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Abstract

This paper aims to explore the unifying role of the Confluent Hypergeometric Function in the derivation
of some special functions: Incomplete Gamma Function, Error Function, Laguerre Polynomial
Function, Hermite Polynomial Function, Bessel Function, and Whittaker Function through series
expansions. This study is based on a systematic review of the literature to lay out a cohesive perspective
that enhances understanding of the theoretical concepts of special functions and furnishes a streamlined
approach for applications across mathematics, engineering, probability, and other areas of applied
mathematics.
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Introduction

The solution of differential equations or integrals that cannot be expressed in the form of elementary
functions like polynomial functions, exponential functions, trigonometric, and logarithm functions are
called the Special Functions. Hypergeometric Function, Incomplete Gamma Function, Error Function,
Laguerre Polynomial Function, Hermite Polynomial Function, Bessel Function, and Whittaker
Function are some of the examples of special functions.

The function

NACKHRY! —Z(p) o(@n [1.1]

n=0 (r) n!

where (p)_,(q) &(r) denote Pochhammer symbols defined by
(p),=p(P+1)(p+2)(p+3)....[p+(n-1) [1.2]

is called a hypergeometric function(Rainville,1960). If g = 1 and r is replaced by g then [1.1] reduces
to the form
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is called the Confluent Hypergeometric Function. According to Rainville (1960), the function [1.3]
is also known as the Pochhammer- Barnes Confluent Hypergeometric Function (Poudel 2023). This
function was initially developed by a German Mathematician Ernst Eduard Kummer, in the
19" century, which is also now known as the solution of Kummer's differential equation:

2 dw

w
e +(q—x)&— pw=0,w=F(p;q;x)

Euler(1769), Gauss(1813), Kummer (1837), Riemann(1857) and so on developed the concepts, types
and various properties of hypergeometric function and later Tricomi(1947) and Slater(1966)
Watson(1944), Abramowitz and Stegun (1964) established numerous relationships among the special
functions (Andrews, Askey & Roy (1999), Olver et.al. 2010). These works lacked a framework of the
derivation to focus on the unified approach addressing the role of Confluent hypergeometric function
at arena of the special functions. A unified approach enhances the understanding of theoretical concepts
and streamlines their application in solving differential equations within the broader platform of pure
and applied mathematics.

X

In this study, we aim to explore the nexus of Confluent Hypergeometric Functions in connection to
some special functions: Incomplete Gamma Function, Error Function, Laguerre Polynomial Function,
Hermite Polynomial Function, Bessel Function, and Whittaker Function via series expansion within
the broader framework based on literature.

Results and Discussion

The Confluent hypergeometric function, a type of hypergeometric function, is one of the well-known
forms of special functions. In this paper, we attempt to show the nexus of Confluent hypergeometric
function to some other special functions: Incomplete Gamma function, Error function, Laguerre
polynomial functions, Hermite polynomial functions, Whittaker functions through the series expansion.

i) Nexus of Confluent hypergeometric function to the Incomplete gamma function.

Letq=p+1&x=—x in[1.3]

Then, ,F,(p: p+L-X) = Y. (éz)I) g (_nX!)n

ity P(P+D(P+2)...(p+n-1) (=X
RP L) = D P (p e 9 T

L P (=)
1F1(p,p+1,—x)—;p+nx .

[1.4]
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According to Gupta (1999) lower incomplete gamma function in the series expansion form is

T(p.x) = Z( (X)P+n

n=0 n| (p+n)

This can be expressed in the integral form as

T(p,X) = jtp i%dt

S (_1)k f +k-1
o, I(px)=> xjtp dt
k=0 k! 0

Or, I'(p,x)=

i(_l)k Xp+k
= k! p+k

=

or, F(p,x)=i(_1)k[ X xpr

= k! \ p+k
D
or, T — PyP
o pxPI(p.X)=px ka(‘; , p+k
~ © p )k
Or, px "I'(p,X) = x
kz_;p+k
o px P X
nop+n n!

From [1.4] px °T'(p,x) =, F(p; p+1—X)

L R(p; p+1L—-Xx) = px "T'(p, X)

Thus, the nexus between the Confluent hypergeometric function and Incomplete gamma function
is established.

ii)  Nexus of Confluent hypergeometric function to Laguerre polynomial Function

Let p=—p&Qg=qg+1in[1.3], we get

P ()" S qyn| P! q! |’
Y e o, & ((p—n)!'(qm)!j T
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i)

According to Abramowitz & Stegun (1972) & Gupta (1999), the series expansion of the Laguerre
polynomial function is

L%(X)=i(—1)”[g+g]xx_” i(—l)”[( (p+q)! jx

n! p—n)!(q+n)! nt

n

[1.6]

Dividing [1.5] by [1.6], we get

F[-pa+Lx]  pig!
L(x)  (p+q)!

F[-pq+1;x] _p!

Or, =
L, (%) (q+1),

aR[-pa+Lx]= @, -F:Il) L% (x)

Again, when p =—-p &(q =1, the equation [1.3] reduces to a simple Laguerre polynomial as

n

F[-pLX] :i(_p)” X

n=0 (1)n n!

o (_1)n (pEIn)I Xn
Then, R [-p;Lx] :gTXE
Or, 1F1[ p,l,X] _g( n! '(p—n)!Jn!
or, 1Fl[—|o:1:><]=f—,!“i)(x)

~R[-piLx]= %I L, (x)

In the same manner, the other 27 results can be derived (Rainville, 1960). Thus, the nexus
between the Confluent hypergeometric function and the Laguerre polynomial function is
established.

Nexus of Confluent hypergeometric function to the Error function

According to Abramowitz & Stegun (1972) & Gupta (1999), the Error function is
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erf (x) = Ietzdt =ij
0

[1.7]

2
o ﬁ(%:%:—xz):i ) X)"

((Zk)!j
o 3. 2)=i 2%kt)  (=X) =i 1 (X)

X
2 2 = (2k+1)! k! = (2k+1) k!
22kk|
2X 13 2x & (<D x*
Or, _1F1(_;—;_X2):_Z C X
V4 2 2 7z'k:0(2k+1) k!
© _ k 2k+1
o X Ed3 o 2y C)
V4 2 2 T k=0 (2k+1) k!
Using [1.7]
\/_1 13 —x%) =erf (x)
13 N
F(=:=:—x%) = ——erf (x
1 1(2 > ) ™ (X)

Thus, the nexus between the Confluent hypergeometric function and the Error function is
established.

iv)  Nexus of Confluent hypergeometric function to Hermit polynomial function
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According to Bell (1968) & Gupta (1999), the series expansion of the Hermit polynomial function

is
n/2 o
H (x)=n! n- 1.8
2(X)= Zk,( TR [18]
Let p=—p, the series terminates at k = n
k
Then, F[-pia;x] Z( P, X [1.9]
(@, k!
Replacing n by 2n
H (x):(2n)lzn:ix(2x)2”’2k [1.10]
2 ‘= kI(2n—-2k)! '

Letm=n-k, thenk=n—-m. Whenk=0,thenm=nandk=n, m=0

Hyn () = 2ty CD

2 m-miemr @

o0 = @y 3 ED 2 en

20— m)1(zm)! .

Also, a series for, F, (— p,— x2) = Z( Pn us
n=0 ( ) m.

( l)mp| 22mm|XX2m
Z(IO m)! (2m)!" m!

O pr
Z(p myim)!

Replacing p by n,

&y,
=2 e

From [1.11]
H,, () = (2n)!(=D)" l,[lﬁ(—p;l; XZ)}
n! 2
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Again from [1.10]

H2n+l(X) = (2n +1)!§mx(zx)2nﬂzk

Letm=n-Kk,thenk =n—m.When k =0,then m=n and when k =n,then m=0

n _l n-m
oy (0= (20401 (n_rfq)!zzmﬂ)!

% (2X)2m+1

Hapa (X) = (20 +2)1(-1)" Zn:(n (—ml;:“énTﬂ)'xxzmu

(_1)m4m Xsz
s (n=m)!(2m+1)!

Hopa(¥) = (2n+1)1(-D)" ZXZ [1.12]

Also, the series of

mAnl Ml 2m
Z(1)n 4"m! X

=P,
R p, X = Z “(p-m)!'2m+1)! m!

mO() m!

% (D4
_mzzo(p—m)!(zmu)! X

From [1.12], we get

Hara(0) = (1) 2P+D 12K, Fy (i)

Hence, the nexus is established.
v)  Nexus of Confluent hypergeometric function to Bessel polynomial Function

According to Olver, F.W.J., and Maximon, L.C. (2010), the series expansion of the Bessel
polynomial function is

o ( 1) X p+2l
0= zl'F(p+I+1) ( j [1.13]

1=0

Now, consider the confluent hypergeometric function:
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1
(p+3) (2ix)"
m iX)
F + -2 +1: 2ix PN 1.14
(p p )= Z D TESTIT [1.14]
Also, the exponential function is

[1.15]

Multiplying [1.14] by [1.15]

1
= (P+ ) (2|x)

0 (2|0+1) m!

e ™ xlFl(p+%;2p+1; 2ix) = i )"
n=0

p
Multiplying both sides by 1 X
I'(p+)\2

1
p P so\N © (p+*) so\M
N N SN S SO (i)
r(p+1)(2j ¢ aR(prgizp o) r(p+1)(2) 2o Zpen. i

i) @) (p+),
ol nIml(2p+1),

p+n+m

NgE

1 o0
r(p+1>( ] “2

Letk =n+m thenn=k—-m

3
1l

- | (DM@ (p+ )
F(p+1)() kz;: Zo (k- m)!m!(2p+1)m

Since ()™ x (20)™ = (=D " xi* " x 2" xi™ = (1) " x 2" xi* = (=D)* " x 2" x (-1)*"?

and for the Bessel series, only even powers of x appear, so lettingk = 2l

LY e a] CDEIe),
:r(p+1)(§] B e T TR TI La
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Comparing the coefficients of x P *# from [1.13] and [1.16]

m m 1
1 1 1 21 (_1) (2) (p+7)m
Ok Sy | nan
(p+|+1) 2 F(p+1) = =l l-m)Im!(2p+1),,
After removing the common part, we get
1
r(p+1) 1 2l (_1)m(2)m(p+§)m
NC(p+1+1) 22 & 2—m)Imi(2p+1).
Thus, from [1.16] and [1.17]
(XY Loy o (D) X\
F(p+l)(§j xeaR(prgizpaliag = .Z}ur(p+|+1)x(5j
1 X P —ix 1 s _
F(p+1)(§} xe xlFl(p+2,2p+1,2|x)_Jp(x)

Thus, the Nexus is established.

In the same manner, the nexus of Confluent hypergeometric function to Modified Bessel
polynomial function can also be shown, and similarly, the nexus of Confluent
hypergeometric function to Whittaker Function can be shown

M, (x) = xR (q—- p+1/2,29+1X)

Thus, setting the suitable parameters in the Confluent hypergeometric function and applying
appropriate transformations, different special functions are obtained under the single
framework of series expansion.

Conclusion

By setting suitable parameters in the Confluent hypergeometric function

o0

1F1[p;q;x] =

n=0

different special functions can be obtained, which shows the central role of the Confluent
hypergeometric function in the nexus of the special functions. In this paper, we have explicitly
shown the nexus of Confluent hypergeometric functions to other well-known special functions
through the method of series expansion. Similarly, the nexus of Confluent hypergeometric
functions to the other special functions can be shown via differential equations and integral
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representations. This study helps comprehensive study of different special functions from
different perspectives and helps to understand the theoretical concepts as well as their application
across the various pure and applied mathematics, engineering, and other scientific disciplines.
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