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ABSTRACT

Theoretical physics based on several computational software. The code for theoretical
calculations of free energy is essential in many of the software. One of the codes frequently used in
molecular dynamics is FORTRAN (Formula Transformation) code. The free energy for thermal
and conformational are found to be 0.2 KJ/mol and 0.2 KJ/mol respectively. The average of the
total free energy of the theoretical system is found to be 0.40 KJ/mol. The free energy of a system
of theoretical molecule of butane is (—2.75 % 0.16) KJ/mol. The ranges of theoretical and
experimental values of free energy are found to be in considerable range. So, the FORTRAN code
can also be used in estimating the free energy of the system of molecules.

Keywords: Computational, FORTRAN code, Probability density, Conformational energy,
Thermodynamics energy

INTRODUCTION

The free energy is the energy associated with a chemical reaction that can be used
to do work. The free energy of a system is the sum of its enthalpy (H) and the product of
the temperature (Kelvin) and the entropy (S) of the system i.e., G = H — TS. It is also the
change in the enthalpy (H) of the system minus the product of the temperature (Kelvin)
and the change in the entropy (S) of the system:

AG = AH —TAS



BUTWAL CAMPUS JOURNAL, VOL. 5, NO. 1, JULY 2022 144

The change in free energy that occurs when a compound is formed form its
elements in their most thermodynamically stable states at standard-state conditions. In
other words, it is the difference between the free energy of a substance and the free
energies of its elements in their most thermodynamically stable states at standard-state
conditions. The standard-state free energy of reaction can be calculated from the standard-
state free energies of formation as well. It is the sum of the free energies of formation of
the products minus the sum of the free energies of formation of the reactants. The free
energy is the thermodynamic free energy and is the useful work that may be extracted
from a closed system. It is the function of energy of system (enthalpy), entropy and
temperature of the system (Kittel & McEuen, 1976). It may be zero / positive or negative.
Free energy calculation results reproduced for different model of water in experimental
work are in well agreement with computational simulation. Free energies for different
models are within 1.6 k] mol™! and entropies are within 3.6 JK~! mol~!. Approximately
two-thirds of the entropy comes from translation, a third from rotation, and 5% from
conformation. Intermolecular quantum effects for the classical oscillator lying within 0.5
to 0.7 KJmol™!, which is higher than that in the quantum case. The method of
thermodynamic integration, direct particle insertion, SMD and grand canonical Monte-
Carlo are the different way for calculation of free energy. Free-energy calculations have a
fundamental role in the understanding of many natural phenomena ranging from protein
folding up to polymorphic transitions in solids. To this end, molecular dynamics (MD) has
been extensively used together with a series of algorithms aimed at extending its
capabilities far beyond those allowed by straightforward MD. Among some of the most
popular enhanced sampling techniques are umbrella sampling (Stradner et al., 2007),
Jarzynski equation based methods and umbrella sampling (Jarzynski, 1997). So umbrella
sampling is introduced here.

Statistics of free energy

In the case of N particle system in 3D space the system is defined by the
Hamiltonian which is the function of position and momentum given by,

Thus,
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F(N,V,T) = —KgT *In [Lﬂ- exp [_H(p,q)] dpdq
Y h3N KgT

Here V-the volume of the system, T-absolute temperature of the system, Kg-
Boltzmann constant and h-Planck's constant. As free energy is the change in the energy of
the two corresponding state of a closed system hence it is expressed as,

Ng
AF = FB _FA = _KBTln -
Ny

Thermodynamic integration (TI)

As the state is changed the correspondingly interaction parameter is also changed in
between A = 0 and A = 1, so the Hamiltonian of the system can be written as (DeVries &
Hamill, 1995),

H=H(p,q,1)
Now for state A,
HA (p' q) = H(p, q, AA):
and for state B,

Hg(p,q) = H(p,q, 4p)

i.e. the Hamiltonian is function of A, thus the equation for F gives,

dF(2)

dA

OH(A)
EX

A

So the free emery difference of state A and state B of anmolecular system is ,

AB [aH(A
o=, = (2]

which is the thermodynamic integration (TI) formula. It gives the ensemble average,
<aH(A)
aA

integration). Now,

> from the simulation at a series of A's between A4 =0 to Az =1 (after
A
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B dF (1) .
or, i, — F, = W(AB_AA) /n!
1

Umbrella sampling

The method of umbrella sampling is introduced by Torrie and Valleau in 1974 —
1977. In this method blue moon ensemble approach along with some restrained factor of
biasing potential instead of reaction coordinate is used. The biasing potential is the
harmonic one called umbrella potential as,

1
W(f1(r, 12, 00,78),S) = EK(f1(7'1:7"2: v Ty) — 5)2-

A total potential of U(r) + W(f;,s) is incorporated in molecular dynamics
simulation (Tuckerman, 2001). The U's are choosen at various intermediate points
s, ..s™M in between initial s and final sU). Each of the reaction coordinate q =
f1(r) lies in between two end point values. Thus the new probability distribution function
P(s,sk) gives the profile of the true free energy throughout the entire range of the
reaction coordinate. An unbiasing techniques of weighted histogram analysis method
(Yang & MacKerell Jr, 2015) is implemented in finding the biased probability distribution
from each of the molecular dynamics,

P(s,s*) = exp [BA] [ dVre™# We Fw(fy,s*)6(fi(r) — ),

Where, A, the biased free energy and
o—PAK — f ANre~BUD =B (£, s*) = e~FAo <e—ﬁW(f1(r),sk)>
This average is obtain by considering unbiased potential U(r) and
o—Bho — f dNye-BU®

which is the configuration partition function for unbiased case and exp (fAg) is the
normalization constant. Now the corresponding unbiased probability distribution function
18,

P'(q) = e P(Ax — Ap)ePW(q,s*)P(q, s)
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Hence the full probability distribution function is obtained in terms of other two is,

P"(q) = Z1Cr(q)Pe(q) = TCh(q){e P (Ax — Ap)ePW (q,s¥)P(q, 51)}

Here C,(q) is optimised for accurate P''(q) and is 2C,(q) = 1. In oredr to find the
coefficient Cy (q) using WHAM (Yang & MacKerell Jr, 2015), let us write Hy (q), biased
histogram of each MD, then

1

P(Q:Sk) ~ m.

Where, Aq the bin width and n; the number of configuration sampled for k simulation.
The statistical error for kth window is then,

or = ex(qQ)H(q)/ (i Aq)

This epsilon measure the deviation of numerically sampled and actual distribution in the
kth window. Now the corresponding unbiased factor is,

e

To minimize the total error let us introduce a multiplier A as, in the error function,

n

H
2 — kZl C,f(q) {e_ZB(Ak - Ao)ezﬁw(q’sk) % —ACR=1Ce(g) — 1)

Taking derivation and then on solving in respect of A

AnkAq
2e,.Hy(q)e 2P (4, — AO)eZﬁW(q,S")

Ce(q) =

Now above equation gives,

n
n,A
}LZ k29 -
k=1 ZEka(q)e—Zﬁ(Ak —Ao)ezﬁ (a.s%)
1

YT mAq[2eHy (q)e =28 (Ay — Ag)e?PW(as)]

or, A
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Now from the above equation, we write,

e /€xHi(@)e 2P (Ay — Ag)e?FW(as")
" nle(@H;(@)e 2P (4 — Ag)e?F (@5)]

Ce(q) =

Here we assume that the biased histogram Hj (q) in each umbrella is well estimated and
the error function €, (q) is equal in all n umbrella windows. Thus,

Hy(q) x eP (A — Ao)eﬁw(q’sk)P”(Q)
Hence the constant can be rearranged as,

nkeﬁ (Ake—ﬁW(q,S(k)))

n (a5
j=1 y€ (

Cr(q) =

Therefore the distribution is

k=1 MePr(q)
e—B(Ak—40) g =BW(q.s™))

P"(q) =
k=1 Tk
or, e—ﬁ(Ak—Ao) — P"(q)e‘ﬁW(q'S(k))

1
or, P ~ ——— % e~ (@4 /247

2
2moy;

Where g, and g are obtaine by MD simulation.

Computation by FORTRAN

Computational simulations are first and time saving technique in modern theoretical
physics. Different multi-step calculations are tried to solve by writing computational
programming code. Such a basic programming for calculating free energy is FORTRAN
program (Raijlich et al., 2001). In the first part of the module, it needs the FORTRAN
programming language. To write and run programs in FORTRAN one requires to use a
simple text editor to write the code and a compiler to convert it into an executable so that
the computer can run. With proper FORTRAN development environment, one can write
FORTRAN code, compile it, and run it in a operating system like Linux. Several basic
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FORTRAN program (Moses, 1988) like £77, f95 and {90 are available which included as
a sample file that calculates the average of the numbers in a file called numbers.txt. Below
the code is a line-by-line annotation. Note that in Fortran any line beginning with the
character ! is a "comment," which is not translated into the executable program by the
compiler. These comments are simply to help the human reader of the code understand it
better. All of the code include comments to help or make them more human readable.
Linux (Ubuntu) operating system with suitable PC with FORTAN program is used
(Yatani et al., 2009) for theoretical estimation of free energy in FORTRANO90 code.

THEORY AND METHODOLOGY

Computational free energy estimation

The conventional method of numerical solution for free energy is non-Boltzmann
sampling method (Allen & Tildesley, n.d.) considering the configurationally partition
function as,

1
ew _

v (exp (BY))nvr

As per metropolis Monte Carlo (MC) the potential is negative or small positive. So,
umbrella sampling is chosen for estimating the free energy. For any two fluid A and B let
us write the potentials W(r) and W, () respectively then the free energy of reference fluid
can be written as (Callister, 2007),

A—Ay = —kg Tl (QQ) — —kgTIn ((exp (—BA%))o)
0

The free energy depends on different factors and hence can be calculated as,
thermodynamically free energy, van-der-Waal free energy, electrostatics free energy, L-J
free energy, proper and improper dihedral free energy and solvation free energy. Among
them here is the consideration of the dependency of the free energy only with the thermal
(B) and density function (conformational) py(¥). Now,

QQ - f d(AW)exp (~BAY) po(AW)
4] —

Where , p, (AW) is the density representing term of configuration r as,
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Y(r) =¥ (r) + AY.

This p, contains Boltzmann function exp (—fY,) Thus the the variation in
exp (—BAY) is Boltzmann distribution function (Sevcik, 2017) which favors the
configuration with large negative values of AW. Torrie and Valleau suggested the general
density function as,

pw (1) = W(r)exp (=B%¥o(r))/ f drW (r)exp (=B%¥o ()

Where W (r) = W(AW(r). For this numerical calculation we are considering weighted
function for representing the thermal dependency with function W (—FAW) which is
expressed as,

AA =y = W (—BAY)
Again the density functional dependency is,
A = po(AW)

It is difficult to get weighted function for density dependencyp,, even though one
can use exponential function as free energy calculation purpose. As it decreases with the
rise in temperature, so an exponential function can be used for free energy calculation,

AA exp(po (A‘P))
Or,AA = Cexp (po(AW))

Thus the free energy difference is the product of these two functions as given by equation
(Allen & Tildesley, n.d.),

AA = —K,TIn ({exp(—=pAY o) ) )

FORTRAN code programming

For writing the FORTRAN code of the numerical solution of the free energy let us
write the equations,

y = Cexp (—BAY).

It is also expressed as,
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y = a0 x exp ((AW/(a3 * (x —al))/a2)
And for density functional dependency,
Y = B4 = C exp [po(AW)]
It is also expressed as,
y = alexp (—(x —al)* * 2/a2)
Here, a0, al, a2 and a3 are arbitrary constants.

Code 1

The code for conformational contribution of free energy is,

!Conformational free energy is expressed as function of temperature.

—(Ex—(Ex))*
'P(E;) = Cexp {3Nkl<—§T’:,2}

lor,y = a0 * exp (—(x — al)?/a2)
'with, a0 = 1; Initia lvalue
lal = 315K; ( AverageTemperature ),

la2 = 0% * 128 K

implicitnone
integer : : i

integer : : x

real ::y

real :: a0,al,a2,a3

open (20, file = "conformational —FE13.dat")
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a0 = 10F — 14
al=0
a2 =1

a3 = 0.00138657

Ichange a3 from 0.00118657 to 0.00198657
do x = 250,360
Itemperaturerangemayvarieasrequiredhereis jixedwithin 250 to 360
y =a0 xexp ((15/(a3 * (x — al)))/a2)
write (*,%)x,y

write (20,%)x,y

!

enddo

endprogram

lgraphlisforT315K

lgraph 2 for 310 K

landgraph3 for 320k

Ichangeonly05, 1015 — —45

Ichangedata

Code 11

The code for thermal contribution of free energy is,

!Thermal contribution of Free energy is expressed as function of temperature.

152
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!made by jhulanpowrelcdptu

—(Ey — (Ex))*
3NKATE

IP(E;) = Cexp {
lor, y = a0 * exp (—(x — a1)?/a2)

! with, a0 = 1; Initialvalue

'al = 315K; ( AverageTemperature )

fa2 = gZ*128 K. I i 1 Iprogramexpo
implicitnone

integer : : i

integer : : x

real 1y

real :: a0, al, a2

open (20, file = "FE — Therm 428.dat")

a0=1

al = 360

Ichangea 1 from 250 to360buthereis fixedvalueat 360a2 = 928
Ichangea2from 0.28t0928

dox = 0,450

Ixisalso fixedat 0,450 onecanvariewithdifferentrangeoftemperarture
y=a0*exp (—(x —al) *+ 2/a2)

write (*,%)x,y
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write (20,%)x,y
enddo

endprogram

lgraphlisfor 250K

lgraph 2 for 255k

landgraph3 for 260 ketc

RESULTS AND ANALYSIS

154

The free energy of a theoretical system with considerable range of parameter is
estimated computationally using FORTRAN code. For this purpose we have estimated the
conformational as well as thermal free energy separately and then added them to find the
resultant free energy of the system.

Plots of conformational and thermal free energy

By considering the parameter of a3 ranging from 0.28 to 928 with interval of 100

the temperature versus free energy graph are plotted for both conformational and thermal
contribution of energy.

00— Foraazonotieesy| T T For parameter a2=0.28 !
— a3=0.00128657 For parameter a2=028
a3=0.00138657 — For parameter a2=128
400(— :gfggg}gggg; %8| _ For parameter a2-=228 il
3 2320.00168657 3 - For parameter a2=328
E — a3=0.00178657 E — For parameter a2=428
z 300|— a3=0.00188657 E 0.6 For parameter a2=528 —
> - a3=0.00198657 > |— For parameter a2-628
B — 83-0.00205657 2 For parameter a2=728
2 a3=0.00218657 g :
w 200| — a3=0.00228657 5 0.4|— For parameter a2=828 i
i i
100 0.2 1
i LR e e B et SR, - ! i /
?50 200 250 300 350 200 300 400
Temp (K) Temp (K)

Figure 1: Free energy due to a) conformational and b) due to thermal contribution.

500
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The Figure 1 a) is graph of conformational free energy and figure 1 b ) is of thermal
contribution of free energy. The different plots are indication of the corresponding free
energy. For our convenient we have chosen few of them for estimation of the free energy.

Plots of resultant of free energy

The theoretical plots of conformational and thermal free energy are plotted by Allen and
Tildiesely (Figure 2 a)).

FREE ENERGY ESTIMATION

— Thermal Free Energy
— Configurational Free Energy
1 - sl
3
E 08 4
=
=
506 i
Q
=
ui
$ 04 e
i
0.2 il
800 500

Temperature (K)
Figure 2: Free energy graph of a) theoretical value b) computational
The resultant plot is shown with dotted line in Figure 2 a) (Allen & Tildesley, n.d.).

Selected plots of thermal and conformational free energy are again combines to get the
resultant of their free energy as in Figure 2 b).
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Figure 3: Free energy graph of thermal and conformational contribution at a) 300 K and
b) 310 K of temperature.

Individual graphs of thermal and conformational free energy are observed to find
their contribution to the total free energy and are tabulated in Table 1. Figure 3a) and
3 b ) are the free energy graph giving the energy at temperature of 300 K and 310 K.

— Thermal — Thermal — Thermal _
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00 400
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Figure 4: Free energy graph of thermal and conformational contribution at a) 320 K and

b) 330 K and at c) 340 K of temperatures

Figure 4 a), 4 b) and 4 c) are the individual graph of thermal and conformational
contributions of free energy at temperature of 320 K, 330 K and 340 K respectively.
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00 400
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Estimation of Free Energy

Table 1: Estimated values of free energy (KJ/mol) due to conformational and thermal.

Total free

From Temperature (K) Conf. Thermal energy(KJ/mol)

300 0.03 0.03 0.06
Computation 310 0.06 0.06 0.12

320 0.12 0.12 0.24

330 0.25 0.25 0.50

340 0.54 0.54 1.08
Experimental(n- _ -
Butane) 350 08
Theoretical(n- 350 _ - —2.754+0.16
Butane)

The average of the estimated free energy is calculated as = 0.4 kJ/mol
computationaly. The free energy calculation has also been performed by computational
simulation and is agreed with previously performed work (Torrie & Valleau, 1977). The
Gibb's free energy for butane has also been estimated from simulation as, = 2.75 £
0.16 kJ/mol (Torrie & Valleau, 1977). And the free energy of alkane obtained from
simulation is, (2.75 % 0.16) k]/mol.

CONCLUSION

FORTRAN code can be used for solving the numerical problem like free energy
estimation in molecular dynamics. From graph the average of the computational free
energy of a theoretical system is estimated as 0.4K]J/mol, which is closed and within the
range of theoreticaly calculated (Table 1) and experientally (Table 1) observed free
energy.
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