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Abstract 
Dengue is an infectious disease caused by dengue viruses of four serotypes DEN 1 to DEN 4. It is 
transmitted to humans by the bite of female Aedes mosquitoes. The disease has become a significant 
public health concern in recent years. Dengue viruses have expanded their geographic range through the 
movement of infected humans.  In the present work, a two-patch epidemic model is proposed to describe 
the transmission dynamics of dengue disease in patches with the mobility of humans. Different travel 
rates of humans are considered to study the dynamics of the disease. Different patches are considered to 
have different disease prevalence. Basic reproduction number of the model is calculated, and some 
threshold conditions are established to study local stability of the equilibrium points. The travel of 
humans can help the dengue disease to increase its prevalence and sometimes the travel can be helpful 
in controlling the spread of the disease. Present work demonstrates that proper control in travel rates is 
helpful in reducing the spread and dominancy of the disease. 
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Introduction 
Dengue is the most common mosquito-borne 
infectious disease caused by four different 
serotypes of viruses DEN 1 to DEN 4. The 
disease is transmitted to humans by the bites of 
infected female Aedes mosquitoes. An 
estimated 2.5 billion people live in the areas 
where the dengue is endemic. Dengue has been 
recognized in over 100 countries, and an 
estimated 50 - 100 million dengue cases occur 
annually (World Health Organization 2012). A 
person infected of one of the serotypes of the 
dengue viruses gets recovered having lifelong 
immunity to that serotype and becomes 
susceptible to get infected by other serotypes 
of viruses. About 12 weeks, the person 
becomes more susceptible to develop dengue 
hemorrhagic or dengue shock syndrome 
(Gubler 1998). 
 

Kermack and Mckendrick (1927) 
developed a SIR (Susceptible, Infectious, 
Removals) model in a closed population (no 
immigration or emigration), which became 
very famous in studying the dynamics of 

infectious diseases. Mathematical models help 
to obtain a better understanding of the 
transmission mechanism of the disease. The 
models help to identify the features that are 
most influent in the transmission of the disease. 
So, many mathematical models have been used 
to examine the transmission dynamics of 
dengue fever, (Esteva and Vargas 1998; Esteva 
and Vargas 1999; Soewono and Supriatna 
2001; Maidan and Yang 2007; Pongsumpun 
2008; Pinho, et al., 2010; Kongnuy, et al., 
2011; Gakkhar and Chavda 2013; Phaijoo and 
Gurung 2015). 
 

Travelling of the people from one place to 
another place contribute to spreading the 
disease in new places. Many mathematical 
models with the spatial spread of the diseases 
(Arino and Driessche 2003; Murray 2003; 
Wang and Mulone 2003; Wang and   Zhao 
2004; Arino and Driessche 2006) are proposed 
to study the transmission dynamics of 
infectious diseases. In the present work, we 
have formulated a SIR - SI deterministic two-
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patch model. Ying Hen et al. (2007) had used 
such a patch model to study the diseases which 
are transmitted to humans from humans 
directly. 
 

The present model is developed to study 
the transmission dynamics of dengue disease, 
which is not transmitted to humans from 
humans directly; it is transmitted to humans by 
female Aedes mosquitoes. 
 
Model Formulation 
We consider SIR (Susceptible, Infectious, and 
Recovered) compartments for humans and SI 
(Susceptible, Infectious) compartments for 
mosquitoes. The recovered compartment of 

mosquito’s population is not considered due to 
their short life period. 
 

Let 𝑆𝑆"#,			𝐼𝐼"#, 𝑅𝑅"
#, 𝑆𝑆"(,			𝐼𝐼"(, 𝑁𝑁"

#, 𝑁𝑁"
( and 𝑆𝑆*#,

𝐼𝐼*#, 𝑅𝑅*
#,			𝑆𝑆*(, 𝐼𝐼*,( , 𝑁𝑁*

#, 𝑁𝑁*
(  respectively denote 

the number of susceptible humans, infective 
humans, recovered humans, susceptible 
mosquitoes, infective mosquitoes, total human 
population and total mosquito population in 
patch 1 and patch 2 respectively. Human (host) 
population is assumed to travel between the 
patches. Mosquito (vector) population is 
assumed not to travel between patches due to 
their short-distance flight capacity. 

 

 
Fig. 1. Flow Chart for patch 1 of the two-patch model of dengue disease. 

The two-patch model which describes the dengue disease transmission between two patches with the 
mobility of humans is given by 
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where, 𝑆𝑆"# + 𝐼𝐼"# + 𝑅𝑅"
# = 𝑁𝑁"

#, 	𝑆𝑆*# + 𝐼𝐼*# + 𝑅𝑅*
# = 𝑁𝑁*

#,  𝑆𝑆"( + 𝐼𝐼"( = 𝑁𝑁"
(,  𝑆𝑆*( + 𝐼𝐼*( = 𝑁𝑁*

(   

And,  

𝛽𝛽"# 	=
𝑏𝑏𝜂𝜂"#

𝑁𝑁"
# , 𝛽𝛽*# =

𝑏𝑏𝜂𝜂*#

𝑁𝑁*
# , 𝛽𝛽"( 	=

𝑏𝑏𝜂𝜂"(

𝑁𝑁"
# , 𝛽𝛽*( =

𝑏𝑏𝜂𝜂*(

𝑁𝑁*
# 	

	
The total host and vector population sizes in two patches are 

𝑁𝑁# = 𝑁𝑁"
# + 𝑁𝑁*

#, 𝑁𝑁( = 𝑁𝑁"
( + 𝑁𝑁*

( 
 

Parameters used in the model 
Parameters Descriptions 

𝒅𝒅𝟏𝟏
𝒉𝒉, 𝒅𝒅𝟐𝟐

𝒉𝒉 death rates of host population in patch 1 and patch 2 

𝒅𝒅𝟏𝟏
𝒗𝒗, 𝒅𝒅𝟐𝟐

𝒗𝒗 death rates of vector population in patch 1 and patch 2 

𝜸𝜸𝟏𝟏𝒉𝒉, 𝜸𝜸𝟐𝟐𝒉𝒉 recovery rates of host population in patch 1 and patch 2 

𝜼𝜼𝟏𝟏𝒉𝒉, 𝜼𝜼𝟐𝟐𝒉𝒉 transmission probabilities from vector to host in patch 1 and patch 2 

𝜼𝜼𝟏𝟏𝒗𝒗, 𝜼𝜼𝟐𝟐𝒗𝒗 transmission probabilities from host to vector in patch 1 and patch 2 

𝒃𝒃, 𝒃𝒃 biting rates of vectors in patch 1 and patch 2 

𝑨𝑨𝟏𝟏
𝒉𝒉, 𝑨𝑨𝟐𝟐

𝒉𝒉 recruitment rates of host population in patch 1 and patch 2 

𝑨𝑨𝟏𝟏
𝒗𝒗, 𝑨𝑨𝟐𝟐

𝒗𝒗 recruitment rates of vector population in patch 1 and patch 2 

𝒎𝒎𝟐𝟐𝟐𝟐
𝑺𝑺,𝑰𝑰,𝑹𝑹,𝒎𝒎𝟏𝟏𝟏𝟏

𝑺𝑺,𝑰𝑰,𝑹𝑹 Travel rates of susceptible (𝑆𝑆), infective (𝐼𝐼) and recovered (𝑅𝑅) host from patch 1 to 
patch 2, and patch 2 to patch 1 

	

 𝑑𝑑𝑆𝑆"#

𝑑𝑑𝑑𝑑 = 𝐴𝐴"
# − 𝛽𝛽"#𝑆𝑆"#𝐼𝐼"( − 𝑑𝑑"#𝑆𝑆"# + 𝑚𝑚"*

D 𝑆𝑆*# − 𝑚𝑚*"
D 𝑆𝑆"#

𝑑𝑑𝑑𝑑"#

𝑑𝑑𝑑𝑑 = 𝛽𝛽"#𝑆𝑆"#𝐼𝐼"( − (𝛾𝛾"# + 𝑑𝑑"#)𝐼𝐼"# + 𝑚𝑚"*
F 𝐼𝐼*# − 𝑚𝑚*"

F 𝐼𝐼"#

𝑑𝑑𝑅𝑅"
#

𝑑𝑑𝑑𝑑 = 𝛾𝛾"#𝐼𝐼"# − 𝑑𝑑"#𝑅𝑅"
# +𝑚𝑚"*

G 𝑅𝑅*
# −𝑚𝑚*"

G 𝑅𝑅"
#															

𝑑𝑑𝑆𝑆"(

𝑑𝑑𝑑𝑑 = 𝐴𝐴"
( − 𝛽𝛽"(𝑆𝑆"(𝐼𝐼"# − 𝑑𝑑"(𝑆𝑆"(																																					

𝑑𝑑𝐼𝐼"(

𝑑𝑑𝑑𝑑 = 𝛽𝛽"(𝑆𝑆"(𝐼𝐼"# − 𝑑𝑑"(𝐼𝐼"(																																																

𝑑𝑑𝑆𝑆*#

𝑑𝑑𝑑𝑑 = 𝐴𝐴*
# − 𝛽𝛽*#𝑆𝑆*#𝐼𝐼*( − 𝑑𝑑*#𝑆𝑆*# + 𝑚𝑚*"

D 𝑆𝑆"# − 𝑚𝑚"*
D 𝑆𝑆*#

𝑑𝑑𝑑𝑑*#

𝑑𝑑𝑑𝑑 = 𝛽𝛽*#𝑆𝑆*#𝐼𝐼*( − (𝛾𝛾*# + 𝑑𝑑*#)𝐼𝐼*# + 𝑚𝑚*"
F 𝐼𝐼"# − 𝑚𝑚"*

F 𝐼𝐼*#

𝑑𝑑𝑅𝑅*
#

𝑑𝑑𝑑𝑑 = 𝛾𝛾*#𝐼𝐼*# − 𝑑𝑑*#𝑅𝑅*
# +𝑚𝑚*"

G 𝑅𝑅"
# −𝑚𝑚"*

G 𝑅𝑅*
#													

𝑑𝑑𝑆𝑆*(

𝑑𝑑𝑑𝑑 = 𝐴𝐴*
( − 𝛽𝛽*(𝑆𝑆*(𝐼𝐼*# − 𝑑𝑑*(𝑆𝑆*				(

𝑑𝑑𝐼𝐼*(

𝑑𝑑𝑑𝑑 = 𝛽𝛽*(𝑆𝑆*(𝐼𝐼*# − 𝑑𝑑*(𝐼𝐼*(														
																																		

  

 

 

 

 

 

 

 

 

(2.1) 
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Theorem 1: Disease-free equilibrium of the model (2.1) exists and is unique. 
Proof: A disease free equilibrium (DFE) for the system (2.1) is a steady state solution of the system 
where 𝐼𝐼"# 	= 	0, 𝐼𝐼*# = 0	, 𝐼𝐼"( = 0 and 𝐼𝐼*( 	= 	0. 

In disease free situation, 

 

 

𝑑𝑑𝑅𝑅"
#

𝑑𝑑𝑑𝑑 = −𝑑𝑑"#𝑅𝑅"
# +𝑚𝑚"*

G 𝑅𝑅*
# −𝑚𝑚*"

G 𝑅𝑅"
#

𝑑𝑑𝑅𝑅*
#

𝑑𝑑𝑑𝑑 = −𝑑𝑑*#𝑅𝑅*
# +𝑚𝑚*"

G 𝑅𝑅"
# −𝑚𝑚"*

G 𝑅𝑅"
#

 

   

  
    

                                  (2.2) 

In matrix form, above system (2.2) can be written as 
 −𝜁𝜁𝑅𝑅# 	= 	0    (2.3) 

where,  

𝜁𝜁 = K𝑑𝑑"
# +𝑚𝑚*"

G −𝑚𝑚"*
G

−𝑚𝑚*"
G 𝑑𝑑_2^ℎ +𝑚𝑚"*

G P,  𝑅𝑅# = [𝑅𝑅"
#, 𝑅𝑅*

#]S 

Here, 𝜁𝜁 has all off-diagonal entries negative, and both columns have a positive-sum.  So, 𝜁𝜁 must be 
an irreducible and non-singular 𝑀𝑀 - matrix (Berman and Plemmons (1979)) and the system (2.3) has 
a unique solution. 𝑅𝑅# = 0 is the solution to the system. i.e., 𝑅𝑅"

# = 0, 𝑅𝑅*
# = 0. 

Hence, in disease free situation, 𝐼𝐼"# = 0, 𝐼𝐼*# = 0, 𝐼𝐼"( = 0, 𝐼𝐼*( = 0, 𝑅𝑅"
# = 0, 𝑅𝑅*

# = 0	and so,  𝑆𝑆"# =
𝑁𝑁"

#, 𝑆𝑆*# = 𝑁𝑁*
#, 𝑆𝑆"( = 𝑁𝑁"

(, 𝑆𝑆*( = 𝑁𝑁*
(. 

 
In disease-free situation, from the system of equations (2.1); 

 
K
𝑑𝑑"# +	𝑚𝑚*"

D −𝑚𝑚"*
D

−𝑚𝑚*"
D 𝑑𝑑*# +	𝑚𝑚"*

D P K
𝑁𝑁"

#

𝑁𝑁*
#P = K

𝐴𝐴"
#

𝐴𝐴*
#P 

    

                               (2.4)	

 

   (For the host populations only)	
i.e., 𝐶𝐶𝑆𝑆# = 𝐴𝐴#                     (2.5) 

where,   𝐶𝐶 = K
𝑑𝑑"# +	𝑚𝑚*"

D −𝑚𝑚"*
D

−𝑚𝑚*"
D 𝑑𝑑*# +	𝑚𝑚"*

D P , 𝑆𝑆# = K
𝑁𝑁"

#

𝑁𝑁*
#P , 𝐴𝐴

# = K
𝐴𝐴"
#

𝐴𝐴*
#P 

And,  V
𝑑𝑑"( 0
0 𝑑𝑑*(

W V
𝑁𝑁"

(

𝑁𝑁*
(W = V

𝐴𝐴"
(

𝐴𝐴*
(W              

                     (2.6) 

   (For the vector populations only) 
i.e., 𝐷𝐷𝑆𝑆( = 𝐴𝐴(        (2.7) 

where,   𝐷𝐷 =	 Vd"
Z 0
0 d*Z

W , 𝑆𝑆( = 	 V
𝑁𝑁"

(

𝑁𝑁*
(W , 𝐴𝐴( = V

𝐴𝐴"
(

𝐴𝐴*
(W  

 
Matrix 𝐶𝐶 has positive column sums, and each non-diagonal element is negative. So, matrix 𝐶𝐶 is an 
irreducible and non-singular 𝑀𝑀 - matrix. Hence,  𝐶𝐶["  exists and 𝐶𝐶["> 0 (Berman and Plemmons 
(1979)). Thus, there is a unique solution, 𝑆𝑆# 	= 	𝐶𝐶["𝐴𝐴# > 0. 
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𝐷𝐷 is a diagonal matrix with positive diagonal elements 𝑑𝑑"(, 𝑑𝑑*(. So,  𝐷𝐷[" exists and is non-negative. 
So, 𝑆𝑆( = 	𝐷𝐷["𝐴𝐴( is a unique solution to 𝐷𝐷𝑆𝑆( = 𝐴𝐴(. The results show that there always exists a unique 
disease-free equilibrium point. 
 
Basic reproduction number 
The basic reproduction number	𝑅𝑅] is defined as the average number of secondary infections that 
occur when one infective is introduced into an utterly susceptible host population. 
For the computation of the basic reproduction number we order the infected variables by 𝐼𝐼"#, 𝐼𝐼*#, 𝐼𝐼"(,
𝐼𝐼*(and use the Next Generation Matrix method [20, 21] (Diekmann et al. (1990), Driessche and 
Watmough (2002)). Then, 

𝐹𝐹 =	 V
0 𝐹𝐹"*
𝐹𝐹*" 0 W , 𝑉𝑉 = 	 V

𝑉𝑉"" 0
0 𝑉𝑉**

W 
where,  

  𝐹𝐹"* = 	 K
𝛽𝛽"#𝑁𝑁"

# 0
0 𝛽𝛽*#𝑁𝑁*

#P,			𝐹𝐹*" = V
𝛽𝛽"(𝑁𝑁"

( 0
0 𝛽𝛽*(𝑁𝑁*

(W 

𝑉𝑉"" = 	 K
𝑚𝑚*"

F + 𝛾𝛾"# + 𝑑𝑑"# −𝑚𝑚"*
F

−𝑚𝑚*"
F 𝑚𝑚"*

F + 𝛾𝛾*# 	+ 𝑑𝑑*#
P , 𝑉𝑉** = V

𝑑𝑑"( 0	
0 𝑑𝑑*(

W 

 
Matrix 𝑉𝑉"" has positive column sums, and all off-diagonal elements are negative. So, the matrix 𝑉𝑉""is 
an irreducible non-singular 𝑀𝑀 - matrix. Hence, 𝑉𝑉""[" exists and is positive, i.e., 𝑉𝑉""[" > 0. 
 
𝑉𝑉** is a diagonal matrix with positive entries. So, 𝑉𝑉**[" exists and is non-negative. The basic 
reproduction number, 𝑅𝑅], for the system (2.3) is the spectral radius of 𝐹𝐹𝑉𝑉[". 
 

∴ 𝑅𝑅] 	=
1
2
b2𝑎𝑎(𝑅𝑅]"

* + 𝑅𝑅]*
* ) + 2[𝑎𝑎*(𝑅𝑅]*

* − 𝑅𝑅]"
* )* + 4𝑎𝑎𝑅𝑅]"

* 𝑅𝑅]*
* ]"/*	

where, 

𝑅𝑅]" = b fg
hfg

ijg
hjg

i

kgi	(lghmkghmnog
p )

(Basicreproduction number of patch 1) 

𝑅𝑅]* = b fo
hfo

ijo
hjo

i

koi(lohmkohmngo
p )

(Basic reproduction number of patch 2) 

𝑎𝑎 = 1 +
𝑚𝑚"*

F 		𝑚𝑚*"
F

𝑑𝑑"#𝑑𝑑*# + 𝑑𝑑"#𝛾𝛾*# + 𝑑𝑑"#𝑚𝑚"*
F + 𝛾𝛾"#𝑑𝑑*# + 𝛾𝛾"#𝛾𝛾*# + 𝛾𝛾"#𝑚𝑚"*

F + 𝑚𝑚*"
F 𝑑𝑑*# + 𝑚𝑚*"

F 𝛾𝛾*#
 

 
Theorem 2: If 𝑅𝑅] < 1, then the disease-free 
equilibrium is locally asymptotically stable 
and unstable if 𝑅𝑅] > 1. 
Proof: Let 𝐽𝐽"" and 𝐽𝐽"* be the matrices of 
partial derivatives evaluated at the disease-
free equilibrium. The Jacobian matrix for the 
linearization of the system about the disease-
free equilibrium is obtained as the block 
structure   

𝐽𝐽 = 	 s𝐽𝐽"" 𝐽𝐽"*
0 𝐹𝐹 − 𝑉𝑉t 

The matrix is upper triangular. So, the 
eigenvalues of𝐽𝐽 are those of the partition 
matrices 𝐽𝐽"" and 𝐹𝐹 − 𝑉𝑉. Also, 

𝐽𝐽"" = 	 s−𝐶𝐶 0
0 −𝐷𝐷t 

The matrices 𝐶𝐶 and 𝐷𝐷 (matrices defined in 
theorem 1) are non-singular 𝑀𝑀-matrices. So, 
spectral abscissa 𝑠𝑠(−𝐶𝐶) < 0, 𝑠𝑠(−𝐷𝐷) <
0(Berman and Plemmons (1979)) and 
eigenvalues of the matrix 𝐽𝐽"" have negative 
real parts. 
 
Hence, the matrix𝐽𝐽 will have eigenvalues all 
with negative real parts if the matrix 𝐹𝐹 − 𝑉𝑉 
has all eigenvalues with negative real parts. 
Also,  𝐹𝐹 is a non-negative matrix and 𝑉𝑉 is 
non-singular 𝑀𝑀-matrix. So, eigenvalues of 
𝐹𝐹 − 𝑉𝑉 will have negative real parts if and only 
if 𝜌𝜌{𝐹𝐹𝑉𝑉["} < 1 (Driessche and Watmough 
(2002)). i.e., the disease-free equilibrium is 
locally asymptotically stable if and only if the 
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basic reproduction number, 𝑅𝑅] = 𝜌𝜌{𝐹𝐹𝑉𝑉["} <
1. 
If 𝑅𝑅] > 1, then 𝑠𝑠(𝐹𝐹 − 𝑉𝑉) > 0. It shows that 
at least one eigenvalue lies in the right half-
plane. So, the disease equilibrium is unstable 
if   
𝑅𝑅] > 1. 

For Patch 1 
Theorem 3: The disease-free equilibrium 
point is locally asymptotically stable if 𝑅𝑅] <
1  and unstable if 𝑅𝑅]" > 1. 
Proof: As both host and vector populations 
are considered constant, we can consider only 
the following 3 equations for patch 1 

 𝑑𝑑𝑑𝑑"#

𝑑𝑑𝑑𝑑 = 𝐴𝐴"
# − 𝛽𝛽"#𝑆𝑆"#𝐼𝐼"( − 𝑑𝑑"#𝑆𝑆y# + 𝑚𝑚"*

D 𝑆𝑆*# − 𝑚𝑚*"
D 𝑆𝑆"#

𝑑𝑑𝑑𝑑"#

𝑑𝑑𝑑𝑑 = 𝛽𝛽"#𝑆𝑆"#𝐼𝐼"( − (𝛾𝛾"# + 𝑑𝑑"#)𝐼𝐼"# + 𝑚𝑚"*
F 𝐼𝐼*# − 𝑚𝑚*"

F 𝐼𝐼"#

𝑑𝑑𝑑𝑑"(

𝑑𝑑𝑑𝑑 = 𝛽𝛽"((𝑁𝑁"
( − 𝐼𝐼"()𝐼𝐼"# − 𝑑𝑑"(𝐼𝐼"(

 

   

  (2.8) 

 The Jacobian matrix of the system of equations (2.8) at the DFE is obtained as 

𝐽𝐽" = 	 z
−𝑑𝑑"# −𝑚𝑚*"

D 0 𝛽𝛽"#𝑁𝑁"
#

0 −𝑑𝑑"# − 𝛾𝛾"# −𝑚𝑚*"
F 𝛽𝛽"#𝑁𝑁"

#

0 𝛽𝛽"(𝑁𝑁"
( −𝑑𝑑"(

{ 

The corresponding Characteristic Polynomial is 
(𝜆𝜆 + 𝑑𝑑"# +𝑚𝑚*"

D )[𝜆𝜆* + (𝑑𝑑"( + 𝛾𝛾"# + 𝑑𝑑"# +𝑚𝑚*"
F )𝜆𝜆 + 𝑑𝑑"((𝑚𝑚*"

F + 𝑑𝑑"# + 𝛾𝛾"#)(1 − 𝑅𝑅]"
* )] = 0 (2.9)	

From characteristic polynomial (2.9), it is observed that first eigen value is 𝑑𝑑y# + 𝑚𝑚*"
D which is 

negative. 
Next,    

 𝜆𝜆* + (𝑑𝑑"( + 𝛾𝛾"# + 𝑑𝑑"# +𝑚𝑚*"
F )𝜆𝜆 + 𝑑𝑑"((𝑚𝑚*"

F + 𝑑𝑑"# + 𝛾𝛾"#)(1 − 𝑅𝑅]"
* )  (3.0) 

The two conditions of Routh Hurwitz Criteria 
(Brauer and Chavez (2012)), for local 
asymptotical stability of second order 
characteristic polynomial𝜆𝜆* + 𝑎𝑎"𝜆𝜆 + 𝑎𝑎* = 0 
are𝑎𝑎" > 0  and 𝑎𝑎* > 0. 
We have, 𝑎𝑎" = 𝑑𝑑"( + 𝛾𝛾"# + 𝑑𝑑"# +𝑚𝑚*"

F , 𝑎𝑎* =
𝑑𝑑"((𝑚𝑚*"

F + 𝑑𝑑"# + 𝛾𝛾"#)(1 − 𝑅𝑅]"
* ).Here, 𝑎𝑎" is 

always positive. Also, 𝑎𝑎* > 0 if 𝑅𝑅]" < 1. 
Hence, if 𝑅𝑅]" < 1, the eigenvalues will have 
negative real parts, and the disease-free 
equilibrium point becomes asymptotically 
stable.  
 If 𝑅𝑅]" > 1, then the two eigenvalues of 
equation (3.0) are one negative and one 
positive real number. So, the disease-free 
equilibrium point becomes unstable if 𝑅𝑅]" >
1. 
 
For Patch 2 
Theorem 4: The disease-free equilibrium 
point is locally asymptotically stable if 𝑅𝑅]* <
1 and unstable if𝑅𝑅]* > 1. 
 
 
 

Numerical Results and Discussions 
Two patches are assumed to have different 
disease prevalence. Patch 1 is assumed to 
have high disease transmission rate, and 
𝑅𝑅]" > 1 and patch 2 is assumed to have low 
disease transmission rate and 𝑅𝑅]" < 1. Some 
numerical simulations are observed with 
different travel rates of human populations to 
study the transmission dynamics of dengue 
disease. 
 
Fig 2 depicts the dynamics of susceptible 
humans of patch 1 and patch 2 against time. 
Susceptible host population decreases rapidly 
with the increase in time in patch 1. 
Meanwhile, susceptible host population in 
patch 2 increases initially and then starts 
decreasing due to interaction of susceptible 
hosts with infected mosquitoes and their 
natural deaths. Since patch 2 is assumed low 
prevalence patch, the number of susceptible 
hosts in patches 2 increases initially. 
 
Dynamics of infected host population is 
observed in Fig 3. As all humans are assumed 
susceptible to the disease, the number of 
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infected hosts increases due to the contact of 
susceptible hosts with infected mosquitoes. 
Eventually, the population size of infected 

hosts in both patches becomes zero due to the 
recovery of infected humans from the disease 
and due to their natural death. 

  

Fig. 2. Dynamics of the susceptible host population.  Fig. 3. Dynamics of the infected host population.  

  

Fig. 4. Basic reproduction number with 𝑚𝑚"*
F = 𝑚𝑚*"

F . 
Fig. 5. Basic reproduction number with 𝑚𝑚"*

F  and fixed 
values of  𝑚𝑚*"

F . 

 
If the travel rates are same (Fig 4), the 

increase in values of travel rate, m leads to a 
reduction in the values of the basic 
reproduction number, 𝑅𝑅] reducing the 
dominancy of the disease. 

Fig 5 shows the change in values of basic 
reproduction number, 𝑅𝑅] with increasing 
values of 𝑚𝑚"* with fixed values of	𝑚𝑚*". The 
figure shows that the value of 𝑅𝑅] decreases 

with increasing values of 𝑚𝑚"*. At the same 
time, the value of 𝑅𝑅] decreases with 
increasing values of	𝑚𝑚*". It shows that the 
increase in travel rate to low prevalence patch 
2 from high prevalence patch 1 reduces the 
prevalence of the disease. Increase in travel 
rate to high prevalence patch 1 from low 
prevalence patch 2 enhances the prevalence 
of the disease (Fig 6). 
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Fig. 6. Basic reproduction number with 𝑚𝑚"*

F  and	𝑚𝑚*"
F . 

 
Special Cases 
When infected humans of low prevalence 
patch 2 are restricted to travel to high 
prevalence patch 1 (i.e. 𝑚𝑚"*

F = 0 and all other 
parameters same) and the infected humans of 
high prevalence patch 1 are allowed to travel 
to low prevalence patch 2, it is observed that 
there are more infected hosts in low 
prevalence patch 2 than in high prevalence 
patch 1. (Fig 7).The figure shows that if the 
infected people of the only high prevalent 
patch are allowed to travel to low disease 
prevalence patch, the low disease prevalence 
patch becomes more disease prevalent. 

 
Fig 8 shows the dynamics of infected host 
population when the infected people from 
high disease prevalence patch 1 are restricted 
to travel to low disease prevalence patch 2 
(i.e., 𝑚𝑚*"

F = 0 and all other parameters same) 
and the infected people from low disease 
prevalence patch 2 are allowed to travel to 
high prevalence patch 1, it is observed that 
very few people are remained infected in low 
disease prevalence patch 2. Thus, restricting 
the travel of infected humans from high 
disease prevalence patch to the low disease 
prevalence patch help in making the low 
disease prevalence patch even less disease 
prevalent. 

  

Fig. 7. Dynamics of infected host population 
with	𝑚𝑚"*

F = 0. 
        Fig. 8. Dynamics of infected host population    with 

𝑚𝑚*"
F = 0. 

 
Conclusion 
Travelling of human from one place to 
another place can change the whole dynamics 
of dengue disease transmission. Restricting 

the travel of infected hosts can lead to 
controlling the disease from being endemic. 

Present work discusses the impacts of 
travelling of human from one patch to the 
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other patch. Basic reproduction number is 
seen higher when there is a higher travel rate 
from low prevalence patch to the high 
prevalence patch. The basic reproduction 
number is seen lowered when there is higher 
travel rate from high prevalence patch to the 
low prevalence patch.   

 
Restriction of travel from low prevalence 

patch to the high prevalence patch when the 
travel from high prevalence patch to low 
prevalence patch is allowed, increases the 
number of infectives in low prevalence patch. 
Restriction of travel from high prevalence 
patch to the low prevalence patch when the 
travel from low prevalence patch to high 
prevalence patch is allowed, decreases the 
number of infectives significantly in low 
prevalence patch. Thus, restricting the travel 
of infected humans from the high prevalence 
patch to low prevalence patch could result in 
low prevalence patch becoming even less 
disease prevalent.  
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