A R ' ISSN: 2738-9553
I aaTnEl December 2023, Vol. 4, Issue 1, 52-60 RESEARCH ARTICLE

Study of Time Correlation and Memory Function for the
Derivation of Spectral Density in Plasma

Akhilesh Kumar Singh*?, Rajesh Prakash Guragain?, Jeevan Jyoti Nakarmi4, Lok Narayan Jha* and Hom Bahadur
Baniya®

'Department of Physics, Tri-Chandra Multiple Campus, Tribhuvan University, Kathmandu, Nepal

’Department of Physics, School of Science, Kathmandu University, Dhulikhel, Nepal

‘Department of Physics, Amrit Campus, Tribhuvan University, Thamel, Kathmandu, Nepal.

“Central Department of Physics, Tribhuvan University, Kirtipur, Kathmandu, Nepal.

*E-mail: hombaniya@gmail.com

(Received: May 12, 2023, Received in revised form: November 14, 2023, Accepted: December 3, 2023, Available Online)
DOI: https://doi.org/10.3126/arj.v4il.61285

Highlights

*  To study variation of spectral density with temperature for Q- Machine and Fusion reactor

*  To study about the fundamental of plasma physics, its parameters and comparison of noise production

e At the level of continuum description, the calculation is based on the equation of hydrodynamics with given values of
thermodynamic and transport coefficient

Abstract

This paper is mainly focused on studying time correlation and memory functions in order to determine the spectral density in
plasma. The research aims to understand and quantify the noise produced in the plasma as a result of random processes. Noise
can arise from various sources, including fluctuations in particle density, temperature, and other plasma parameters. To ensure
a fair comparison, the paper appears to keep the cross-sectional area of the plasma which is same for both the Q-Machine and
Fusion Reactor. This means that any observed differences in spectral density can be attributed to the inherent characteristics of
the two systems rather than differences in plasma volume. It is observed that Fusion Reactor produced more noise in comparison
to the Q-Machine. This research seems to contribute to our understanding of plasma physics, specifically in the context of spectral
density and noise production, by comparing two different plasma systems. The observed differences in noise levels between the
O-Machine and Fusion Reactor could have important implications for plasma-based technologies and fusion research.
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Introduction

Research on spectral density in plasma is a crucial aspect of plasma physics, with applications ranging from nuclear fusion
to astrophysics and space science. However, like any scientific field, there are often research gaps or areas where further
investigation is needed. Here are a few potential research gaps in the study of spectral density in plasma such as non-linear effect,
high temperature plasma, magnetic confinement, instabilities and space plasma. Addressing these research gaps will contribute to
a deeper understanding of spectral density in plasma and its implications for various scientific and technological applications. It
will also help advance our knowledge of complex plasma phenomena and improve the performance of plasma-based technologies.
Plasma, coined by William Crookes in 1879 as the fourth state of matter, is a unique statistical system comprising mobile charged
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particles. When a gaseous medium's temperature surpasses a specific threshold, it undergoes a transformative shift from gas to
plasma. In this transition, the thermal energy of its constituent particles rises to a point where the attraction between electrons
and atomic nuclei diminishes. Consequently, instead of a heated gas composed of electrically neutral atoms, we find a dynamic
mix of two distinct groups of particles: electrons and ionized nuclei [1].

Detying classification as a solid, liquid, or gas, plasma distinguishes itself through its remarkable electrical conductivity. This
conductivity is so potent that externally applied electric fields are effectively neutralized by the currents they induce within
the plasma's core. Plasma physics draws upon the well-established principles of classical mechanics, electromagnetics, and
non-relativistic statistical mechanics. At its core, plasma physics reach into the equilibrium and non-equilibrium characteristics
of a statistical system encompassing numerous charged particles. The complexity of this system arises from the multitude of
microscopic degrees of freedom resulting from the motion of individual particles [1, 2]. The state of ionized gas (plasma)
can be specified by distribution function. As a result, Kinetic theory is the most fundamental description of plasma state and
serves as the foundation for the practical and useful fluid approach [3]. Plasma physics involves a rich class of phenomena
related to the dynamical processes in statistical mechanics. It is therefore essential to study structure and properties of the basic
kinetic equation which govern the dynamical behavior of the plasma. The term "fluid medium plasma" comes from Langmuir's
suggestion that the electrons, ions, and neutral atoms in an ionized gas may be conceived of as corpuscular material entrained in
some type of fluid medium.

However, in contrast to blood, where a fluid medium conveys the corpuscular material, an ionized gas's ions, electrons, and neutral
atoms do not enter a fluid medium [4]. The study of dynamical correlation in many-body systems addresses fundamental issues
related to the spectral behavior of thermal fluctuations in gases [5]. Time-dependent correlation functions are well-recognized for
their utility in describing deviations from equilibrium in systems with numerous particles. In 1954, L. Van Hove introduced the
theoretical framework for general space-time correlation functions [6]. This innovative approach involved the time-dependent
extension of the familiar pair distribution function. It aimed to explain scattering theory based on Born's approximation and
statistical mechanics.

Subsequently, in 1958, R. Kubo's work on thermodynamic irreversible processes further advanced this field by introducing
response functions or relation functions. These functions were derived from Onsager's relations and provided a means to express
kinetic coefficients of thermal disturbances without relying on traditional methods of establishing transport equations [7]. These
functions are commonly referred to as correlation functions, playing a role to that of partition functions. In the latter half of
the 1950s, a novel approach to transport processes emerged as a highly active and productive avenue within non-equilibrium
statistical mechanics. They indicated that the phenomenological coefficients, which are explaining different transport phenomena
and time-dependent process as well [8].

Theoretical aspects

The theoretical problem of studying time correlation function is basically that of describing the dynamical properties of many
body systems. At the level of continuum description, the calculation is based on the equation of hydrodynamics with given values
of thermodynamic and transport coefficient. To obtain the time correlation function, we have discussed to solve the equation in
their linearized form as well as initial value problem with linearization referring to small deviations in the conserved variables
from their equilibrium values. The result of such calculation is available in analytic form and their implications are thoroughly
understood.

To make some of forgoing statements more explicit, we consider a typical equation that relates a time correlation function (t) to
its memory function (t) is [9],

deie) B . '

T:—L]dt M(t)e(t—t') (1)

Where, we have suppressed the position dependence in both functions for simplicity. We will encounter the Integra-differential
equation of this type. The utility of this equation is that, for given (t) it can be used to calculate (t). we will call equation (1), the
memory function equation because it can be regarded as the definition of M(t) in terms of C(t). This point of view is not useful

if the objective is to calculate (t) by an approximation to M(t), on the other hand if C(t) were known from experiment, then (1)
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should be inverted to represent the data in terms of M(t). The reason that (t) is called memory function can be seen from equation
(1) since time correlation function describe the decay of spontaneous thermal fluctuations. (t) is a function with its maximum
value at t=0 which decreases with time.

Equation (1) shows that the decay rate of ‘C’ at time ‘t’ depends on its value at earlier times and how much it resembles past
history is expressed the memory M(t). Suppose (t), is sharply peaked function about t=0, the right hand side of (1) then gives the
decay rate that is proportional to (t). In this case the decay spends only on the instantaneous value of C(t), so one can say that
there is no memory function on the other hand if M(t) is itself a slowly decaying function in time, then the value of C at different
times will be closely correlate a behavior which one can describe as memory effects.

From equation(1) one has the relation M{0) = —E—:%E. Let us suppose we know as often in case the initial value and initial

curvature of C(t) even though we do not know C(t) ,then we can construct a model by writing M(t) = M(0) = 1f(t),where f(t)
is model function with property f(0) = 1,whatever we chose for f(t) we see that the approximation will preserve the short time
behavior of C(t) at least in terms of its initial value and initial will preserve the short time behavior of C(t) at least in terms of its
initial value and initial curvature. This is simplified example of memory function models, which appear in much of the following
discussions. Besides modeling (t) by postulating a function (t) one can determine the memory function by expressing its decay
in terms of coupling to higher order time correlation function [10].

Spectral density

We may define spectral density as a Fourier transform of correlation function. The most direct way to understand this definition
is the time correlation function for the emission or absorption of photon [11].

The Schrodinger equation in time dependent form is

el
Hy=1h—— )
>
The general solution is
L Lpi
y()=e" y=e y 3)

Where: % = Planck’s constant, E= Energy Eigen value (a constant) ,H = Hamiltonian operator, ¥ = wave function.
Initially, the N-interacting molecule system has i the quantum state.

Consider Hamiltonian system be H, with HO‘PJF E].‘Pj. If we treat an applied electromagnetic field as a perturbation to the
Hamiltonian and now interact with this system. Hamiltonian field is H, = —uE.

The total Hamiltonian field is
H =H;+ H = H;- uE 4)
Where, p is the electric dipole moment.

—E , the transition
h

of the initial state into other quantum states 'f' will occur as a result of the application of external disturbance.

We have two states, that is initial state and final state . In fact, the frequency of the radiation is close to E,

Using Bohr relations, if the field is monochromatic [12]
Eer . .
E(t)=E,scoswt = %[e"‘” +e "‘”] , %)
Here, E represents the amplitude of the field.

Because the field is uniform or the wavelength is larger in comparison to molecular dimensions, the interaction between them
can be expressed as

Hl(t)Z—M.E(l‘) (6)
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Now, from Golden rule of time-dependent quantum mechanical perturbation theory [13], the probability per unit time of a
transition from state i to state 'f’ is formulated as,

Py (@) = ZE (F1E MID S (wpi — @) + 8(awy + w))] (7)

2h2

Where, = w W, Multiplying this by AZw ﬂ. gives the rate of energy loss due to radiation in the transition state from ‘i’ to 'f'.

In total, summarizing all 'f', we get the rate of energy loss in transition from initial state ‘i’, to any other final state. Multiplying
Equation (7) by p, the probability that the system was in its initial state and summing over all ‘i’ then get the rate of energy loss
to the system from radiation.

—Lpgd = E: Zf 2i ﬁw,rr-pi-r
yaa = 3 3 oy i 1€ MIDIZ 8wy — @) + 8(wp; + w)] )

Since the summation and go over all the quantum states of the system, we may interchange these indices in the summation over
the second data function such That

=Byt = "“ 2 Xr Xipy wp(fIEMIDIS(wp — w) + pra (i€ MIf)*8(wiy +w)] )

£3
~Eraa = ZZH%WEMMﬂmr@+mI%M%HWWF%+ﬂ

”Fu

~Epa = Z.ﬂ. g | (F1E. MNP 8wy = ) = pr(—awg IE MY 8( g — w)]

Since, negative frequency imply nothmg so,

wfi=-wfiand [(fl€. M|()|2 =[(i|€. M|f)2
S e ”E" ZZ oy wp WIE MIDES (g — w) — ppag K IE MIDIES(asy, — w)]

2

‘“Emu = Z_:E; i ‘-'-"ﬂ{.ﬁ‘i = Pf}l{ﬂa M|;’}|2E[:m” = ‘;'-') (10)
If we assume that the system is initially in equilibrium, then

p,= p.errrt (1)

So,

p,—p,=p(l—ePr (12)

If we substitute this into eqn (10), we find that

£ o rrEn S —e MY X, X [(F1E MIEDIES (wy; — w) (13)

We have to define the absorption cross-section a(w) such that the cross section which is multiplied by the incident flux of
radiation, known as the rate of energy loss from the field into the system, this is called pointing vectors [14], having magnitude
v 3 ne .
R P 2
5 an EE“ BJTPI. E“
§ = —nk,*

Where p=1, for non-magnetic medium and v be the speed of light in medium and ¢ be the dielectric constant, ¢ be the speed of
light in vacuum, and n be refractive index of the medium.
= E () s
a(w) == (1-e )03, ¥ p; [(FIE MIDI28(wy, - w) (14)

If we divide (12) by S, then we obtain

It is convenient to use this eqn to define an absorption line shape (w) by
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Ahcre (i)

Hw) = peT e 3T Xipi IfIE. M“)H-’-ﬁ[wﬁ - w) (15)

This is Schrodinger’s representation of spectroscopy as transition between Bohr Stationary states. Since, equation 7 is derived
from first order perturbation theory in which the operators are independent with time (t). The wave function of the system varies
with time.

Two representation [Schrodinger’s representation and Heisenberg’s representation] agree for all time if

((0), (£)(0)) = ((t), (0)(t)) The time dependent wave function y(t) and 1(t) obeys the Schrodinger’s

equation (16)
L il
thar = Hy (17)
Whose formal solution for a time independent Hamiltonian operator is
(—iHt)
‘-U{T]' =e n ll-’fﬂ] — U{t:ll.lﬂ:ﬂ} (18)
With a similar equation for (t)
Thus eqn (16) becomes,
((0), (£)(0)) = (x (1), A(0)p(t)) = (U(t)x(0), A(0)U()1p(0) (19)
=((0), U (t)A(0)U(t)(0)) Now, the time dependent operator is related to a static operator by,
Alt) = U (DAU(D) = F¥A[U}o”"T“fEU} (20)

Equation 20 represents the Heisenberg’s operator. Now, we have the Heisenberg’s representation in equation 19, naturally leads
to the spectroscopic time —correlation function.

We have to convert equation (16) to the Heisenberg picture by introducing the Fourier transform of the Dirac delta function [15],
4
S{w] = l J' pluit g
2w
= T

And using the Einstein relation “nsTw o,

The delta function in the intensity expression is,

_ 1 + o0 i El__nl—m T 21
ﬁ(mﬁ —_ f_._'.) ;J-—m E{( [ }}df_ ( )
Giving
i, 5 & 5 + 1 ELEI A
1(@) = 2 5 epiile. IR e M) [ e C5 Ny @
Now the state |i) and |f) are Eigen states of the system excluding the radiations that
iEjt iHgt
en |iy=en |i) (23)
And (fle = (fl.e- h (24)
Thus eqn (22) can be written as,
3 3
R s tHyt
@) =5 f e"“"'dth[{HE.le}(f e h e Me—t |t
—gn if
I(w) = o[ e~ dt By g pilile. MIFYFle. ME)IE) 25)
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Where,

Mgt iHgt

M(t) =e® Me * (26)

Using closure relation

2AUf1=1 @7)
Giving,
Hw) = %_r_"; e-lwtde ¥ o lile. M(0)e. M(£))]i) (28)

The summation over (initial states) is a weighted Boltzmann average (p, is the Boltzmann weighting factor) so this is nothing
more than an equilibrium ensemble average. Thus we have,

Hw) == [*7 et dt (. M(0)e. M)t) (29)

“ . M(0)e. M(8)) = H{M(0). M(D))

So, for an isotropic fluid, by averaging € over all directions, it is seen that

Hw) = —["" e~ de (M(0). M(¢)) (30)

This is the expected result that is called the line shape function (w) that has been written as the Fourier transform of the time
correlation function of the dipole moment operator of the absorbing molecules if no field is applied.

The line shape (w) can be used to study the motion of the dipole moments of the molecules by Fourier inversion of itself.

As an introduction, a correlation function represents the mean decay property of the system from its initial value. In this case,
the property of the dipole moment, in general, is consider the dipole moment of the entire system(having N interacting dipole
moments)c can be expressed as [16]:

M(0).M(t) = (L, 1(0)). (E}-; u(t)) 31

There are in addition to the terms such as (0). (t), and cross terms between the dipole moments on different molecules (0). (t).
Because of these cross terms, one cannot simply intercept {(0). (¢)) in terms of the re-orientation of single dipole molecule. In
the other hand, the dipole molecules are dissolved in some non-polar solvent, the cross terms are negligible and the correlation
function can be formulated as

(M(0). M()) = (E= 1;(0). p; (£)) = N {u(0). u(2)), (32)

Hence, the intensity expression becomes
Hw) =3[ e~ de (. u(8) (33)

The time dependent operator (t) plays an important role on the right hand side of this correlation function. Such type of correlation
function is known as one sided correlation function. The one sided correlation function (. p(t)) which follows the fact that the
frequency spectrum /(w) is a real quantity, that is clear from the definition mentioned in equation (33), Thus letting C(t) = (u.
(t)), we have,

Hw) = ﬁj‘_*: c(t)e tmtdt (34)
Electrical noise in plasma

The fluctuating current I(t) due to random thermal motion of charged particles gives rise to noise across it. The effective fluctuating
voltage in the resistor can be expressed as [6]

(t) =IR = neuAR (35)
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Where R is resistance, A is area of cross section, n be the no. of charged particles per unit volume and u be the average velocity
component of the charged particles along the length of plasma. The average velocity is given by

_ R P R L i — m EIHJ

" total no.of electrons T nAL (36)
Here sum is over all electrons or ions. From eqn (35) and (36), we have

— IR = neAREM — ReEM _ o
V(L) = IR = nedR i Yy

Here, w =¥, v u; and v, are random variables. Now, charged particles are colliding during thermal motion. Let 7, is the
time between collisions called relaxation time.
The correlation function may be given the form

(0= (Ot +17) = Ve e (37)

From eqn (34), spectral density is given by \
S 2 _ 1 e e, Loy
1) = 27 ete- e = .20 o e

1 o _ 5 T i 1 wm _ 5 1 l
=1 U,-dé {l'fft""""r}df s ;_.l:: U.-':E‘ {_Il".rtd-”r:!'l'dr

1

1 =2
_-—'IJ'J-

(et
o
1]

<[ g o)

.2 L
[{1+iwTel)

(3%)

Since, wT KK 1
i rren? _ .

sl w) == (T) B, (39)

L

We know that Electrical conductivity,

6=""" and R
m

— 1 —  KgT
—mu* = EKHT nruz=i

) 1 /Rey* KgT mL
“ ) rr(T) 1AL m RAne?
— KoTR (40)
"
This is relation relating spectral density, (w) of the fluctuating voltage to the resistance. This relation shows that spectral density

is independent upon the frequency.
Putting,

= IT::]‘ In A,called resistivity of plasma and where coulomb Logarithm 41)
g A

Results and Discussion

The process in which a quantity does not depend in a well-defined way on the independent variable is called random process.
Spectral density of a randomly fluctuating quantity is defined as ensemble average of the time average in the power dissipation
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per unit frequency band width. The fluctuating current I(t) due to random thermal motion of charged particles in plasma give rise
to a random output called noise across it. The spectral density in terms of temperature is given by equation (42)

1
e’m /2 L
[((.l}) = 7,._—1111‘\ (42)
KgVT A
This relation shows that spectral density is independent with frequency and is dependent on its length, cross section of the plasma
and temperature. So spectral density is random process and produces noise across the plasma.

The relevant plot for the variation of the spectral density with temperature for the Q-Machine and Fusion reactor and their
comparative study, a combined variation for both the Q-Machine and Fusion Reactor is given in graph below.

The variation of the spectral density in case of the plasma in Q-machine [7] is found to depend upon the temperature of plasma.
It is observed that the curve shifts towards the origin as the plasma length is decreased while keeping the cross section fixed.

In each case the increase in temperature causes to decrease in the spectral density, showing a sharp decrease in the initial phase,
depicting a parabolic nature. Similar variation is seen for the fusion reactor. And from their combined plot it is seen that for the
same values of the parameters, the curve for the fusion reactor was situated farther away from the origin than the curve for the
Q-Machine, indicating a more pronounced effect of the variations involved for the fusion reactor than for the Q-machine.

10 : - . - . - . -
at Plots for Q-Machine (solid line) and for
8l | Fusion Reactor (dashed line) 1
7t | ]
6 |\

5F | .

Spectral density
B

al |
! |
1t B 1
0o DTZ Dj4_ b I:;.E oja 1 1j2 1I_4 16 1.8

Temperature w10 2®

Fig 1. Variation of spectral density with temperature for both Q-Machine and Fusion Reactor a comparative study

Conclusions

In conclusion, this contribution focuses on studying time correlation functions and deriving spectral density. The key finding
is that the spectral density exhibits a random, frequency-independent nature, leading to the production of noise in plasma.
Comparative analysis between the Q-Machine and Fusion reactor reveals that the Fusion reactor produces more noise. This
research paves the way for future investigations into plasma devices like nuclear reactors, Q-Machines, and toroidal devices.
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