvable and nilpotent groups in group 
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theory. We applied the insights and experiences shared by teacher A, B, and C with full respect for their confidence, 
confidentiality, and privacy

For data analysis, we used a thematic analysis approach, categorizing findings into basic themes, which captured 
specific challenges and strategies; organizing themes, which grouped related ideas such as instructional techniques 
and engagement methods; and global themes, which provided a broader understanding of the overall impact of 
abstract thinking in algebra instruction (Creswell, 2007). This triangulated approach combining questionnaires, in-
depth-interviews, and observations ensured a comprehensive and in-depth understanding of the teaching practices and 
challenges related to abstract thinking in algebra for the nilpotent and solvable groups (Creswell, 2012). 
Results and Discussion

The findings of the study have highlighted key themes related to the role of abstract thinking in teaching solvable 
and nilpotent groups in algebra. Through unstructured survey responses and interviews with three experienced higher 
education teachers, we identified several basic themes, such as difficulties in understanding group structures, the 
necessity of step-by-step explanations, and the use of real-world analogies. These basic themes were grouped into 
organizing themes, including effective teaching strategies, student engagement challenges, and conceptual barriers in 
abstract algebra. We concluded global themes such as understanding definition and concepts, visualizing and working 
with group series, recognizing Nilpotency and the role of the center, and distinguishing between solvable and Nilpotent 
groups. We gave the three code of the mathematics teachers such as A, B, and C.

We analyzed several global themes that emerged from our study, which helped to organize our analysis of the role 
of abstract thinking in teaching solvable and nilpotent groups. We have observed the classroom teaching of the abstract 
algebra course conducted by Teachers A, B, and C. During each session, we used an observation checklist consisting of 
15 criteria related to abstract algebra instruction. We filled in the checklist by marking either “Yes” or “No” based on 
what we observed in the classroom.
Understanding Definitions and Concepts 

 When we visited Teacher A, we explained the research objective and conducted an in-depth interview focused on 
abstract algebra, particularly on the topics of Nilpotency and Solvable Groups. Our questions were related how does 
abstract thinking influence students’ understanding of solvable groups in abstract algebra. He responded that abstract 
thinking plays a crucial role in helping students understand solvable groups, as it allows them to move beyond surface-
level definitions and engage with the underlying structure of the group.

We also visited Teacher B and shared the research objective with him before asking about his views on Nilpotent 
and Solvable Groups. He enthusiastically shared his perspective, discussing the progression from basic concepts to 
theorems. He recalled the difficulties students face in understanding and memorizing the definitions and concepts related 
to nilpotent groups. Regarding his own understanding of abstract algebra, he said, “I am still teaching based on what 
I studied at the Master’s level.” He further emphasized the importance of practice over rote memorization, noting 
that it is more meaningful for students to understand that a group is solvable if its derived series terminates in the 
trivial subgroup. In this context, he added, students with strong abstract thinking skills are better able to visualize how 
successive commutator subgroups simplify the structure of a group. Ultimately, this form of reasoning helps students 
connect the concepts of nilpotency and solvability with broader ideas such as group decomposition, normal subgroups, 
and abelian properties, thereby deepening their conceptual understanding (McGinn et al., 2015).

 	 Teacher C added that students often find nilpotent groups challenging due to their abstract and structural 
complexity, especially the lower central series and recursive definitions. He also confused that the nth term of Nilpotent 
group such as an example G = {1, -1, i, -i} be a group. The center of the group is     Z(G) = {1, -1}. It is abelian group 
series so {e}=Z0(G) ≤ Z1(G) =G 

(1) = {e}=Z0(G) < Z1(G) = {1, -1} = G   which is the Nilpotency of one. The group G = {1, −1, i, −i}, which consists 
of the fourth roots of unity under multiplication, is an abelian group. In any abelian group, every element commutes with 
every other element. 

This means that the center of the group, denoted by Z(G), which consists of all elements that commute with every 
element in the group, is the group itself. The concept of nilpotency is studied through the upper central series, which 
begins with the trivial subgroup Z0 (G) = {1} and continues with Z1(G) = Z(G), and so on. Since G is abelian, the center 
Z(G) equals G, so the series terminates at the first step with Z1 (G) = G. When the upper central series reaches the whole 
group at the first step beyond the trivial subgroup, the group is said to be nilpotent of class one. 

Therefore, G is nilpotent of class one because it is abelian, and its center already contains all its elements abstract 
reasoning helps students navigate these difficulties by enabling them to generalize and understand hierarchical group 
behavior (Wasserman, 2017). Conceptual visualization through tools like subgroup matrixes and commutator trees 
enhances comprehension by making abstract ideas more intuitive (Veith et al., 2022). A solid foundation in basic group 



| 4

Vol. 10. Iss. 1, 2025 

theory concepts (e.g., normal subgroups, homomorphisms) supports deeper understanding of solvable and nilpotent 
groups (Ayres & Jaisingh, 2004; Johnson et al., 2015; Ying &Osman, 2020). 

 Furthermore, teacher A also added that the activities such as proof construction, counterexample exploration, 
and group classification foster abstract thinking and deepen reasoning (Ticknor, 2012). However, without concrete 
examples, students may resort to memorization, i.e. examples like upper-triangular matrices or the Nilpotent group help 
ground these abstract ideas. Techniques like symbolic manipulation and recursive thinking enhance understanding of 
commutators and derived series (Shikalepo, 2020). While high abstraction can discourage some students, it can also 
inspire those drawn to logical challenges. To maintain engagement, teaching should balance abstraction with examples, 
using progressive abstraction and visual aids (Khanna & Bhambri, 2013). Finally, developing students’ metacognitive 
skills through reflection, self-explanation, and strategic thinking strengthens their ability to understand and navigate 
complex algebraic structures.
Visualizing and Working with Group Normal Series and Subnormal Series

 For the visualizing of the Normal series and Subnormal series such as teacher A viewed when we met Teacher 
A, he expressed concern about the difficulty in visualizing and teaching abstract algebraic concepts such as solvable 
groups, nilpotent groups, and especially the ideas of normal series and subnormal series. Moreover, S3 permutation 
group is the normal series such as {e}∆ A3 ∆ S3, where {e} is a trivial subgroup, A3 = {e, (123), (132)} is an alternating 
group which is normal in S3. According to him, these topics are particularly challenging to explain because students 
often begin studying group theory without a strong foundational background. The concepts are highly theoretical and 
tend to lack intuitive appeal unless it is supported by concrete examples, visual representations, or real-world analogies 
(Agustyaningrun et al., 2021). 

Teacher A further noted that the prevailing pass-only education system encourages students to focus solely on 
passing exams rather than truly understanding the subject matter. As a result, many students struggle with abstract 
algebra, lacking the logical progression and conceptual grounding needed to grasp these advanced topics. Teacher A 
emphasized the need for interactive teaching methods, conceptual clarity, and the use of simple, illustrative examples to 
make these abstract ideas more accessible and meaningful to learners. 

 	 The ability to visualize group structures and work through series like the derived series and central series was 
highlighted as crucial for students to grasp the concepts of solvability and nilpotency (Dummit & Foote, 2008). Abstract 
thinking plays a crucial role in helping students visualize and work with group series such as those found in solvable 
and nilpotent groups. When students develop the ability to think abstractly, they can better understand the recursive 
and hierarchical nature of group series like the derived series and the lower central series (Agustyaningrun et al., 2018; 
Khanna & Bhambri, 2013). These concepts are essential to defining solvable and nilpotent groups, yet it is highly 
abstract and difficult to grasp without a strong foundation in logical reasoning (Ticknor, 2012). Teacher B concluded 
that abstract thinking enables learners to move beyond surface-level memorization and begin to see how each step in 
a group series builds upon the last (Israel, 2007). Prior exposure to fundamental group theory concepts such as normal 
subgroups, quotient groups, and homomorphisms further strengthens their ability to connect abstract definitions to the 
larger algebraic structures (Booth et al., 2013). Tasks like constructing proofs, analyzing subgroup relationships, or 
exploring derived series using algebraic structure allow students to reason through group hierarchies and enhance their 
conceptual grasp (Lang, 1994).

When we discussed with Teacher C, he shared his concern about the difficulty in visualizing and teaching abstract 
algebraic concepts such as solvable groups, nilpotent groups, normal series, and subnormal series. These topics are 
often hard for students to grasp due to their abstract nature and the lack of a strong foundational background. I could 
relate to Teacher C’s experience, as I also faced challenges in teaching these concepts with examples. However, as I 
continued teaching and engaging more deeply with the material, I gradually began to understand the examples myself. 
This experience helped me realize that the teaching process itself can enhance a teacher’s understanding, and that 
learning by teaching is a powerful approach—not just for students, but for teachers as well.

Teachers C also said that conceptual visualization, such as using subgroup lattices, group trees, or diagrams, 
permutation groups that illustrate the progression toward the identity element, can significantly improve students’ 
understanding of these abstract ideas. These visual tools bridge the gap between symbolic operations and conceptual 
meaning, especially for students who struggle to interpret the definitions of solvable and nilpotent groups without 
concrete examples. Activities that encourage reflective problem-solving, collaborative exploration, and explaining 
reasoning out loud help promote metacognitive skills, enabling students to monitor and adjust their learning strategies 
(Barz et al., 2024; Howe, 2022). Additionally, gradually increasing abstraction from specific group examples to general 
properties helps maintain motivation and engagement (Cetin & Dekici, 2021). Students are more likely to stay invested 
when they can visualize progress and connect theory to meaningful structures (Herstein, 2006; Sleeman, 1986). Teachers 
can support this by integrating progressive abstraction, visual aids, analogies, and opportunities for students to construct 
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their own group series or explore the implications of group commutators and derived subgroups using logical reasoning 
(Wasserman, 2017).
Recognizing Nilpotency and the Role of the Center

  For the concept of the recognizing Nilpotency and the role of the center. Teacher A adds abstract thinking is 
essential in recognizing nilpotency and understanding the role of the center in group theory. Teacher A mentioned that 
finding the center of a given group is very important. He provided the example ax=xa for all 𝑥∈𝑍, demonstrating how 
the center works in a commutative group. Additionally, Teacher A pointed out that elements in the center of a group 
commute with all other elements in the group, including those in the centralizer. This relationship highlights the role of 
the center in a group and how it interacts with other important subsets like the centralizer and the center itself. 

The center of a group is key to understanding nilpotent groups, as it forms the basis of the upper central series 
a sequence of subgroups that builds from the center and eventually covers the entire group. If this process finishes in 
finitely many steps, the group is nilpotent. Such groups have a non-trivial, often large center, reflecting a high level of 
commutativity. All abelian groups, where the center is the whole group, are nilpotent of class one. Thus, the center is 
crucial for analyzing the group’s structure and degree of commutativity.

Students who develop strong abstract reasoning skills can better grasp how nilpotent groups are defined through 
the lower central series and how this series terminates in the identity subgroup. These students are also more likely to 
appreciate the importance of the center of a group since nilpotent groups often have large centers that influence the 
structure of the group itself. Abstract thinking helps students visualize how successive commutators move “deeper” 
into the group’s structure and how the behavior of central elements governs the simplification of the group through 
recursive steps (Leron & Dubinsky, 1995). Without this level of abstraction, students may struggle with the recursive 
nature of definitions or fail to recognize the hierarchical relationships among subgroups (Lanski, 2010). Prior exposure 
to key concepts like normality, commutators, and centralizers equips learners with a stronger foundation for interpreting 
nilpotency and solvability, making advanced topics more accessible (Lanski, 2010).

Teacher B emphasized that the center of a group is very important for recognizing whether a group is nilpotent. 
According to Teacher B, the center helps reveal the internal structure and level of commutativity within a group. In 
particular, he pointed out that the construction of the upper central series, which is used to define nilpotency, begins with 
the center. If this series eventually reaches the whole group in a finite number of steps, the group is considered nilpotent. 
Thus, the presence of a non-trivial and progressively growing center is a strong indicator of nilpotency in a group 
(Johnson et al., 2015). These tools allow students to “see” how the center plays a pivotal role in breaking down the group 
and leading to nilpotency. Activities such as constructing lower central series, identifying centers, and proving group 
properties through induction promote abstract thinking and deeper engagement (Maharjan, 2007). Teacher C viewed that 
to bridge the gap from concrete to abstract, teaching should begin with familiar group examples (like upper-triangular 
matrix groups or permutation groups, cyclic group, Dihedral group, Alternating group) and guide students through the 
abstraction process (Goyal et al., 2015). As students learn to monitor their thought processes and adapt their problem-
solving strategies, he become more adept at navigating the complexities of solvable and nilpotent groups, leading to 
greater confidence and competence in abstract algebra (Sleeman, 1986).
Distinguishing Between Solvable and Nilpotent Groups

  Teacher A claimed that distinguishing between solvable and nilpotent groups in abstract algebra requires a deep 
level of abstract thinking, as these group properties rely on understanding series of subgroups and their behavior under 
group operations. Abstract thinking allows students to comprehend the difference between the derived series (used for 
solvable groups) and the lower central series (used for nilpotent groups). Solvable groups are characterized by a series 
of subgroups where each quotient is abelian, while nilpotent groups require that the lower central series terminates at the 
identity subgroup. Students who can engage in symbolic manipulation and logical deduction are better able to trace these 
series and interpret what it means for a group to become progressively simpler in structure (Saracino, 2017). Teacher B 
viewed that however, many students struggle with nilpotent groups because their structural behavior is less intuitive and 
more reliant on recursive definitions involving the center of the group. Abstract reasoning helps students move beyond 
rote memorization, allowing them to understand how each level in a group series contributes to the overarching group 
property (Manandhar & Sharma, 2021).

Teacher C said that to improve teaching and understanding, conceptual visualization plays a key role. Diagrams 
such as subgroup lattices, central and derived series trees, and visual analogies of “descending” to identity help make 
abstract definitions more tangible. Prior knowledge of normal subgroups, abelian groups, and homomorphisms is 
crucial it acts as a scaffold for grasping more complex structures (Fraleigh, 1984). Activities that foster abstract thinking 
include proof-based tasks, constructing examples and counterexamples, analyzing series, and discussing why certain 
groups fit or do not fit the solvable/nilpotent criteria. Without concrete examples, students often misinterpret or fail to 
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internalize abstract group properties. Examples like the symmetric group S3 or upper-triangular matrices with 1s on the 
diagonal provide necessary anchoring (Ticknor, 2012). Teaching strategies should gradually transition from familiar 
groups to abstract structures, using tools such as conceptual mapping, guided discovery, and dynamic algebra software 
(Setianingrum et al., 2020). Developing students’ metacognitive skills encouraging them to reflect on how they reason, 
where they struggle, and how they approach abstract relationships them navigate the complexities of higher algebra with 
greater confidence and insight (Xue, 2022). 
Classroom Observation 

Teacher A delivered a highly effective and conceptually rich lesson on solvable and nilpotent groups. The teacher 
began by clearly defining both concepts, establishing strong connections between foundational group theory and abstract 
algebraic definitions. Throughout the session, illustrative examples were provided to help students transition from 
concrete understanding to abstract reasoning. The lesson included exploration of commutator subgroups and the lower 
central series, encouraging students to think beyond memorization. Teacher A promoted generalization from specific 
group examples and used diagrams, algebraic structures, and metaphors such as “layers” to make abstract ideas more 
tangible. Students were prompted to reflect on the meanings and implications of definitions, worked through derivations 
collaboratively, and posed thoughtful questions. Group discussions and peer explanations further reinforced conceptual 
clarity. Tasks involving derived and lower central series challenged students and allowed them to apply theoretical 
knowledge. Misconceptions were addressed through abstract reasoning, and students demonstrated confidence in using 
abstract terminology and logic throughout the lesson. Overall, Teacher A fostered a deep and meaningful learning 
experience grounded in active student participation and abstract understanding.

Teacher B conducted a more traditional, lecture-style session with a focus on procedural clarity rather than 
conceptual exploration. While the teacher provided definitions of solvable and nilpotent groups, these were presented 
briefly and with limited emphasis on underlying ideas. Some attempts were made to link group theory basics to abstract 
definitions, and basic examples were given, though their connection to abstract thinking was minimal. The teacher 
made a brief mention of commutator subgroups but did not delve into their significance. Students were mostly passive, 
with few opportunities for generalization, discussion, or reflection. Abstract representations were used symbolically but 
not visually or metaphorically. Although the teacher guided the class through a basic derivation, it was not interactive, 
and students rarely asked questions beyond clarification. Group discussion was absent, and misconceptions were not 
thoroughly addressed. While a simple problem related to the lower central series was included, students appeared unsure 
and lacked confidence in abstract reasoning. Overall, Teacher B’s lesson was content-accurate but did not sufficiently 
engage students in deeper mathematical thinking.

Teacher C presented an interactive and inquiry-based lesson that successfully promoted abstract thinking, even 
though some technical depth was less emphasized. Definitions of solvable and nilpotent groups were introduced 
through questions and dialogue, helping students co-construct meaning. The teacher effectively linked familiar group 
theory concepts to more abstract definitions, and encouraged students to share and analyze their own examples. Visual 
representations such as diagrams and symbols were used, and analogies like organizational hierarchies made the concepts 
more accessible. The exploration of commutator subgroups was student-driven, fostering conceptual understanding. 
Teacher C frequently encouraged reflection, generalization, and reasoning. Students participated in problem-solving 
tasks, worked through derivations in groups, and engaged in vibrant discussions that clarified misconceptions. Their 
questions demonstrated curiosity and a willingness to grapple with abstract ideas. By the end of the lesson, students 
showed increased comfort and fluency with abstract mathematical abstraction. Overall, Teacher C’s approach successfully 
balanced student engagement, conceptual depth, and collaborative learning for the abstract algebra.
Conclusion

We explored the abstraction of nilpotent and solvable groups such as in conclusion, understanding solvable and 
nilpotent groups requires a high level of abstract thinking, which is often a significant hurdle for students in advanced 
algebra. These group structures demand a conceptual grasp of derived and central series, commutators, quotient groups, 
and the roles of abelian and center-related properties topics that rarely have intuitive or concrete counterparts. The 
transition from learning basic group operations to analyzing hierarchical subgroup structures necessitates not only 
mathematical maturity but also the ability to visualize abstract progressions and understand their theoretical significance. 
Students often face difficulties due to a lack of exposure to concrete examples, insufficient foundational knowledge, and 
limited opportunities for conceptual visualization or exploration. Without strong scaffolding, learners may struggle to 
make meaningful connections and are prone to rely on memorization rather than deep comprehension.

To effectively teach these concepts, educators should integrate strategies that build abstract reasoning and 
metacognitive awareness. This includes using visual representations of group series, computational tools to model complex 
group behaviors, and tasks that encourage students to generalize and reflect on patterns within algebraic structures. 
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Activities such as exploring symmetric, permutation group, cyclic groups and quaternion groups, constructing group 
series, or examining solvability in historical contexts like Zassenhaus theorem can promote engagement and insight. 
Most importantly, instruction should prioritize gradual abstraction linking new content to prior knowledge and building 
from concrete examples to formal definitions. By fostering both conceptual understanding and cognitive flexibility, 
educators can help students navigate the abstract nature of solvable and nilpotent groups, ultimately deepening their 
appreciation of higher algebra.
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