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Abstract

Using an extension of the contraction mapping principle, a new approach has been proposed in proving the
existence of unique solutions of some differential equations.
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Introduction

Orver the past few decades there has been a clear
emergence of the idea of corntraction mapping inthe realm
of nordine ar fanctional analysis. With a germ of thisidea,
itwas Banachwho was first able to introduce and prove
a very powetful principle, called Comfracfion Mapping
Frivciple.

Beginning from theidea of a contraction T andits

fiwed point (Baily 1966, Bubinstein 1992, Vosida 1978 we
state the principle and extend it to iterates ie. a result
sitrilat to contraction mapping principle is obtained fora
mapping T (not contraction) provided that some iterate

of is a contraction. This paper is mainly concerned with
the extraordinary applicability and effectiveness of the
principle to evolve a mamber of useful results in
differential equations. Particulaly the strength will he
given for a new approach in proving the existence of
utricue solutions of some differertial equations with some
initial conditions. Comparedto the proofs through Picard
tterates (Braun 1993) the method of our proof based on
an extension of contraction mapping principle is a new
approach. Infact the majortechnical novelty is to obtain
the result (2.9 proving that is a contraction for some
positive integer. Finally, some examiples to ilustrate the
results are suitably provided.

Preliminaries

Many equations which are of interest in applications
can be put in the form Owhere iz a mapping of some
subzet of ametric space into iteelf Buch a pointguite
naturallyis called a fixed poitit of | An ancient method of
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solving equations of the fonn iz the method of iteration
ie. an indtial approximationds chosen and successive
approximationsare generated by the formula

X, =F(x,_) (m=12.) (2.1
Ifthe mappingis contitnious and if the sequence

(x,) convergestow,then

w=lim _ x =l T{x_)="Tilim __x _}=T{w)

Thus for continous mapping T if the process
(2.1 conrverges at all, then it converges to a fived point
of T. Howewet, to prove the convergence of (2.1), we
will inn general need a condition on T which is smoach
stronger than continaity. Specifically, we will recquire
that T be contractionin the senize that it aluways maps
ahy two points closer together in undform way as
expressed by the following d efindtion.

Definition 2.1: Let (X, & ) he ametric space. Then a
contraction of (4, ) is amapping T - ¥ —s X with

the property that for some real numberk <1,
AT, TON L ked(x,y) wryeX.

Mote that a differentiable  mapping
T [@,8] = [a, &) isa contraction ff and only ifthere

isammberf « | with| Tl[le =k ¥x yeiab).
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Theorem 2.1: (Contraction Mapping Principle, [2])
LetT - ¥ o X beacontracion of a complete metric
space (X ,d). Then T has a unique fixed point ie.
exists

there a  uRigue polntwin ¥ such

that T(w) = w. Furthermore, if %y is any point
of ¥ and (x,,) is a sequence of iterates defined by

x,=T(x,4).n=L2, - Thenolim,__x, =w.

Remark 2.1: Both conditions of Theorem 1.1 are
necessary sincethe mapping

T:(0,1] = (0,1] defined byT(x)=x/2is a
contraction map but has no fized point since (0,1]is
not a cormplete metric space. the mapping T R —3 R

defined by T'(x) = x + 5 is not a contraction and has
no fized point although R is complete.

If Tis a contraction mapping, then 77 where # is

a positive integer, is clearly a contraction mapping
However the converse may not be true as can be seen

fromthe following example.

Example 2.1: The function T : R— R defined
by T(x) = g~ is not a contraction, but that 72 is.

Thus we see that provided somme iterate of Tis a
cortraction we still get a fized poirt result sirmilar tothe
contraction mapping principle for T The following

theorerm is an extension ofthe principle to iterates.

Theorem 2.2: Let (X, & ) be a complete metric space
and let T - ¥ —y X have the praperty that for some

integer ) = (), the iterate T N iz acontraction af X.
Then Thas awnique fixed point {2, the re exists aunique

pot w inXsuchihat T(w) = w . Furthennore, if x| &
in X, then the sequence of iterates defined

byx, 4 =T(x,).n 21 convergestow.

Proof: Since 7 ¥ isacontraction of the complete metric

space (X, d ), it has a unique fized point w, say. It
then follows that
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T(w)=T(T " (w)) =T (w) =TT (w).
This shows that 7'(w) is another fized point of 7V,

From uniqueness, T has a fixed point win & and
moreover it 1s unique since any point which T fizes

clearly remains fixed by 7¥. Finally to see
thatxy,x,,%;, -+ converges tow, we re-label
78 az g and note that

T = Tp) = T(T(xpy)) = o =TV (Tm)) = 2(x)

Xpg = TCty) = TT 0 = e = TV (T, ) = g06,)

We now rewrite the sequence x,,x4,%5,- - as
%05, P andlé) 800) 8%, 580 88 )gela Nggle)); -

This is actually a combination of the A7 sequences

x,2(x),2(g(x)),
%3,8(x;).8(g(x )
%3,8(%3),2(8(x3)),

T2 (xy)g(@(xy))s

Each row in the above ‘array’ is obtained by
starting at some point of X and iterating with the

contractionof £ . By Theorermn 1.1, any such sequence
converges to a unique fixed point of g = T,

namely w . 3ince each row in the above ‘array’ is a
subsequence of the combined

sequence X, ,X,,%5, - converging tow, the

sequence must also cotverge to, as desired ¢ .

Main results
Let 7 be areal valued function on a nonempty

subset ;yof the Euclidean space R A real valued

function ¢ onan interval J issaid tobe asolution of

the differential equation

dx/dt = F(x,1) (3.1)
on the interval 7 if and only if (@(¢),t) € D for
all# e J.is differentiable onIand 8 €)= F@ELH Vel
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Definmion 3.1: Let FPhe o comtivmcns real wradued
fimction or a noorerspty sabeet Diof the Baclidean

space R A real walued function g.‘!'nn an
witervral | ocordaining ¢ i said to be a sobotion of the
itegral equation

xE=x +:|'FI:!§{.SII, sids (fel) .2)

tfamd ondy if (@F), 61 e Diierallf & T, is contiroms
o Jandforall F2 T

Sif) =1 +IFI:!;ﬁI:5:I, sids.

The integral IF ($(3), 305 i defimed for

each# g Jemce the fanction 5 — Fgls), 5) is
corditpionis on [ . R i easy to see that the differerdial
equation (3. 11rith the fhitial condition x(c) = ¥, i
equivalert to the itegral equation (3.2,
Thewran 3 1: Lot 7 R% [@, B —Rbeafuutionof
twovaiables suchtivn FUx £ i defived for all xe R
aad § € [@, 0], dssumnetha F i covaivuous aad that
tare easts a real ruonber [ with

| Flx &y - Fipfh sl x-p]

Forail X, ) E Rand. Then te differartial equation
dxidf = Fix.f) 3.3

suiect to anireRal comadtion of the hpe A0 = 8 s

aQ LBEL soliom

Proof: Lat F=(Jgh] Then Tisacomplde metric space
i, P =50p g | XED-piE]
Defme T F = F br

(TCx00E) = B+ IFI{I{S},&} ds.

Ther the fived poitts of Farethe cohdiove ofthe fdesral
equatioz

ot [i2, 5] and herwe these are the sobitione to the
differertial equatioz 3.3 To prowe the theoran i
anffices to choar that I hae g mique fisved poit. W
first shovar that cotte erate of I i o cordraction of X
mto itself. To each x,p € Cla, 8] mdf € [2,5],
atvd, e humre

T AT (x|
= F R A~ (T AT A - PTG,

£ L[ \CAANE - (TG ks E i —cids

_Zlt-di dxgh
A

By odaction, i is easy to see

L't —a) " dis,0) _

. . .
that | (T (000 =0T Ca000) = T

It ther fo llosars that

AT 0, T ) =mp e, | (TG00 - T 00|
< LVd(x yisup oo (F—a) "

A
_Lih-a)tdix )
= T (3.5
Lib—ai]”
Claim: % = Das 37 =

Proof of the dadrn: Let Abe the aunallest positie
irteger sach that L0H — @) = A Then

[Lp-a]® A"
—EMB T (3.6)
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Entt for IV A,
1’ " a’
T AT AL (AFT) (A = 0 =1)) A+ = A1)
_A A A A A
A A+] A+2 N-1 MW
atd sitce the product %%Ni;l{l e e
4 4
M AN 1)

114"
Let £ > Qbe athitray. E&mnse”'; T"‘l . Then

%-NE—].Q’NEENE TATE AT

Thas

_ﬂ+'

ﬂN{E FNEN. 5.5

Fmen (3 67,0370 ard (3.8,

mmw{&' TNE N, Thne

L) o

Clearhyr there eidcts a positire Dteger A oach that

[LiB—al]"
I

J-*DEN—} o

<1 and herce fromn (3.5, e b

ar . s HEA gy

M

B proves that T4 is a coptraction of i fteelf,
By Theomn 2.2, Thee mmidque fived poitt, cg gfi(F ) 3d
which ¥ the mmiqae sobation to the differential equation
3304

Fapractice , fivdige whether there ic auchan [ oac

m Theorem 3.1 is amajor Qaestion. This cam be sest
froan the folloarirg theorstn #d sotre exgnples.
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Thewran 3.}: Lat 7 R¥5[a,b] = Rivafmtionof
Wovaetalis such Fast Fix 1) i dfined forall xe R

@ad b2 [a,b]. dssumsethat Fis coviirusows, s Fis
parhally Aifferaiiobls with respect to 2 oad g

dF 1 dx 15 Bowpaded throushowt Bx [a,b]. Menthe
Afferamialequaion SxVdt = F x,1)

sulect to an imihial comdition of the bpe
Al = 8 s g wemeur sohuion

Proof: Seomne that | dF S da| 2 L fir all 2 R
andr =[a,&]. Fixf and define afimction F of 2 alone
by %)= Fia, 8], Clearhric differertisble and o
Truest wrahie theoran forin A

FHx)-GFp) =Gz (x-

forsome 5 (5, 1), Hence

| 1= S ]| HED |20 | = |z L] [ 2] 2 |- .
Theproof ic cotrpletebrr Theorean 3.1, &

Example 3.1 Let Fix i=#02 +x")fir 2= R
andr =[-10,10]. Then the differential equation
dxldt = Fl x,1) with
condition x[x) = Shac 2 unique colution on

[10,10]. For, let phe sty positire real rommber
atd ¥ argy real onber, Then

S OHLE initial

POOCRa P +aT)]=(Poa) SRR +570]20,
FlUa2a i P + 2] =[P+ I[P +x71]20
whichyield |22 8P  + 2704 P ' o that

| 22 5P +x°0° | 2| 2P +x0)| P2 P 30
Using (3. 100 and AF {x £)/ 8x = =2 K27+ 177,
1 Tuanre

| GFIdx] =[] 2202 +2707 |

Sl |2aM0277 170 | £ [277] 7 £10=27
Sincethe came oo hieion canbe droa for aor iberweal
[=,%] the gien diferertial equation has a mdque
sobtion x(t) defmed for t = R
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Example 3.2: Let [a, b] be an interval contained
in(0,»). Let F(x,t)=1/(t+e") for xeR
andt €[a,b]. Then the differential equation
dx/dt=F(x,t) with x(¢) = has a unique
solution on[a, b]. For,

|oF lox|=e" It+e" ) <1/t+e’) <a.
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