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ABSTRACT

This paper concerns our sustained efforts for introduction of M-fuzzy metric spaces and study their
basic topological properties by introducing the Generalized metric space. As an application of this
concept, we prove some Convergences, Cauchy and continuous properties related in M-fuzzy
metric space and introduce some related examples in support of our results.
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INTRODUCTION

A metric space is a non-empty set X, associated with a function of two variables
enabling us to measure the distance between points. In advanced mathematics, we need to find
the distance not only between two numbers and vectors, but also between more complicated
objects like sequences, sets and functions. In order to find an appropriate concept of a metric
space, numerous approaches exist in this sphere. Thus, new notations of distance lead to new
notations of convergence and continuity. A numbers of generalization of a metric space have
been discussed by many eminent mathematicians.

The foundation of fuzzy mathematics is laid by L. A. Zadeh (1965) with the
introduction of fuzzy sets. This foundation represents a vagueness in everyday life.
Subsequently several authors have applied various form general topology of fuzzy sets and
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developed the concepts of fuzzy space. Kramosil and Michalek (1975) introduced the concept
of fuzzy metric space. George et al. (1994) modified the notation of fuzzy metric space with
the help of continuous t-norms. A number of continuous and reciprocal continuous theorems
have been developed numbers by various authors in fuzzy metric space by using concepts of
compatible map, implicit relation, weakly compatible map and R weakly compatible maps. As
there is a generalization in generalized metric space or D-metric space initiated by Dhage
(1992). He proved some results on a self-map satisfying the contraction for complete and
bounded complete D-metric spaces. Rhoades (1996) generalized Dhage’s contractive
condition by increasing the number of factors and proved the existence of unique fixed point
of a self-map in D-metric space.

Recently, motivated by the concept of compatibility for metric space, Singh and
Sharma (2002) introduced the concept of D-compatibility of maps in D- metric space and
proved some related theorems using a contractive condition. Similarly, Sedghi and Shobe
(2006) introduced the concept of M-fuzzy metric space and continuity in M-fuzzy metric
space, which is based on D-metric space. So far as our work is concerned, (X, D) will denote a
D-metric space, N the set of natural numbers and R+ the set of all positive real. The present
paper generalizes the results of Sedghi and Shobe and also many authors existing in the
literature.

PRELIMINARIES

In this section, we define some important definitions and results which are useful in
sequel.

Definition 1.1 (Dhang, 1992): [1] Let X be a non-empty set. A generalized metric space (D-
metric) on X is a function D : X* — R" which satisfies the following conditions for each x, z, y,
z,aeX

(1) D(x, y z) 20,

(i) D(x,y,z) =0ifandonlyx =y =z,

(ii1) D(x, y, z) = D(p{x, y, z}), (symmetry) where p is a permutation function, (i.e. D(x, y,
z2)=Dy, z, x) =D (z, x, )).

(iv) D(x, y, z) <D(x, y, a) + D(a, z, z).

The pair (X, D) is called a generalized metric (or D-metric) space.
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Such functions are illustrated as
(@) D(x,y, z) =max {d(x, y), d(y, 2), d(z, x)},
(b) D(x, y, z) =d(x, y) +d(y, z) + d(z, x). where D is the ordinary metric on X.
(c) IfX=R", then we define as
[l : R* = R by ||[(x1, x2, ...x,)|lp = (b1 + ol + ... ) for all (x;, x, ...x,) € R"
and x1, x, ...x, €R.
1
For 1 <p <oo, letus define D (x, y, z) = (|x -y + (v - 2l + + (]x - x|) P.
(d) if X =R" then we define

DG 39|
Remark (Dhang, 1992): In a D-metric space, we can prove that
D(x, x, y) = D(x, y, y), as
(a) D(x, x,y) <D(x, x, x) + D(x, y, v) = D(x, y, y) and similarly
(b) D@y, y, x) <D(y, y, y) + D(y, x, x) = D(y, x, x)
Hence from above (a) and (b) we have D(x, x, y) = D(x, y, y).

Definition 1.2 (Dhang, 1992): Let (X, D) be a D-metric space, then we define a ball Bp(x, )
for » > 0, with centre ¢ and radius r as

0ifx=y=z
max{x,y,z} otherwise,

Bp(c, V=1{x € X: D(c, x, x) <r} is called an open ball.
Example 1.3 (Dhang, 1992): Let X =R.and D(x, y, z) =[x - y| + [y - z| + |z - x| for all x, y, z €R.
Then
Bp(1,3)={yeR:D(l,y,y,y) <3} ={yeR:|y- 1|+ - I[+]y- 1] <3}
={yeR:|y-1|<1}=(0,3).
Definition 1.4 (Sedghi & Shobe, 2006): A sequence {x,} in D-metric space (X, D) is said to
converge to xe X if for each and € > 0 there exists ny € N such that
D(x, x, x,) < € for all n>n,,.
Similarly it is called Cauchy sequence if for each € > 0 and there exists 1y € N such that
Xy, xp, xp) < € for each m, n > n,.
The D-metric space (X, D) is said to be complete if for every Cauchy sequence is convergent.

Theorem 1.5 (Sedghi & Shobe, 2006): Let (X, D) be a D-metric space. If sequence {x,} in X
converges to X, then x is unique.
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Proof: Let x,— y and x # y. Since {x,} x converges to x and y, for each € > 0 there exists

€
ny € N such that for every n > n; = D(x, x, x,) < 5 and n, € N such that for every n; > n,

€ N such that for every n, > ny, = D(y, y, x,,) <§ .

If we suppose ny = max {n,, ny}, then for every n > n, , by triangle inequality we have D(x, x,

Y <D % %)+ Dy, y) <5 +5 = €.

Hence D(x, x, y) = 0 which is a contradiction. So x =y.

Theorem 1.5 (Zadeh, 1965): Let (X, D) be a D-metric space. If sequence {x,} in X converges
to x, then sequence [x,} is a Cauchy sequence.

Proof: Since x, — x for each € > 0 there exists n; € N such for every n > n; = D(x,, x,, X)

€ €
< 5 and n, € N such that for every m > ny = D(x, x,, X)) < 5

If we assume that ny = max{n,, n,}, then for every n, m > n, then by triangle inequity we have,

=

LE_
P €.

DXy, Xp, X)) < D(Xp, X, X) T DX, X, Xi) <

Hence {x,} is a Cauchy sequence.
Definition 1.6 (George & Veeramani, 1994): A binary operation = : [0, 1] x [0, 1] —> [0, 1] is

continuous triangular norm (t-norm) if for all a, b, ¢ € [0, 1], the following conditions are
satisfied.

(1) axl=a

(ii) axb=bxa

(i) If a<candb<dthena xb<c xd
(iv) ax* (bxc) = (axb) x ¢

(v) =*is continuous.

Here , T, (a, b) = a.b, T,,(a, b) = min (a, b) and T} (a, b) = max (a + b—1,0) are some
examples of continuous t-norm.

Definition 1.7 (Sing & Sharma, 2002): A 3-tuple (X, M, =) is said to be a M-fuzzy metric
space if X is an arbitrary set, x is a continuous t-norm and M is a fuzzy set on X *x (0, o)

satisfying the following conditions for each x, y, z,a € X,
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(i) M,y z t)>0,

(i) M(x,y, z, t)=1forallt>0ifand onlyifx =y =z

(i) M(x, y, z, t) = M(p, {x, y, z}, f) (symmetric) where p is a permutation function

(iv) M, y,a ) «M@a,z z s) <Mx, y zt+s)forallt, s>0

(V) M(z, y, z,.) : (0, ©) > [0, 1] is continuous.
Remarks 1.8 (Sing &Sharma, 2002): Let (X, M, %) be a M-fuzzy metric space. We assert that
forevery t> 0 M(x, x, y, ) =M(x, y, y, {).

For every € > 0 by triangle inequality we have

(1) M@, x,y, e+t 2Mx x,x, €)«Mkx,y,y, ) =Mx, y, 1)

(i) My,y,x, e+ 2MQy,», ¥, €) «My, x, x, ) =M)(y, x, x, ¥, ) = M(x, y, y, {).

Now taking limit as € —0 from (i) and (ii) we obtain M(x, x, y, £) =M (x, y, y, 1).
Open ball and convergence in M-fuzzy metric space (Sedghi & Shobe, 2006):

Let (X, M, ) be a M-fuzzy metric space. For ¢ > 0, we define an open ball

By (x, r, ) with centre xe X and radius 0 < <1 is defined
Byix,r,H)={yeX:Mx,y,y,)>1-r}
As a consequent
A subset 4 of X is called open set if for each x €4 there exists > 0 and 0 < < 1 such that
By (x, r, f) c A.

A sequence {x,} in X converges to x if and only if M(x, x, x,, {) >0 as n—o0, for each ¢ >
0.

Similarly it is called a Cauchy sequence if for each 0 < € <1 and > 0, there exists nyp € N
such that M(x,,, x,, x,,, t) > 1 - € for each m, n > n,.

The M-fuzzy metric space (X, M, =) is said to be compete if every Cauchy sequence is
convergent.

Example 1.9 (Sedghi & Shobe, 2006): Let X be an non empty set and D is the D-metric space
on X.

Let us denote axb = a.b, for all a, b€[0, 1]. For each ¢ € (0, o) and define

t

M2 0= Dy
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forall x, y, z € X. Then it is easy to see that (X, M, =) is a M-fuzzy metric space.
Theorem 1.10 (Sedghi & Shobe, 2006): Let (X, M, #) is a fuzzy metric space. If we define M :
X*%(0,00)—[0, 1] by
M, y,z )=Mx, y, t) « My, z, ) * M(z, x, t)
for very x, y, z € X, then (X, M, %) is a M-fuzzy metric space.
Proof:
(1) Itis easy to see that forevery x, y, z € X, M(x, y, z, t) >0 for all > 0
(2) M(x, y, z, t)=1, if and only if M(x, y, ) = M(y, z, ) = M(z, x, t) = 1 if and only if
xX=y=z
(3) M(x, y, z, )= M(p{x, v, z}, t), where p is a permutation function.
4) M(x,y,z,t+s)=M(x, y, t +5) « M(y, z, t+ 8) %= M(z, x, tt+s)
2Mx, y, t) * M, a, t) * M(aq, z, s) *M(z, a, s) * M(a, x, 1)
=M, y,a, t)*Ma,z s)«M(z a s) «M(z, z s)
M, y, a t) « M, z z 5)

for every s > 0.
Lemma 1.11 (Sedghi & Shobe, 2006): Let (X, M, ) be a M-fuzzy metric space. Then M(x, y,
z, t) is non decreasing with respect to ¢, for all x, y, z €X
Proof: By definition of M-fuzzy metric space for each x, y, z, a eX and ¢, s > 0 we have
M, y, a t)«Ma,z z s) <Mk, y,z t +5)
Letusseta=zwe get M(x, y, z, z, {) * M(z, z, z, 5) < M(X, y, z, t + s), which gives M(z, y,
z, t+8)2 M, y, z, ?).
Definition 1.12 (Sedghi & Shobe, 2006): Let 4 and B be two self mappings of a M-fuzzy
metric space (X, M, =) we say that 4 and B satisfy a property, if there exists a sequence {x,}
such that

lim lim
M(Ax,, u, u, t) =

n—»o0 oo MBxn, u, u, ) =1 ... ()

for some ueX and r > 0.
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Example 1.13 (Sedghi & Shobe, 2006): Let X = R and M(x, y , z ) =
t
t+|x=yl|+|y—z[+|z—-x|

foreveryx, y,zeXand >0
Let 4 and B be defined as Ax =2x + [, Bx= x+ 2.

) 1
Consider the sequence x, = o +1,n=1,2, ..., then we have

lim

lim
M(Ax,, 3,3,1) =
n—>0 n

M(Bx,,3,3,1) =1
—0

for every t > 0. Then 4 and B satisfying the property ()

MAIN RESULTS AND CONCLUSION

Here by introducing the concept of continuous function on the domain X* x (0, o) of
M-fuzzy metric space, we establish the result of continuity of M on the given domain by
changing some parameters in the theorem of Sedghi [6]. Also using the definition of Mohd R.,
[2008], we show the relation between M-convergent and M-Cauchy sequence.

Definition 1.14 Let (X, M, %) be a M-fuzzy metric space. Then M is said to be continuous
function on X° x (0, ©) if

lim

n—>00 M(xn’ yl’l: Zn, ZLn) :M(x, y, Z, l)

Whenever a sequence {(x,, Vn, zn, )} in X x (0, ) converges to a point (x, y, z, t) € X x (0,
) i.e.
lim lim lim

Xy =X, =y,
" n—0" "V pse

o0 z,= z and

lim

500 Mx, y, z, t,) =M(x, y, z, ).

Now, we shall investigate the results that generalizes theorem 1.15 by S. Dedghi and N. Shobe
(2006), by introducing some new parameters.
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Theorem 1.15: Let (X, M, ) be a M-fuzzy metric space. Then M is continuous function on X°

x (0, o0).

Proof: Letx, y,z € Xand ¢t > 0, And let (x,; , y,; , z,; , t,;) is a sequence in [0,1], there is

subsequence (x, , v, , z, , ;) be sequence in X x (0, o0) that M-converges to (x, y, z, f).

Since M(x,; , y,; , z,; , t,;) is a sequence in [0, 1], there is subsequence (x,, V,, z,, t;) of

sequence (M(x,; , y,il , z,ll , t,;)) such that sequence (M(x, , y,, z,, t,)) converges to some

point of [0, 1].
1
Fix &> 0 such that & = 5 Then, there is noeN such that |t — ¢,| <  for every n > ny. Hence,

(M(xu, Vis Zns ta) = M(Xy s Vi, Zn, t—0)

20 -0
>M (xn,yn,z,t—?j *M(z,z”,zn,Tj

>M (xn,z,y,t—25) *M(y,yn,yn,gj *M(z,zn,zn,gj

>2M| x,y,z,t >0 M(xx X o M( o M (z,z,,z °
= s Vel — T — | % s A s N s T | K s Vo~ * sl Ly
Y > > VsVl ) 5

And

M(x, y, z ,t+23) >M(X, ¥, z, t, +0)

zM(x,y,zn,tn +§j *M(zn,z,z,gj

EM(x,Z,,,yn,t" +%) *M(yn,y,y,gj *M(zn,z,z,gj
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> M(zn,yn,xn,ln-i—%j * M(xn,x,x,gj * M(yn,y,y,gj *

o
M(zn,z,z,gj forall n>n

By taking limit as n — oo, we have,

lim 25
n—soo M\ Xns Vs Zus 1 +5)2 M(x,y,z, t-208) *1x1%1 =M(x, y, z, t - 20)

20 20
and M(x, y, z, t + 20) ZM(xn,y,,, Zpy by +?) 131l =M(xn, Vs Zns by +?)

Now, taking as limit as § — 0 we conclude that

lim Y Yy

o M5 ¥ 2, 1) = M5, 2, 1),
Therefore, M is continuous on X° x (0, o).

Definition 1.16 (Mohd, 2008): A sequence {x,} in M-fuzzy metric space (X, M, %) is sai to be

M-converge to a point xo € X if

;
M M, x, 6 =1, forallm, n>0,1>0
m,n—»0

Now, we show the equivalence of the definition of convergent and Cauchy sequence in M-

fuzzy metric space given by Abdolrahman R., in 2005.

Theorem 1.17 Let (X, M, %) be an M-fuzzy metric space and {x,} be a sequence in X. If {x,}

is an M-convergent sequence, let us assume that it converges to x, then for each 0<e<l1

and ¢ > 0, there exists noeN such that

lim t 1
nsoo M\ Xn> Xo, 5) =5 for each >0

Proof:
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For all m, n > ny, we have,

o YV R IOV AT
m,n—»o0 (s X, 1) = Xns X055 | * M\ Xy X0, 5 | T 5 ¥y =

Hence {x,} is an M-Cauchy sequence in fuzzy metric space (X, M, *).

But the converse is not always true, which is shown by flowing example. Let X = (0, 1]. If we

consider M as a usual M-fuzzy metric space on R and axb = ab, for all a, b€[0, 1], then

((0, 1], M, =) is an M-fuzzy metric space.

1
If we consider x,, =, n= 1,2,3,...in =(0, 1], then
lim lim /1
M(x,, X9, 1) = =, X0, t] # 1.
n—0 n—oo \n

Which shows that {x,} is not an M-convergent sequence, but it is an M-Cauchy sequence.
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