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Navigating Number Systems for Computational Precision: An
Analytical Exploration
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Abstract:-

The main objective of this article is to study all numbers that have occurred so far in the
theoretical discussions were real (or complex) numbers in the strict mathematical sense. That
is, they were to be conceived as infinite decimal fractions, or as Dedekind cuts. For the purposes
of computation such numbers have to be approximated by real numbers of a rather special type,
such as terminating decimal fractions, or other rational numbers. The present article is devoted
to a study of the number systems that can be used for the purpose of computation.
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Introduction:-
1.1 Representation of the integers:

Let us take a look at our conventional number system. What do we mean by a symbol such as 247?
Evidently

247 _2-100 + 4-10 + 7
_2-10*+4-10"+7-10°

Here's the breakdown of representation of 247:

247 = 2 -100 + 4 -10+ 7

This expression breaks down 247 into its hundreds, tens, and ones place. In the decimal system,
the place values increase by powers of 10 from right to left: ones, tens, hundreds, thousands,
and so on.

2100 + 410+ 7

This line further simplifies the expression by showing that 100 is equivalent to 10 X 10, which
is why it's written as 102. Similarly, 10 is just 10 and 7 is 100.

So, 247 is represented as a polynomial in the base 10, where the coefficients (2, 4, and 7) are
integral (whole) numbers ranging from 0 to 9 (since the digits in the decimal system range from
0 to 9), which can be expressed as 10 — 1.

This representation helps understand how the number is composed of multiples of powers of
10, reflecting its place value system in the decimal system.
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There is no intrinsic reason why 10 should be used as a base; the number of fingers may have to
do with it. There is evidence that in cultures different from ours other number systems have been
used. The French word quatre-vingts for the number 80 indicates a system with base 20. (Maybe the
French counted with their toes as well as with their fingers.) In New Zealand, words for 11% and 11°
have been found. The Babylonian astronomers used a sexagesimal system, i.e., a system with the
base 60. A trace of this can be found in our dividing the circumference of the circle into 360 degrees.
Also mixed systems, although mathematically much less satisfying, are in use, such as the Anglo-
Saxon system for measuring length, and the English monetary system. In electronic computation,
the digits of an integer are represented by various states of the physical quantity such as electric
current. The technically simplest situation arises when there are only two states to be represented,
such as the state “no current” and the state “a unit current.” For this reason, modern electronic
computers work internally almost exclusively with the base 2. The resulting number system is called
the binary system. In this system, only the digits 0 and 1 occur. In order to distinguish them from
decimal digits, we shall underline them. Thus, if a given nonnegative integer N is in the binary
system represented in the form

(Do N=ap2" +ap 2"+ ;2" + ao2°

Where the a, are either zero or one, it will be written in the form

ApQp_q - Q10

Sample:-
1=1, 2=10, 3=11, 101=5, 8=1000, 1010=10.

If we wish to communicate with a computer working in the binary system, we (or the computer)
must be able to convert a number from the decimal to binary system and conversely. To convert
from binary to decimal, we regard the number N given by (1) as the value of the polynomial

P(x)= ax"+a,_x" 1+  a;x+ ag

For x =2. To evaluate P(2),we may use algorithm.(Note that the coefficients are differently numbered
now.) It follows that if we calculated the numbers b_recursively by

() I b,=a , b =a  +2b (forK=1,2,...,n),

k

Thenb =P(2) =N.

2. To express the number N = 11111001111 in decimal. The Horner

Scheme yields
K 0 1 2 3 4 5 6 7 8 9 10
a., 1 1 1 1 1 0 0 1 1 1 1
b 1 3 7 15 31 62 124 249 499 999 1999

k
It follows that N = 1999.

To convert a given integer from decimal to binary, we make use of the fact that the last
binary digit a_ of an integer N is zero if and only if N is even. The second binary digit a, is zero if
and only if (n —a,)/2 is even, and so on. This leads to the following scheme:
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Algorithm (a) To find the binary representation (1) of a given positive integer N we let

NO == N,
A3)..... Ny—ap K=0,1,2,.
Niyq = Rzak
Where
1, if Ni is odd,
4)......... =
@ Tk 0, if Ny iseven.

Continue until N, = 0.

3. To express N = 1999 in binary form. Algorithm (a) yields the scheme

K 0 1 2 3 4 5 6 7 8 9 10
N 1999 999 499 249 124 62 31 15 7 3 1

k

a 1 1 1 1 0 0 1 1 1 1 1

k

It follows that 1999 = 11111001111. (Note that the least significant digits are obtained first) The
scheme is an exact reversal of the scheme of the 2.

1.2 Binary Fraction:
A binary fraction is a series of the form
(5. z=Yr a_,27%,

Where the coefficients a_, a ,,... are either zero or one, the series (5) always converges,
because it is majorized by the geometric series

w e 11
Dhe12 k=5—1=1

2
The sum z of (5) will also be denoted by
z=0.a_ja_,a_s ..
The binary fraction (5) is said to terminate if , for some integer n, a, =0, k> n.

The following theorem is fundamental, but will not be proved:-

Statement: Any real number z, 0 <z < I can be represented in a unique manner by a non terminating
binary fraction.

If we drop the condition that the binary fraction shall not terminate, then the representation may not
be unique, for instance, the binary fractions

0.1 and 0.01111.....

both represent the number 0.5.

A te.rmlnatlon binary fraction 5z — (), A_1A_y...a_y Can be regarded as the value of
the polynomial

P(x) = a_;x + a_,x° +.a_,x"
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1
Atx = > and thus can be evaluated by algorithm {Horner s scheme) as follows: Let

- - 2 -

bo a,, bk a,.,+ bk—I’ k=12 ..n,
where a,= 0, Then b = z.

Here is an example,

To express z=0.00110011 in decimal. Horner’s scheme yields

K a_, b,

0 1 1

1 1 15

2 0 0.75

3 0 0.375

4 1 1.1875

5 1 1.59375

6 0 0.796875

7 0 0.3984375
8 0 0.17721875

It follows that z=0.19921875.
Another method for converting a terminating binary fraction consists in converting the integer
2'z=a 2"*+a 2" +a 2"+ .. +a_;and dividing the result by 2".

Except in special circumstances, non-terminating binary fractions cannot be converted into
terminating decimal fractions. To get an approximate decimal representation, we truncate an
infinite binary fraction after the n digit and convert the resulting terminating fraction. The error in
this approximation will be less than 2.

The inverse problem of converting a given (decimal) fraction into binary fraction is
solved by the following algorithm:-

Algorithm: For a real number z such that 0 < z < 1, calculate the sequence (z, ) and (a )
recursively by the relations
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1, if2z,>1,
a_, = .
(6)....... k70, if2z, <1,
Reference:- Zgy1 = 22 — A, K=1,2,....
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