


culus or q-calculus. In q-calculus, the mathematical relations are converted

into q framework which can be recaptured in the classical framework when

q → 1 . The rapid growth on q-calculus is due to its applications in vari-

ous branches of mathematics and physics such as number theory, orthogonal

polynomials, basic hyper-geometric series, calculus of variations, quantum

computing, quantum theory, mechanics, theory of relativity and so on.

The first formula in q-calculus was obtained by Leonhard Euler in the

middle of the eighteenth century. But the systematic initiation on q-calculus

was done by F.H. Jackson by introducing the notion of q-derivative and

definite q-integral in 1908 and 1910 respectively. In the second half of the

twentieth century, there was a significant increase in the area of q-calculus

due to its application in physics and mathematics.One of the applications of

quantum calculus is in the theory of integral inequality.

This paper aims at enhancing q-analogue of the generalized q-Holder’s

integral inequality on a finite interval.

2.Preliminaries and Results

F.H. Jackson [3] reintroduced the Euler-Jackson q-difference operator,

called q-derivative which is defined as

Dqf(t) =
f(t)− f(qt)

(1− q)t
, t ∈ (0, b), q ∈ C\{1}
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for f : [0, b) → R, 0 ≤ b < ∞.

It is clear that if f(x) is differentiable, then limq→1 Dqf(t) =
df(t)
dt

. F.H.

Jackson introduced the concept of q-definite integral extending the idea of

q-calculus. The q-definite integral is defined as

∫ x

0

f(t)dqt = (1− q)xΣ∞
n=0q

nf(qnx), x ∈ (0,∞)

Tariboon et al. in 2013 [2] defined q-derivative on finite interval as follows:

Definition 2.1 The q-derivative of a continuous function f : J = [a, b] ⊂

R → R at a point t ∈ J on [a,b] is defined as

aDqf(t) =
f(t)− f(qt+ (1− q)a)

(1− q)(t− a)
, t �= a

and

aDqf(a) = limt→a aDqf(t)

Tariboon et al. [2] defined q-integral on finite interval J =[a,b] as follows:

Definition 2.2 Assume f : J → R is a continuous function. Then the

q-integral on J is defined by
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∫ x

a

f(t)adqt = (1− q)(x− a)Σ∞
n=0q

nf(qn + (1− qn)a),

Definition 2.3 Let a and b be vectors in Rn such that a = (a1, ..., an), b =

(b1, ..., bn) where ai and bi are real numbers.Then the following result is cred-

ited to Otto Holder, known as Holder’s inequality in discrete form.

Theorem 1 If p > 1 and q > 1 are such that

1

p
+

1

q
= 1

then

Σn
i=1|aibi| ≤ (Σn

i=1|ai|p)
1
p (Σn

i=1|bi|q)
1
q .

It is noted that if n = 2, and p = 2 = q, then the inequality (6) reduces to

the famous Cauchy - Schwarz inequality.

Theorem 2 [1] Suppose that p and q are real numbers with 1 ≤ p, q ≤ ∞

with 1
p
+ 1

q
= 1 and f and g are integrable functions. Then the functions |f |p

and |g|q are also integrable and the following Holder’s inequality holds:

∫ b

a

|f(t)g(t)|dt = (

∫ b

|f(t)p|dt)
1
p )(

∫ b

a

|g(t)|qdt)
1
q )
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In order to derive the generalized Holder’s inequality we need the help of

following two lemmas known as Young’s inequality.

Lemma 1. For a, b ≥ 0, p > 1 and 1
p
+ 1

q
= 1, then inequality

ab ≤ ap

p
+

bq

q

is satisfied.

This inequality can be generalized as follows:

lemma 2. For i = 1, 2, ..., n, let xi ≥ 0 and αi > 1 such that Σn
i=1

1
αi

= 1,

then the inequality

n∏
i=1

Q
1
αi ≤ Σn

i=1

Qi

αi

is valid.

Tariboon et al [2] stated and proved the q-Holder’s integral inequality on

a finite interval J = [a, b] as follows:

Theorem 3 Let x ∈ J, 0 < q < 1, p1, p2 > 1 such that 1
p1

+ 1
p2

= 1 , then

∫ x

a

|f(t)g(t)|adqt ≤ (

∫ x

a

|f(t)|p1adqt)
1
p1 (

∫ x

a

|g(t)|p2adqt)
1
p2 .
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The generalized q-Holder’s integral inequality is stated as follows:

Theorem 4. Let f1, f2, ..., fn be functions such that the integral exist.

Then the inequality

∫ a

0

|
n∏

i=1

fi(t)|dqt ≤
n∏

i=1

(

∫ a

0

|fi(t)|αidqt)
1
αi

holds for αi > 1 such that Σn
i=1

1
αi

= 1

Proof: Let, αi > 1 such that Σn
i=1

1
αi

= 1. Then by definition of q-Jackson

integral we obtain,

∫ a

0

f(t)dqt = (1− q)aΣ∞
k=0q

kf(aqk)

And from the relations

Σn
i=1|

m∏
i=1

Qi,k| ≤
m∏
k=1

(Σn
i=1)|Qi,k|αk)

1
αk

we obtain

∫ a

0

|
n∏

i=1

fi(t)|dqt = (1− q)aΣ∞
k=0

n∏
i=1

|fi(aqk)qk.
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≤ (1− q)a
n∏

i=1

(Σ∞
k=0|fi(aqk)|αiqk)

1
αi .

= ((1− q)a)
Σn

i=1
1
αi

n∏
i=1

(Σ∞
k=0|fi(aqk)|αiqk)

1
αi .

=
n∏

i=1

((1− q)a)
1
αi

n∏
i=1

(Σ∞
k=0|fi(aqk)|αiqk)

1
αi .

=
n∏

i=1

((1− q)aΣ∞
k=0|fi(aqk)|αiqk)

1
αi .

=
n∏

i=1

(

∫ a

0

|fi(t)|αidqt)
1
αi

This completes the proof.

Now, we proceed to prove the generalized q-Holder integral inequality on

a finite interval.

3. Main Result

Theorem 5 Let J = [tk, tk+1] = [a, b], let x ∈ J, 0 < q < 1, and αi > 1,

such that Σn
i=1

1
αi

= 1. Let, f1, f2, ..., fn be functions such that their integral

exist, then the inequality

∫ x

a

|
n∏

i=1

fi(t)|adqt ≤
n∏

i=1

(

∫ x

a

|fi(t)|αi
a dqt)

1
αi

holds.

Proof Let J = [tk, tk+1] = [a, b] Replace tk = a, tk+1 = b and qk = q.
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Then,

∫ x

a

|
n∏

i=1

fi(t)|adqt = (1− q)(x− a)Σ∞
k=0

n∏
i=1

|fi(qkx+ (1− qka))|qk.

= (1− q)(x− a)
n∏

i=1

(Σ∞
k=0|fi(qkx+ (1− qk)a)|αiqk)

1
αi .

= ((1− q)(x− a))Σ
n
i=1

n∏
i=1

(Σ∞
k=0|fi(qkx+ (1− qk)a|αiqk)

1
αi .

=
n∏

i=1

((1− q)(x− a))
1
αi

n∏
i=1

(Σ∞
k=0|fi(qkx+ (1− qk)a)|αiqk)

1
αi .

=
n∏

i=1

((1− q)(x− a)Σ∞
k=0|fi(qkx+ (1− qk)a|αiqk)

1
αi .

=
n∏

i=1

(

∫ x

a

|fi(t)|αi
a dqt)

1
αi .

This completes the proof.
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