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Abstract

The purpose of this paper is to review the methods of solving non-linear equations and compare

them for their procedure and suitableness for solving. The study reviewed two of methods

Newton’s method and Bisection method from various methods to solving nonlinear equations.

The table and graphs were used to compare them and found that Newton method is measured

the best due to its speedy and precise convergence to the roots. On the other hand, the Bisection

method, though slower in reaching the roots compared to the Newton method, ensures
convergence to the root regardless of the number of iterations.
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Introduction

The paper covers system of nonlinear
equations involves multiple equations
solving by two methods: Newton’s method
and Bisection method. A system of nonlinear
equations involves multiple equations with
several variables, where at least one equation
is nonlinear (lwetan et al., 2012 ). Solving
such systems generally involves isolating a
variable in one equation and substituting its
value into another equation. This process is
repeated until all variables are solved.
Though, this approach can produce a range
of different outcomes. Nonlinear algebraic
equations, or polynomial equations, are
characterized by polynomials set equal to
zero. For example, x> +x-1=0isa
polynomial equation. For and is one of the
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reasons algebraic geometry exists—a
challenging area within modern
mathematics. Even determining whether a
given system of algebraic equations has
complex solutions can be challenging. When
graphed, nonlinear equations typically
appear as curves, a single polynomial
equation, root-finding algorithms can be
applied to identify the solutions. However,
solving systems of algebraic equations is
more complex.

Nonlinear differential equations

A system of differential equations is
considered nonlinear if it does not fit the
criteria of a linear system. Non-linear
equations in general, a problem that requires
the values of the unknowns variables x;,
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X2,..., X, for which fi(x1,x,,...,x,) =0, i =
1,2,....n

where f1, f>,..., f, are given algebraic
functions of n variables. Such systems of
equations arise in many areas, e.g. in
numerical methods for nonlinear ordinary
and partial differential equations. If n =1 the
single equation can be solved by a variation
of effective techniques; the case of
polynomial equations can give augmentation
to complex solutions. The root finding
problem is one of the most relevant
computational problem, which appearing in
science and engineering.

Newton Raphson and Bisection methods are
both numerical method for determining the
roots of nonlinear functions.We utilized
methods like Newton's method, the Secant
method, and the Bisection method to solve
these equations (Paudel & Bhatta, 2023).
Additionally, we explored numerical
approaches such as the Runge-Kutta
methods, commonly applied to solve initial-
value problems for ordinary differential
equations. However, these methods were
specifically used to address nonlinear
equations with a single variable rather than
those involving multiple variables.

Numerical methods are used to provide
constructive solutions to problems involving

nonlinear equations. A nonlinear equation
may have a single root or multiple roots.
This research work will make emphasis on
solving nonlinear equation in one dimension
and involving one unknown F: R = R which
has scalar x as solution, such that f(x) = 0.
Numerical analysis is an extent of
mathematics and computer science that
creates analyses and implement algorithm for
obtaining numerical solutions to problems
involving continuous variables.

Materials and Methods

For the purpose of this study, the following
two methods were compared; Newton
method and the bisection method.

Newton Method

Newton Raphson method for calculating the
root of function uses the tangent line at a
point on the functions curve to approximate
it. Newton's method is one of the most
widely used and effective than bisection
method numerical methods for solving the
equation f(x)=0, where fis a function with a
continuous derivative f'( Mueen, & Shiker,
2024). This method is based on the Taylor
series expansion of the function f(x) around a
point x;.

FG) = FOn) + G = x)f Ge) 5 (8 = 202" () oo (1)

Where f and its first and second derivative f’ and f'' are calculated at x,. Taking the first two

terms of the Taylor’s series expansion, we have

fO)=f(x)+x—x)f (1) e,

We then set (2) to zero (i.e. f (x) = 0) to find the root of the equation which yields

flx) +c—x)f () =00iiiiniinnn. 3)
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Rearranging (3) above, we obtain the next approximation to the root, given rise to
X =x;— @ ....................... 4)

Thus generalizing (4) we obtain the Newton iterative method

X1 = X — ){,((’;";)), whereKEN ...l 5)

Let us consider an example:

f)=x3+x—-1=0

Now, apply Newton’s method to the equation. Correct to five decimal places. F (0)=-1, f(1)
= 1, therefore the root lies between 0 and 1. By Newton’s formula

_ f(x)

Xg+1 = Xg o0

Here, fl(x) =3x2+1
f(xx) Xp +x = 1
X =X, — — =X, — ——
TR g TR 3x2 41
Now, solving the right hand side,
xp+x—1
X =X, — ——
fer1 = Tk 3x2+1

Convergence of Newton’s Method

Here in Newton’s method
_ f ()
xk+1 - xk - f,(xk)
This is really an iteration method where

f@)
D)

Xi+1 = D), where @(xy) = x;

Hence the equation is

x=0 (x), where O (x) =x — ]f ’((J;i))

The sequence 1, 2, 3... Converges to the exact value if | @!(x) | < 1
Thatis, i [1 - —[i '(E‘;,Z(;’;]';(")” <1

Thatis, if =556 < 1

This implies that Newton method converges if |f (x)f"' (x)| < [f'(x)]?
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Bisection Method

On bisection method we repeatedly divided
an interval in half in which the roots lies.
Here, assume that, we have an equation of
the form f (x) = 0 whose solution is in the
range (a, b) is to be determined. Also assume
that f (x) is continuous and it can be
algebraic or transcendental. If f (a) and f (b)
are of opposite signs, then at least one root
exist between a and b (Boult, & Sikorski,

1984). As a first approximation, we assume

b
that root to be xo = % .

Now, find the sign of f'(x,). If f(xq) X f(b)
is negative, the root lies between x, and b, if
not it lies between a and x,. Any one of this
is true. This solution is found by repeated
bisection of the interval and in each iteration
picking that half which also satisfies that
sign condition. The number of iteration
required may be determined from the

. b-a
relat10n|—k| <€.
2

. a+b
The general formula is; e, = -

Let us consider another example: Solve the
equation f (x) =x’ + x - 1, correct
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to five decimal places. Using bisection
method f(x) = x3 + x — 1 ,correct to five
decimal places.

. +b
Solution x;, = aT, when k =0

A root lies between 0 and 1 such thata=0
andb=1

Convergence of Bisection Method

The successive approximation x;, of a root x
= o of the equation f{x) = 0 is said to
converge to x= a with order q > 1

If [xp41 — al < clxg —al

Here q, £ >0, k and c is some constants
greater than 0

When g=1 and 0<c<1, then the convergence
is known as first order and c is called the rate
of convergence.

Results and Discussions

Let us consider another example, that is;

f (x) = x® + x — 1 of the nonlinear
equation and illustrating the results by the
two methods of solving nonlinear equations
f(x) = 0. The results of the obtained by this
method are presented in the given table and
graphs which is given below.
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Table 1. Results are given below that obtained from two methods which are discussed above:

K Newton method €Ll Bisection method €1
X0=1 Xk+1 XKk
0.00 0.7500000 6.768x10> | 0.500000000 1.8232x10
1.00 0.6860500 3.73x10° 0.750000000 4.596x107
2.00 0.6823400 2x10° 0.625000000 1.112x10
3.00 0.6823300 1x10° 0.687500000 2.657x10°
4.00 0.6823278 7.8x10° 0.656250000 6.28773x10™
5.00 0.6823278 7.8x10° 0.671875000 1.43976x10™
6.00 0.6823278 7.8x10° 0.679687500 2.8418x107°
7.00 0.6823278 7.8x10° 0.683593750 8.42x107
8.00 0.6823278 7.8x10° 0.681640625 5.74x10°
9.00 0.6823278 7.8x10° 0.682617187 7.31x10°
10.00 0.6823278 7.8x10° 0.682128906 7.69x10°
11.00 0.6823278 0.682373000 7.21x10°
10
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Figl: The graph of Newton method.
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The error in each k" iteration in the Newton Method converges positively and remains positive
with great speed and accuracy throughout the value.
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Fig2: The graph of Bisection method.

In the k-th iteration of the bisection method,
the error alternates between positive and
negative but becomes strictly positive at the
point of convergence. The table above
compares the outcomes of two methods: the
Newton method and the Bisection method.
The Newton method emerged as the superior
approach due to its rapid and precise
convergence to the roots (Srivastava &
Srivastava, 2011). In contrast, the Bisection
method, though slower in reaching the roots,
guarantees convergence regardless of the
number of iterations. Based on the methods
discussed in this work, the Newton method
stands out as the most effective iterative
technique for solving nonlinear equations
with one variable, provided the initial guess
is sufficiently close to the root, as it ensures
faster and more accurate convergence.
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Conclusion

From the methods tested, the Newton
method appeared to be the most robust and
capable method of solving the nonlinear
equation f (x) =0. Results obtained from the
two methods above show that the Newton
Method is the most efficient (fastest
converges) method in finding the roots of
non-linear equations seeing that it converges
to the roots of the non-linear equation faster
than the other three methods. That is it
converges after a few iterations unlike the
other three methods which converges after
many iteration. This study was conduct on
method of solving non-linear equation. The
students can conduct such studies on other
various mathematical topics like
homogenous equations, second order
different equations, etc.
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