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Abstract

The theory of fixed point is a very extensive field, which has various applications. The present paper deals with some
developments of Meir-Keeler type fixed point theorem as its remarkable generalizations under several contractive

definitions in metric space.
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Introduction

Fixed point theory is an important area of analysis. If T
is self mappings of a metric space (X, d) then, a point x in
X is said to be fixed point of T if, Tx = x; that is, a point
which remains invariant under a self mapping is called a
fixed point. In 1922, S. Banach proved a common fixed
point theorem, which ensures under appropriate
conditions, the existence and uniqueness of a fixed point.
This result of Banach is known as the Banach contraction
principle. This theorem provides a technique for solving
a variety of applied problems in mathematical sciences
and engineering. Many authors have extended,
generalized and improved this result in different ways.
The paper of Jha( 2002) is the survey work on some
generalizations and applications of the Banach
contraction principle. Also, the paper of Pant ez. al.(2003)
deals with the history of fixed point theorems.

We have the following definitions.

Definition 1. Let (X, d) be a metric space and 7: X — Xbe
a mapping then T is said to satisfy Lipschitz condition
if, there exists a real number &k > 0 such that

d(Tx, Tv) < kd(x, y), forall x, y in X.

Definition 2. A self-mapping 7 of a metric space (X, d) is
called a weakly uniformly strict contraction or simply
an (& -8) — contraction if for each &> 0 there exists 6> 0
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such that forall x,y € X, &<d(x,y)<e+0 implies d
(Ix, ) < & ©)

Definition 3. Let (X, d) be a metric space. The mappings

fand g of Xare said to be R-weakly commuting if there
exists a positive real number R such that d (fgx, gfx) d”
Rd (fx, gx), for all x in X.

Definition 4. The mappings f'and g are said to be R-
weakly commuting of type (A f) if there exists a positive
real number R such that d (fgx, ggx) d” Rd (fx, g x), for
allx e X.

Definition 5. The mappings f'and g are said to be R-
weakly commuting of type (Ag) if there exists a positive
real number R such that d (gfx, ffx) d” R d (fx, gx), for all
xeX

Definition 6. The mappings 4 and S are weakly
commuting at point x € X whenever

d(AS x, SAx) < d(Ax, Sx). The pair (4, S) is weakly
commuting on X if they commute at each pointx € X.
It is noted that commuting maps are weakly commuting
and the reverse implication is not true

Definition 7. Two self-mappings 4 and S of metric space
(X, d) are called compatible if, lim_d (ASx ,SAx )=0
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whenever {x } is a sequence in X such that lim Ax
=lim Sx =¢for some finX.

Definition 8. Two self mappings 4 and S of a metric
space (X, d) are called weakly compatible if they
commute at coincidence points. That is, 4x = Sx impies
that 4Sx = SAx for x in X.

Definition 9. Two self maps 4 and S of a metric space (X,
d) will be called reciprocally continuous if lim ASx,
= At and lim SAx = St whenever {x } is a sequence
suchthat  lim Ax =lim Sx =¢ for some ¢in X.

Definition 10. Let fand g be self mappings of a set X.
A point u in X is called a common fixed point of fand g
if, fi = u = gu. Also, the point u is called a coincidence
point of fand g provided fu = gu.

Theorem 1. (Banach Contraction Principle)
Any contraction mapping 7 defined on a non-empty
complete metric space (X, d) into itself has a unique
fixed point in X.

In 1969, A. Meir and E. Keeler proved a fixed point
theorem for a weakly uniformly strict contraction
mapping generalizing the Banach contraction principle
as follows:

Theorem 2. If (X, d) is a complete metric space. Then a
weakly uniformly strict contraction 7°on X has a unique
fixed point, say u, and for any x € JX,

. no
lim,,  T"x=u.

In 1978, Maiti and Pal established a fixed point
theorem for self mapping satisfying the following
generalization of weakly uniformly strict contraction (1):
Given € > 0, there exists a 6 > 0 such that

e< max {d (x,y),d (x,fx),dy,fy)} <e+ 6 implies d
(fx.fy) < e. )

Park and Rhoades in 1981, established fixed point
theorems for pair of orbitally continuous self mappings
of an orbitally complete metric space. Also, Park and
Bae in 1981, extended the Meir-Keeler condition to
commuting pair of self-maps in complete metric space.
In 1984, Rhoades extended the result of Park and
Rhoades (1981) involving a pair of mappings satisfying
a Meir-Keeler type contractive definition into three
mappings. Simultaneously, in 1984 Ganguli and in 1985
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Rao and Rao extended Meir-Keeler type contractive
definition into three mappings. In 1988, Fisher and Sessa
proved the common fixed point for commuting pair of
self mappings in complete metric with one of the
mappings to be continuous. Pant in 1994 proved
common fixed point for a pair of R-weakly commuting
self mappings in complete metric space under
contractive condition. Pathak ez.al. in 1997 improved
the results of Pant (1994) using R-weakly commuting
self mappings of type (Ag) or type (A).

Meir-Keeler Type fixed point theorems
for two pairs of maps

Jungck in 1986, obtained a common fixed-point theorem
related to Meir-Keeler type contractive conditions for
four continuous mappings on a compact metric space.
As Meir-Keeler (g, 8)-contractive condition does not
ensure a common fixed point unless & satisfies some
additional conditions or some additional inequalities,
so, Pant in 1986 proved a common fixed point theorem
for four continuous and commuting self mappings
satisfying Meir-Keeler condition taking o to be non-
decreasing. Also, Rao and Rao in 1985 established a
common fixed point theorem under Meir-Keeler type
contractive conditions for four mappings. The most
general common fixed theorems for four mappings, say
A, B, S and T of a metric space (X, d) use either Banach
type contractive condition of the form
d(Ax, By)<hm(x,y), 0< h<1where (3)
m(x,y) =max {d(Sx, ), d(Ax, Sx),d(By,T}),
[d(Sx, By) + d(Ax, Ty)]/2 },
a Meir-Keeler type (¢, &) contractive condition
of the form,
given &> 0 ,there exists 6> 0 such that
e m(x,y)<e+d=d(dx,By)<e, (4)
or, a ¢ contractive condition of the form
d(Ax, By) < ¢ (m(x, y)), (5)
involving a contractive gauge function ¢: R, > R,
is such that ¢(¢) < ¢ for each ¢> 0.

or,

The weak form of the contractive condition (4) is
of the form
e<m(x,y)<e+d=d(Ax,By)< €. ©)
Clearly, condition (3) is is a special case of both
conditions (4) and (5).

The following example illustrates that an (e, o)-
contractive condition of type (4) neither ensures the
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existence of a fixed point nor implies an analogous ¢-
contractive condition (5).

Example 1. (Pant et.al 2002) Let X =[0, 2] and d be the
Euclidean metric on X. Define f: X — X by
fx=(1+x)/2if,x<1and fx=0ifx > 1. Then it satisfies
the contractive condition
ed”max {d (x,y),d (x,fx),d (v, fy), [d (x, ) + d (fx, )]
/2}<e+0
=d (fx, ) <e with 8(e) =1 for > 1 and &(¢)
=l-gfore<l,
but f'does not have a fixed point. Also, f'does
not satisfy the contractive condition
d(fx,.fy) < (max {d (x,y), d (X, /), d (v, /),
[d(x, fy) +d (fx, »)1/2}),
since the desired function ¢(¢) can not be defined at ¢
=1.
Hence, the two types of contractive conditions
(4) and (5) are independent of each other. Thus, to
ensure the existence of common fixed point under the
contractive condition (4), the non decreasing (Pant
1994,1998), and lower semi continuous (Jungck 1986,
Jungck et.al.1993) conditions on the function & have
been introduced. Jachymski (1994) has shown that the
(&, d)-contractive condition (4) with non decreasing 6
implies a ¢-contractive condition (5). Also Pant
et.al.(2002) have shown that (¢, J)- contractive condition
(4) with a lower semi continuous d implies a ¢-contractive
condition (5).Thus, we see that if additional conditions
are assumed on 6 then the (s, d)- contractive condition
(4) implies an analogous ¢-contractive condition (5)
and both the contractive conditions hold
simultaneously.

Theorem 3. (Pant 1986): Let A4, Sand B, Tbe commuting
self mappings of a complete metric space (X, d)
satisfying AX < TX, BX — SX and the condition:
Given &> 0, there exists 6 > 0, 5(¢) being non-decreasing
such that € <max { d(Sx, 7), d(4x, Sx), d(By, Iy)} <e+
6 d(4x, By)<e.

If one of the mappings 4, B, S and T'is continuous,
then 4, B, S'and T have a common fixed point.

In 1996, Singh and Chadha replaced the continuity
condition from some of the main results of Jungck
et.al.(1993) and established the following theorem.

Theorem4. Let (X, d)be ametric space, S, 7> X '/ X. Let
A, Bbe (g, 0)—(S, T) contraction. If one of 4 (X), B (X), S
(X) or T (X) is a complete sub-space of X. Then,
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A and S have a coincidence, and B and T have a
coincidence.

Further, if ASu=SAu, u € C(A4,S)and BTv=TBv,
ve C(B,T),then A, B, S, Thave aunique common fixed
point, where C (4, S) stands for a collection of
coincidence points of 4 and S; i.e. C (4, S)= {u: Au
=Su}.

Theorem 5. (Pant,2001): Let (4, S) and (B, T) be
compatible pairs of self maps of a complete metric space
(X, d) such that AX — TX, BX — SX and

(i) given ¢ > 0 there exists a 6 > 0 such that
ed”m(x,y)<e+d = d(Ax, By)<e,

d(Ax, By) d” ¢ (max{k d(Sx, 1), d(Ax, Sx),
d(By, Ty), k[d(4x, Ty)) + d(By, Sx)]/ 2}), where 1
d” k<2 and ¢ R, ! R, suchthat ¢(¥)<e for
each ¢> 0. If one of the mappings 4, B, S or T'be
continuous then 4, B, S and T have a unique
common fixed point.

(i)

In 2003, Jha and Pant obtained following common
fixed point theorem which employs a Lipschitz type
analogue of known contractive definitions and provide
a new type of answer to the open problem posed by
B.E. Rhoades (1988) on the existence of a contractive
definition.

Theorem 6. Let (4, S) and (B, T) be the compatible pairs
of self mappings of a complete metric space (X, d) such
that

(1) AXcTX,BXcSX,
(i) Given ¢> 0 there exists § > 0 such that ¢ d” m (x,
y)<e +0=d(4Ax,By)<é¢,and

d (Ax, By) <max{d(Sx, Ty), k [d (Ax, Sx) + d(By,
1)1/2,
[d (Sx, By) +d(Ax, Ty)]/ 2},1d” k<2.

(iii)

If one of the maps 4, B, S and T is continuous,
then 4, B, S and T have a unique fixed point.

In 2003, Jha et.al. established the following
common fixed point theorem for two pairs of compatible
mappings under a new contractive condition, which is
independent of the known contractive definitions.

Theorem 7: Let (4, S) and (B, T) be compatible pairs of
self mappings of a complete metric space (X, d) such
that
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(i) AXcTX, BXcSX,

(i) Given > 0 there exists a > 0 such that for all x, y
inX, ed”m(x,y)<e+ o =d(Ax, By)<e,and

(iii) d (4x, By) <k [d(Sx, Ty) + d(4x, Sx) + d(By, Ty)
+d(Sx, By) +d(A4x, T)],

for0d” kd” 1 /3. If one of the mappings 4, B, S and T'is
continuous then 4, B, S and T have unique common
fixed point.

In 2004, Popa proved the following theorem for
functions satisfying an implicit relation.

Theorem 8: Let S, 7', [ and J be the self mappings of a
metric space (X, d) such that (i) S (X) cJ(X)and T (X)
cI(X),
(i) given &> 0, there exists d > 0 such that
e d” max {d(Ix, Jy), d(Ix, Sx), d(Jy, Ty), [d(Ix, Jy)
+d(Jy, Tx)]/ 2} <& +4, implies d(Sx, Ty) <&, and
(i) there exists F' € F, an implicit relation, such that
inequality

F(d(Sx, Ty),d(Ix, Jy),d(Ix, Sx),d(Jy, Tv)d(Ix, 1),
d(Jy, Sx)) <0, where F satisfies property F(u) holds for
all x, y in X. If one of S (X), T (X), I (X) and J (X) is a
complete subspace of X, then (a) S and I have a
coincidence point, (b) 7and J have a coincidence point.
Moreover, if the pairs (S, I) and (7, J) are weakly
compatible, then S, 7, / and J have a unique common
fixed point.

In 2004, Jha proved the following theorems for
two pairs of compatible mappings.

Theorem 9: Let (4, S) and (B, T) be compatible pairs of

self mappings of a complete metric space (X, d) such

that

(i) AXcTX,BXc SX,

(i)  Given &> 0 there exists a > 0 such that for all x,
yinX,

e <m(x,y)<e+d=>d(Ax,By)d” &, and (iii) d (4x,
By)<k[d(Sx, Ty)+ d(4x, Sx) + d(By, 1)) + d(Sx, By)
+d(dx, 1y)],

for0d” kd” 1/3. If one of the mappings 4, B, S and Tis
continuous, then 4, B, S and T have a unique common
fixed point.

Theorem 10.(Jha ez.al 2005): Let (A, S) and (B, T) be
compatible pairs of self mappings of a complete metric
space (X, d) such that
(1) AX c TX, BX c SX,
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(i) Givene>0thereexistsad>0s.t. forallx,yinX, &
d”m(x,y)<e+d=d(4x,By)<e,

(ii)) d (Ax, By) <max{k [d(Sx, Ty)+ d(Ax, Sx) + d(By,
1)), k,[d(Sx, By) +d(Ax, )]/ 2}, for 0d”k,<1, 1
d”k,<2.

If one of the mappings 4, B, S and T'is continuous
then 4, B, S and T have unique common fixed point.
In 2005, Jha et.al. proved the following common fixed
point theorem employing a Lipschitz type analogue of
known contractive definitions.

Theorem 11: Let (4, S) and (B, T) be compatible pairs of
self mappings of a complete metric space (X, d) such
that

(1) AXcTX,BXcSX,

(i) Given &> 0 there exists a 6 > 0 such that, e <m (x,
y)<e+d=d(4x, By)<e,
(i) d (Ax, By) < max{kd (Sx, Ty),[d (4x, Sx) + d(By,

T)1/2,k,[d (Sx, By) +d(Ax, Ty)]/2}, for k,> 0,
1d°k, <2.

If one of the mappings A, B, S and T is continuous,
then A, B, S and T have a unique common fixed point.
In 2007, Jha proved the following common fixed-point
theorem involving two pairs of weakly compatible
mappings under a Lipschitz type contractive condition.

Theorem 12: Let 4, B, S and T be self mappings of a
metric space (X, d) such that

(i) AXcTX,BXcSX,

(i) Given &> 0 there exists a d > 0 such that for all x, y
inX,e<m(x,y)<e+d=d(4x,By)d” ¢, and

(i) d(Ax, By)<k[d(Sx, )+ d(Ax,Sx)+d (By,Ty)+d

(Sx, By) +d(Ax, T)], for0d” kd” 1/3.1fone of the
AX, BX, SX and TX is complete subspace of X and
if the pairs (4, S) and (B, T) are weakly compatible,
then 4, B, S and T have a unique common fixed
point.

Theorem 13.(Rhoades et.al.1990) Let (X, d) be a
complete metric space, and S, 7'self maps of X with S or
T continuous. Suppose there exists a sequence {4} of
self-maps of X satisfying

(i) 4,: X— SX TXforeachi, or, (i') S, T: X—> N, A X, (ii)
each 4, is compatible with Sand 7, (iii) each 4, weakly
commutes with S at each point & for which 4,£ = S&, and
each 4, weakly commutes with T at each point 7 for
which 4.1 = Tnand (iv) for any £> 0, there exists a &
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such that, foreach x, yin X, ¢ < Mij (x,y) <&+ dimplies
d(4x, A y) < & where Ml.j(x, y)=max {d(Sx, Ty) d( Sx, A x)
d(Ty,Ay), [d (Sx,Ay) +d (Iy,Ax)]/ 2}, thenall 4, S and
T have a unique fixed point.

In 2001, Pant et.al. obtained the following fixed
point theorem for a sequence of mappings satisfying
Meir-Keeler type (g J) contractive conditions. This
theorem gives an answer to the question, which
remained an open problem for more than a decade, on
the existence of a contractive definition, which generates
a fixed point but does not force the map to be continuous
at the fixed point.

Let{4,},1=1,2,3... Sand Tbe self mappings of
a metric space (X, d). In the sequel, let us denote, M, (x,
y)=max {d (Sx, 1y)), d (4 x, 8x), d (A, T), [d (Sx, A y) +
d(Ax, T)]/2}.

We use this notation frequently in the following
theorems for sequences of mappings.

Theorem 14: Let {A,i=1,2,3...} Sand T be self

mappings of a complete metric space (X, d) such that

(i) A4,XcTX, A XcSX,i>1,

(i)  Given &> 0 there exists 6> 0 such thate <M, (x, y)
<e+do=>d(Ax,Ay)<e,

i) d (4, 4p)d" g, (M, (x,)),i>2,

where ¢: R ! R_ issuchthat ¢ (¢) <¢foreachs>0.
Let 4, and S be compatible and T be compatible with 4,
for each & > 1. If one of the mappings is continuous
then all the 4, S and 7 have a unique common fixed
point.

In 2002, Pant et.al. obtained a common fixed point
theorem for a sequence of mappings under a weak form
of (g, d)—contractive condition and using a notion of
reciprocal continuity of compatible pair of self-mappings
on a complete metric space as follows.

Theorem 15: Let {4, :i=1,2,3...}, S and T be self
mappings of a complete metric space (X, d) such that

() A,XCTX,AXCSX,i>1,

(i) Givene> 0 there exists 0> 0 such thate <M, (x,y)
<e+td=>d(Ax,4y)<e
(i) d(Ax,Ay)d” M, (x, y).

Let S be compatible with 4, and 7'be compatible with 4,
for some k> 1.If the mappings in one of the compatible
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pairs (4,, S) or (4,, T) are reciprocally continuous then
all the 4, §'and T have a unique common fixed point.

In 2003, Pant et.al. obtained following fixed-point
theorem for a sequence of mappings satisfying a weak
form of Meir-Keeler type (& - d)-contractive condition
together with a ¢-contractive condition without
assuming any additional conditions on ¢ and ¢. The
theorem extends and unifies the Meir-Keeler type and a
¢ -contractive type fixed point theorem.

Theorem 16: Let {4,i=1,2,3 ...}, Sand T be self

mappings of a complete metric space (X, d) such that

(i) A4,XcTX,4,XcSX,i>1

(i) Given ¢ > 0 there exists 6 > 0 such that ¢ < M,
(x, y)<et+to=dAx,Ay)< g

(i) d (A5, Ap)d” ¢, (M, (x, ), i>2,

where ¢.: R, ’/R_ is such that ¢, (¢) <¢foreachs>
0.Let 4, be compatible with S and 7'be compatible with
A, for each k> 1. If one of the mappings in a compatible
pair is continuous then all the 4, S and T"have a unique
common fixed point.

In 2007, Jha proved the following common fixed
point theorem involving two pairs of weakly compatible
mappings under a Lipschitz type contractive condition.

Theorem 17: Let {4},i=1,2,3... Sand T be self

mappings of a metric space (X, d) such that

(i) AXCTX, AXCSX fori>1,

(i) Given &> 0 there exists a 0> 0 such that for all x, y
inXe<M, (x,y)<e+d=d(Ax,4y)d” ¢ and

(i) d(4x,Ay)<ald(Sx, ) +d(Ax,Sx)+d(Ay, Ty)+
d(Sx, Ay)+d(A x, Ty)],for 0d” ad” 1/ 3.

If one of 4 X, SX or TX is complete subspace of X
and if the pairs (4,, S) and (A,, 7), for some k> 1, are
weakly compatible, then all the 4, S and T have unique
common fixed point.

Remarks

Theorem 14 gives a new generalization of Meir-Keeler
type fixed point theorem for sequences and
generalizes the results of Jungck (1986), Junck et.
al.(1993), Pant (1986,1993). The theorem does not
require O to be lower semi continuous or non-decreasing.
Also, Theorem 15 improves the fixed point results due
to Boyd and Wong (1969), Carbone et. al.(1989),
Jachymski (1994), Jungck(1986), Jungck et. al.(1993),
Matkoski (1975), Maiti and Pal (1978), Pant
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(1986,1993,1998), Park and Bae(1981) Park and Rhoades
(1981) and Singh & Kasahara (1982) Also, it can be noted
that this theorem establishes a situation in which a
collection of maps has a fixed point, which is a point of
discontinuity. Moreover, Theorem 17 extends the result
0fJha(2004,2007), Jha et.al. (2003,2005), Jha and Pant
(2003), Pant and Jha (2002,2003) and Pant
et.al.(2002,2003,2004) and improves the result of Popa
(2005)
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