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Abstract
The aim of this paper is to   introduce   and study  a new  class (l∞ (X, Y, Φ, ξ, w , L), HU)    of locally convex space
Y-  valued functions using Orlicz function Φ  as a generalization of  some of the  well   known sequence spaces and
function spaces. Besides the  investigation  pertaining to the linear topological structures of  the class  (l∞ (X, Y, Φ,
ξ, w , L), HU)  when topologized it with suitable natural  paranorm , our primarily interest is to explore the  conditions
pertaining  the  containment relation  of the class   l∞ (X, Y, Φ , ξ, w) in terms of different   ξ  and  w so that such a class
of functions is contained in or equal to another class of similar nature.
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This implies that φ ∈ l∞ (X, Y, Φ, ξ, v). 
But on the other hand , in view of  (5) and (6) ,we get 

         
sup

x∈ X   Φ ⎝⎛ ⎠⎞ 
[ pV(ξ (x) φ(x))] w(x)

 r    

                      = 
sup

k ≥ 1 Φ  ⎝
⎛

⎠
⎞ 

[pV (ξ (xk) φ(xk))]
 w (xk)

 r   

     = 
sup

k ≥ 1  Φ ⎝
⎛

⎠
⎞ 

2
w(xk)/v(xk)

 [(pV (y))]
 w(xk)

 r   

   ≥  
sup

k ≥ 1  Φ ( ) 
2k

 r   = ∞, 

 shows that φ ∉ l∞ (X, Y, Φ, ξ, w), 
         a contradiction.  

This completes the proof. 
 
 After combining Theorem 1 and Theorem 2, we get the 
following theorem: 
  
Theorem 3:  If w, v ∈ l∞ (X, R+) and ξ ∈ s (X, C \ {0}),
then 

l∞ (X, Y, Φ, ξ, w) = l∞ (X, Y, Φ, ξ, v) 
                     if and only if 

0 < lim infx 
v(x)
w(x) ≤  lim supx 

v(x)
w(x) < ∞. 

 
 
Theorem 4:  If w ∈ l∞ (X, R+) and ξ ∈ s(X, C \ {0}),
then 
(i)   l∞ (X, Y, Φ, ξ) ⊂ l∞ (X, Y, Φ, ξ, w)  
           if and only if  

lim supx w(x) < ∞; 
(ii)     l∞ (X, Y, Φ, ξ, w) ⊂ l∞ (X, Y, Φ, ξ)  
          if and only if   

lim infx w(x) > 0; and 
(iii)    l∞ (X, Y, Φ, ξ, w) = l∞ (X, Y, Φ, ξ)  
        if and only if 

0 < lim infx w(x) ≤ lim supx w(x) < ∞.  
Proof: 
 
 If we consider w : X → R+ such that  

w(x) = 1 for all x ∈ X 
 and v is replaced by  w in  Theorems 1,2 and 3, we can
easily prove the assertions (i), (ii) and (iii) respectively. 
 
Theorem 5: If w ∈ l∞ (X, R+), then  
                   for any   ξ, µ ∈ s (X, C \ {0}), 

l∞ (X, Y, Φ, ξ, w) ⊂ l∞ (X, Y, Φ, µ, w) 
                           if and only if   

lim infx ⎪
⎪

⎪
⎪ξ(x)

µ(x)

w(x)

 > 0. 

Proof: 
 
For  the sufficiency of the condition,suppose that  

lim infx ⎪
⎪

⎪
⎪ξ(x)

µ(x)

w(x)

 > 0. 

 Then there exists m > 0 such     that   
                           m |µ (x)|w(x) <   |ξ(x)|w(x) 
   for all but finitely many x ∈ X. 
           Let  φ ∈ l∞ (X, Y, Φ, ξ, w), r1 > 0  be  associated
with φ and pU ∈ D ,so that 

           
sup

x∈ X    Φ ⎝
⎛

⎠
⎞ 

[ pU (ξ (x) φ(x) )] w(x)

 r1
  < ∞. 

 
 Let us choose  r  such that  r 1 < m r.  
For such r ,using non decreasing property of Φ, we have 

Φ ( )  
[ pU (µ (x) φ (x))] w(x)

 r   =  Φ ( ) 
[|µ(x)| pU (φ(x))] w(x)

 r   

                                         ≤Φ⎝⎛ ⎠⎞ 
[|ξ (x)| pU (φ(x))] w(x)

m r  

  

                                         ≤   Φ ( )[ pU (ξ (x) φ(x))] w(x)

 r1
 ,   

   and therefore 
sup

x∈ X   Φ ⎝⎛ ⎠⎞  
[ pU (µ (x) φ (x))] w(x)

 r   < ∞. 

    Since pU ∈ D is arbitrary,it shows that  
φ ∈ l∞ (X, Y, Φ, µ, w) and hence 

l∞ (X, Y, Φ, ξ, w) ⊆ l∞ (X, Y, Φ, µ, w). 
 
 For  the necessity of the condition, assume  that  

l∞ (X, Y, Φ, ξ, w) ⊂ l∞ (X, Y, Φ, µ, w) 
but 

lim infx ⎪
⎪

⎪
⎪ξ(x)

µ(x)

w(x)

 = 0. 

 
Then there exists a sequence (xk) in X  of distinct points
such that for each  
 k ≥ 1, we have  

k|ξ (xk)|
w(xk)

 < |µ(xk)|
 w(xk 

                  … (5) 
 
We now choose y ∈ Y and pV ∈ D such that pV (y) =1 and
define φ : X → Y by 

 φ (x)  =  {(ξ(xk))–1  y‚ for x = xk‚ k ≥ 1‚  and
θ‚ otherwise.  … (6) 

 Let  r > 0. Then for each pU ∈ D, we have 
sup

x∈ X   Φ ⎝
⎛

⎠
⎞[pU (ξ (x) φ(x))]

 w(x)

 r     

 = 
sup
k ≥1  Φ ⎝

⎛
⎠
⎞[ pU (ξ (xk) φ(xk))] 

 w(xk)

 r    

                =  
sup
k ≥1 Φ ⎝

⎛
⎠
⎞[ pU (y)] 

 w(xk)

 r     

     ≤ Φ ( )A [( pU(y)) L (w)]
 r    . 

 This clearly shows that φ ∈ l∞ (X, Y, Φ, ξ, w). 
 
But on the other hand  ,in view of  (5) and (6) ,we have 

 
sup

x∈ X   Φ ⎝
⎛

⎠
⎞[ pV (µ (x) φ(x))]

 w(x)

 r     
( )
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