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The aim of this paper is to introduce and study anew class (/_ (X, Y, ®,&,w, L), H ) oflocally convex space
Y- valued functions using Orlicz function ® as a generalization of some of the well known sequence spaces and
function spaces. Besides the investigation pertaining to the linear topological structures of the class (/_ (X, Y, ®,
& w, L), H,) when topologized it with suitable natural paranorm , our primarily interest is to explore the conditions
pertaining the containment relation of the class 7_(X,Y, ®, &, w) interms of different & and w so that such a class
of functions is contained in or equal to another class of similar nature.
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Introduction
We begin with recalling some notations and basic
definitions that are used in this  paper.

& topological linear space X is a wector space J§ over a
topological field K (most often the cormplex rurbers C
with their standard fopologies) which i endowed with a
topology Heuch thatif x p e K o e K; the mappings

(1 wector addiion & =X — & auch that(x, p) =2+
o, oand
(i) scalar mltiplication K = X — X such that

(o, ¥) —roux  are conthmons.

This topology & is called a wecéor fopology or a linear
fopology on X If O 15 given by some metric  then the
topological wector space 15 called a linear mebic space.
&1 normed spaces or irmer product spaces endosed with
the topology defined by its nomw or inver product are
well-known examples of topological vector spaces.

Alocal bage of topological vector space X is a collec tion
B of neighbourhood @such that every ne ighbourhood
of & contains the merdber of' B.

& get l'in a topological vector space X iz said to be
gheothing if for every x e X there exists an c=0such
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that x & wi'for all v e Csuchthat|v] = o and balanced
if vioiforeveryve Cauch that [v] £ 1.1t is called
comex in Xif for everyoez 0, we have o N +({1-0) S
A and dhaolntelyeormex i X if it is both balaneced and
COBREN .

Let X be a topological wector space with topology
2 Then X iz called locally comver if there exists a local
base B whos merbers are corex. It is called locally
bourded if & has bounded neigbbowrhood, and separated
(or Hansdorff) topological vector space if the underlying
topology 2 is sepmrated.

In a locally comvex topological vector space X there
exists a fundamental system N of neighbowrhoods of @
such that each e N iz absothing, balanced and conwex
and forevery e N there exists UTe Neuchthat U+ U
(it 8

The gauge or Minkowski fnctonal (of a st A ina
vector space X s a map r = g, (2 from X into the
extended set Ry o {oot of non-negattve real numbers
defired as follows:

(x)= {inf », if there exdsts » = Omchthat x s» Aand
PAMNT Ve irxerdferals=0
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& gerninonm § peendonorm) on a linear space & over the
sralar Cwith zero elerent & iz a subaddittre function
p X = Fy satisfying

plowy = pix), for all cee Cand xed

Clearly ift pix) =0implies x =96, thenpisanom. Ina
wector space X the gauge of an sbsothing and correx set
15 a serninorin.

Lpplying above theorern it can easilybe proved that a
locally corvex topology & of a locally comvex
topological wector space X can always be defined by a
family of serninorms, infact by the family {p; 7 e T} of
all ze minorins which are continuous for the topology 2

Conversely, if X is awector space equipped with a faruly
fp, 0 1 e I} of serdnorins then there exists a urdgue

locally correex topology 2 on X such that each p iz 2r-
continmous, (see, Fudin, 1991 and Park 20059,

& paranormed space (5 H) iz a lnear space 5 with zero
elernent @ together with a function

H: ¥ = Fy (called a paranomm on 4 which satisfies
the following axioms:

PRy Higd=0,
PNy H(s1= H(-3 forallse &
PNy His ta) = Hig)+His) forall 5,8, 5

and
P Sealar moaltiplication is continuous.
Mote that the continmity of scalar moultiplication is
equrvalent to
) if His)—0 and o —ovas
Hio. s) =las n—m
and
(i) ifee, = 0asn —coand s be any element in
Sthen Hic s) — 0, see Wilansky (1978).

n — o, then

The concept of paranconred space 13 clossly rwlated to
lirear metric space, see Wilansky (1978) and its studies
oh s guence spaces were mitiated by Bdaddoe (1968 and
tnany others. Parasar and Choudhary (1994), Bhardwaj
and Bala (2007), Khan (2002}, Basariv and Altundag
(2005 and many others firther studied warions types of
paranonned sequence spaces |

&n Orics function 13 a fanction & ;[ 0,00) — [O,o:)
which is continmons, non decreasing and corvex with

(n +({=0,

(i) F(f=0forf=0, and

(1) F(fi = oas {f =

&n Crlicz function & can  be represented in the
following integral form

£
Fif1 = In gix) dx
where g, known as the kemel of &, 15 right-dift rentiable
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forx =0, g0 = 0, gix) =0for x=10, g iz non
decreasing, and g{x) — was ¥ —» oo (e, Erashoselshii
and Butickii, 1961}

Lat X be anormed space over C the field of comgplex
ratehers. Let X)) denotes the linear space of all

Ser{EnCEs x =ix Ywithx e X,k =1 with uual
coordinate wise operations We shall denote o ()
birea.

Lindenstranss and Tzafriri (19710 used the idea of Otlicz

function fo construct the sequence space £g (4 ) of
sralars (x) such that

L X= [x=|:x:|e-x. : %.@{%}ﬂmfnrsmerbﬂ] .
k=1

The space £ (X ) with the norm

[en) - .
||Jt1|,,=i.nf{r =10 z.cp{ L2l ].5 1 }
k=1~
becomes a Banach space which is called an Ovlic:
sequence space. The space £ (X ) is closely mwlated to

the space £ which is an Otlicz sequence space with
Fixl=r:1%p=w

Subzeguently, Karathan and Gupta (1921), Rao and
Fen (19913, Parashar and Choudbary (1994), Chen
(19941 , Ghosh and Siveastava (19990, Fao and
Subremamna (2004, Savas and Patterson (2005)
Lhardwaj and Bala (2007),Khan (2008), Kelk (20113,
Srivastawa and Pabard (2011) | and  many others have
beer introduced  and stodied the algebraic and
topological properties of warious sequence spaces using
Orlicz fanction as a generalization of  seweral well
knowm sequence spaces,

Theclasses £, (X, Y, &, &, w) and £, (X, Y,
<, E, w, L) of locally convex space
valued functions

Lat & be an athitrary non empty st (hot necessan
countakble) and  F () he the collection of all find
subzets of X, Let (F, ) be a Hausdorft locally corse
topological vector space (1eTV 3] ower the fleld of coraple
marbers C and ¥ *he  the topological dual of ¥ Let
(¥) demotes the fundamental syster of balanced, comnse
and ohzerving neighbowhoods of zero wector 8of ¥ ;
will denote gange or Mirkowski functional of Ue &0(F
Thus,

D={p :Ue &1}
ig the collection of all continuous serninormns generatin
the topology S of I
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Let w and whe any functons on X — R, the set of
positive real nunbers, and

2. (5 RN = { w: X — F suchthat gup, wix) < oo},
Further, we wnte &, p for funchons on X —C {0}, and

the collection of all such  functions
willbe denoted b s(E S {00,

Wowfor we £.05 AN and I =max {1, sup, wixl}.

We now introduce the following new classof 20 TVS - F

valued functions:

LA T, B wi={p: F—=foreachp e Dand
forsome r =0,

AR (ERCCTC ) B
Further when & : X — C {0} is a function sch that
Exy=1{forallx,
then £.0E, F, & %, w) willbe denoted by £, (F, F, &
W) and when w5 = R iz a fanetion mch that

wixy=1 forall x,
then £&.0X, T, & & w)willbe denoted by
.08 F F 5D

Besides studying the class (1), we also deal the followit

class of & TVE - Falued functions

Sl VR B w, L) ={p: ¥ =T foreachp, & Dand
forsome r =0,

s [p. (&0 ¢{x] ¥
mf?cp[ a : ]ccm}. )

Lotually, these classes are the generalizations of the
fardliar  sequence and fumcton spaces, studied in
Srivastava af @l (1996), Srovastava (1998), Tiwan ef al.
(2002, 2010}, Pahari { 2011}, Snivastava and Pahar

[ 2011 using noro .

Main Fesults

In this section, we explore the conditions in terns of
differert w and & a0 that a class £.05, F, & &, wlaf o
TVS F - walued functions iz contained in or egual to
another sitnilar class  and therebydetive the conditions
of their equality. Beside this, we shall also imvestizate
some results that characterize the linear topological
structures of £.05, T, &, & w, L) by endowing it with
suitahle natural paravorm Hy

We shall denote the zero element of this space by @ by
which we shall rean the fanction &5 — ¥ such that
aixy =8 forallr e £

Morecwer,we shall frequently use the notations
S=sup wix) andfor scalar o, A (o] = reax (1, 2]

But when the fiunctions wix) and o x ocour, then to
distinguish L we use the notations Iiw) and L
respectrely.
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Thearem 1 Ifv: £ =B we £.05 RYand
Ee s (X V0D, then

£SE T, B E W CLE T, R E W)
wxl

fard onlyif fim aup Wi
Proof!
For the safficienc v, assurne fhat
- wx)
limsup, o e

Ther there exists a constant d = 0 such that
wxl = dwix
for all bt finitely manyx e X

Mow, fdpe &, 05 F, & & wi,r >0 15 assoriated with
dandp, e D then we have

sup
e £ +

([?J (& (x) )] ]{m
" .

This shows that there exists sorme positive real nurber
v satisfying

cp[[p ) 4] ] . cp(n] ,

¥

for all but finitely manyx e .
Since Fis non decteasing, therefore
[po (&0x) diz] e
Since wix) = o wix) and a0 if
[po (&) pla)] =1,
then obriously
[p (&x)g(x)] "' =1
and on the other hand if
[p (axd izl =1,

then

[p CECRD 0] < [ po (ERD pladi] - !
<

Therefore

[p (80 pial] 'S poae (1n 70,
for all but finitely manyx e X

This showes that for allbut finitely manyxr e £
cI:_[[P' (£ (x) pla)l] ]5:1:(1““':1;” Il] ,

,
and there fore
P g [ [p (8 (x) gixn] " ']
xe X ¥
Since p, e Disan arhitrary, it shows that
pe £.0E T, £ & v)and hence
LR T, B 8w (BT, FE

= oo

Corrversely, assume  that
Ll E L wICla (L RE W

vixl _
wixy -~
Ther there exists a sequence (x) of distinct points in £

bt

lit sup
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such thatforeach k2 1,

vix = kwix) L1

How, taking p e Fand p, e Dwath p, () =1.
We define

y b= Fhy
F[(e_.(xn-lz_' poforr=x,kzl, ad o

&, othenise .

Letr =0 Thenforeachp, & D0 we hawve

ap o fLp 800 el

e X r

_ sup [p (2 (xd oo
Tkzl Cp[ ; ]

.Si'_.!p cp[[p I:21."| I}}] i |]
¥
- Jup

T okzi
2Ap i
‘szp[ r ]

co(AlL2OD Y

This shows that ¢ € £. (%, ¥, & &, w). But m view of
(13 and (2) we have

x?ﬂ’@[ [p (& (J-’]?"MJ-’]'I' ' ']
sup 2| (T I[p I:_]J:I]I i
B rczfp[ y ]
21 2(7)

and hence ¢ ¢ £.05 ¥, & &, ), a contradiction.
This cormpletes the proof.

Theorerm 20 Ifw X — A ve £.0F Fhand
Eealk, CvVi0h, then
Lo (BT, REV CLE L BEwW

if and onlyif Timinf % =10

Proof:
For the sufficiency, suppose that
R
lirn inf’ m =0.

Thern there exists m > 0 such that
VX = mwin
for all but finitely manyx e £

Letp e & (& T, &, & v, r >0 13 associated wath
fpandp, e 0 Then we have
sup cI:_([P (& (Illrtb(ﬂ]'] "]{

W,

e K
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This shows that we can find some  posittve real nuraber
v satisfying
cp[[g (0 00 ]{ +(1).

for all but finitely many x € £
Since <15 non decreasing, we have
(2 C&xhdial)] " S,
Since wWxd=muw(x) and so if
[y (&0x) gixil] 21,
then .
[p et olx)] = [po(alxeln] "
i:ﬂl ;
and on the other hand if
[ igix dixi] <1,
then obriomsly

[P (50 d(x3] "' 21
Therefore

[p (80 a0 "2 max (1, n' "),
for all bt fimitel v many x e £

This showrs that for all but finitely mwany x e &
(] 1
. [ [p & (xllrdnlix]l}] ]5 & [max (l;n ) ] ,

and there fore

sup
e X CI:[

[p i ixalan] '] com,

¥

Sinee p, e Dz athitrary, it follows that
e L F, & & wiand hence
ol F B i) cda (L F, R E W

Coersely, assume that the inclusion holdshut

lirn inf’ M—IZI.

Wiz

Then there exists a sequence (x) of distinet points in
Kauch that fork = 1,

Evixd=wix )
Now, taking p & Fandp, & Dwith p, (p) =1, define ¢ :
F=27 by

i =[|:g|:x w2, forx = x, k2 1, and
8, othe naise.
Letr = 0. Then foreach p, e I we hawe

ey

sup cp[[E T IENE ']

e X ¥

_owp  flpoieideinyg

B szb[ y ]
Cap f20pogun

“kz1 T ”
2 [(p b ] -
icb{. - }
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This implies that ¢ € 7, (X, Y, @, &, V).
But on the other hand , in view of (5) and (6) ,we get

sup [ pu(& (X) (x))] @
xe X q)( r )
_ sup [m@aowmn““
“k>1®

W(Xk)/V(Xk) wW(xy)
_ sup [( )]
Tk>1 ‘D( P )

sup 2

21 @ ()=

shows that ¢ ¢ 7, (X, Y, @, &, w),
a contradiction.
This completes the proof.

After combining Theorem 1 and Theorem 2, we get the
following theorem:
Theorem 3: Ifw, v e £, (X, R") and & € s (X, C\{0}),
then
L (XY, @, 8, W) =71, (X, Y, D, & V)
if and only if

V) ()
0 < lim infy W(x) < lim supy W(x) < ®

Theorem 4:
then
(i) . XY, @,8)cl, (XY, D E W)
if and only if
lim sup, w(x) < oo;
Lo(X, Y, @, 6 W) 4, (X, Y, D, E)
if and only if
lim inf, w(x) > 0; and
ziii) L, (XY, @, & wW) =/, (X, Y, D, &)
if and only if
0 < lim inf, w(x) < lim sup, w(x) < c.

Ifwe 2, (X, R) and & € s(X, C\ {0}),

(ii)

Proof:

If we consider w : X — R* such that

w(x) =1forallx e X
and v is replaced by win Theorems 1,2 and 3, we can
easily prove the assertions (i), (ii) and (iii) respectively.

Theorem 5: If w € 7., (X, R™), then
forany &, pes(X, C\{0}),
Lo (XY, @, 6 W) l, (X, Y, @, p, W)
if and only if

w(x)

>0.

X
u(x)

Proof:

For the sufficiency of the condition,suppose that
w(X)

>0.

X
u(x)
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Then there exists m > 0 such  that
m Ju ()" < g ()"
for all but finitely many x e X.
Let ¢ € 4, (X, Y, @, E w), r; >0 be associated
with ¢ and py € D ,so that
sup [Py (€ (X) &(x) )] Ww) <

xe X r

Let us choose r suchthat ry<mr.
For such r ,using non decreasing property of ®@, we have

@ ( LMM) =@ (w
sqa( [1€ ()] Py (6(x))] W(X)>

mr

w(x)
< @(M—U X% )
r

and therefore
sup o ()] W‘”) -
xe X r
Since py e D is arbitrary,it shows that
¢ e l,(X Y, D, u, w)and hence
Lo XY, @, 6, W) =l (X, Y, @, 1, W).

o ( Louluto

For the necessity of the condition, assume that
Lo (XY, @6 W) <l (X, Y, @, p, W)
but

w(x)

=0.

X
n(x)
Then there exists a sequence (x) in X of distinct points

such that for each
k > 1, we have

Kig (4]

We now choose y € Y and py € D such that py (y) =1 and
define ¢: X > Y by
_ JE)T y, forx=x, k=1, and
o) = 0, otherwise. - (6)
Let r > 0. Then for each py € D, we have

Gm@mymﬂﬁ

< Juxdl " . ()

sup
xe X

O

_ sup
“k>1

W(xg)
QGm@m@mm )

_prGEmMﬁY)
T k=1 r

A U L (w)
co (ALY,
This clearly shows that ¢ € 7., (X, Y, @, &, w).
But on the other hand ,in view of (5) and (6) ,we have

prGmmmmmﬂﬁ
r

xe X
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sup
Pzl ¥

wizy 1
r F
q:_[ |E"':xf |

Hix)
Eixd

= oo,

[[.u (uix ) dix ] ]
r

- P
Tkl

=§‘§’1¢[% .1 ]

|
?‘-u
I
—

This shows that ¢ E- . liX', ¥, &y w), acontradiction.
This cormpletes the proof.

Theorem 6 Let we £. (X, A'). Then for
any & pe &4, V0L,
EI P TR ) e A A

if and onlyif o
im sup % < o,
Proof
For the sufficiencyof the cu:unditilmll, assutrie that
lirn, zup % < oo
Then there exists d = 0 zuch that

ECx) = )
for all but finitely manyx e £

Let d e £ 0K F, & b w), ry>0 15 associated with
fpandp e D Then
aup cI:_[[P' (R ix) § (xi "]{m

e X ¥y

Letuschoose r=0suchthatd =7,
then forsuch » | using non decreasing property of
F e have

[z (£ Bia] LE Gl (G0
()

sq:(ﬂ'lﬂfﬂl Lp: (9G] )
¢ o(tris i)

and there fore

sup ([.‘:J L5 () g (] ] .
ek ¥

Since p, e Dis athitrary, it shows that
fe £ (X F, & & wiand hence
Lol B T, v CESLE T B E Wl
For the necessity of the conditior, assume that
LISV AR P TR Y = VA L R

+

bt
)
Hix)

lim sup
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Then we can find a sequence (x,) of distinet points in £
guch that for each k=1,

EREN R TN I T

Wenowchoozsep € Fand p, & D auch that
poipr=1 and define
p: =¥
by
i oy forr=x, k21, and
b (x)= t &, othe rwise. 2]
Let »=0. Then foreach p, e D) we have

s [Le () 0] ]
¥

sup
e &

_ aup cb[[p {ulx ) dx 3] ]
izl ¥

_awp _flpon

= gzl cI:“[ y ]

<o (ALnn )
= " )
This clearly shows that b & £ (X F, &, o w)
But m wiew of (@) and (100 ,we havwe
sup cI:_[[p (& 0x) gxn] ']
F

e K
[p 62 0xd oulx )™ pl
r

gzt ®
E;_I:_x:l | [
Y (g i
aup Hix )
Ex1 *’[ r ]
i
(%)

LIS AR S 1)

sup
Ez1

=,

implies that

I

This leads o a contradiction and corpletes the proof.

When Theorern 5 and Theorem & are cowbined, we get

Theorem 72 fw e £ (K, AN and &, pe o0, OV {00,
then

Ll REWI=SL LT & nw)

if and onlyif
0 =liminf % < limaup % =

Corollary &
Letwe £.05 BN and & e s(F &V {01, Then
M LI Y, & Wil (LT, &u

if and onlyif

Hmanf, B0 =0,
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il L (E T, Bowl i (L, & 5w
if and onlyif
I sup [E0x)) = oo and
() L. 05 F, S uwi=2.08 F, & & w)
if and ondyif
0 =tmanf 20" 2 Bmaup, B2 < o

Proof:

By considering the flmetion pon X such that
wri=1forallr ek

in Theoreras 5 and & and 7, one can easily obtain the

assertions (1), (11) and (101} respectmrely.

Thearem 2 If Ee 50K, S0l we &.08 R
andwv: F— K then
LA Y, B Ew Ll T, F v

if and ondyif
1) Jim osup %: o
and
(i) fmanf EEX:; =10,
Proof:

Proof easily follows from Theorem | and Theorem 5.

In the forthcoming theorerns, we shall deal with the

clagges £, (K, T, & &, wito  Imvestigate some results
that characterize the linear fopological struetores of
L0 Y, & kL ow, L) by endowing it with suitable
natural paranorrn .

Az faras the inear space stuctire of the class over the
fielld & of complexr nwebers 1= concered, we
throughout take pointwise operations iefor functions
i, yrand scalar o,

(b +und () = plx) + i)

oy =ad(sre X

and

Theorerm 10; £&.0K, F, & & w, L) forrns a linear space
over the fleld € with respect to the pointwise wector
ope rations.

Proof:

Suppose b, we AL F EEw D, n=0and =0
are associated with ¢ and w mspectbelyand o, p e C
Let po e Dbegiven Then we have

sup cb[[p (80 ] ]w;

e X i

and

re K s

sup cp[[p () Wi " ]m

We now choose ¢ such that

2 A=y and 2 A[B] £
For suwch » | wsing non decreasing and comwex
propertes of & we hawve

sup ([p {E(x) (o) + P (2))1] ]

e X ¥ -

i e R NI R
1 sup g (x JE ]

Cgeer®( )

- ;Eui' cI:-( ¥ Ei(xil'.ﬂlixilil] )

2 o

This irplies that ch +pyre 208 F, & & w, Lyand so
UL T, & & ow, L) forrns a linear space over

L’Et¢|E£‘HI:‘EF:CI::'§:w:L}mP ED:
de fine a function
H L £5wl)3HEby
H ()
—infgr >0: 2 @(M—)ﬂ}@)

We prove belu:uw that £. (0 ¥, & &, w, L) forms a
paranorned space with respectto H,

Theorem 11 : Ifinf wiz) = 1> 0, then
(80, & & w L), H ) forms a paranorned space.
FProof

Since £(0) = 0and the refore
Higy=0.
Ll2n

]

Hi-=H (4}

and so PM and PN, are obrious.
For PN,
forary ¢ e £.05, F, & & w, L), we denote
Rifi={r=0: xz!:l'} CI:-( [Piﬁmfﬂﬂ :lil}.lillilj
Mow for poyre .05 F, & & w, L), consider

rp e Ripdand », & Ry .
Ther clearlyby the convexityof & we have
sup “"I: [ {E(x]) (i) + wix 10}] \J' L1

raX Y+

Ir e v of (100, this shoars that
Ftrae Rip+y)

and there fore
Hiptyzntn
foreach vy e R{p) and », & R{yn),
which irnplies that
Hig+uylzHip) +H (y)
ie., PR holds.

Finallyywe show the contitmity of scalar multiplic ation.
(1) Let(d) bea sequence of functions in
L0 T, &, 2w, Ly auch that
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Hip)—=lak—w
and (o) a secuence of sealars such thatoy, — o
We ghow that

H (o) —0.

Mowr,
H (o, ) ._
=i“f{”:xiuﬂr cIt_([F‘ (&Lx) m.rfb.(x}}] ]51}
=mﬂr:x-:f’r¢(|]ﬁ| B ¥ (Er(ﬂ B )il}
Emf{":xiuf]r Cp[s " p (i(iﬂl.(r}}] v ]51}

where s=sup o .

Since s Y £sffsxlands Y 2l fars= 1,
gotaking » =§ A[z], then we hawve
H. (. 4.) .,
Sinfir: 2 cp[ﬂ[ﬁ] Lp. () 0] ]51}_
- AL x-SEHPX cID([I:' (E..(»’-’H; 1)) ]5 1
=A[l] H (4.
implies that

H (o, 0)=0 asH (p) >0ask =0

(1) Let o —+0 as k—oo and dbe anyelerent in
L. 05 T, 5 &, w, L), Then the proof of
Hoiw ) —»0ask—m
follows amalogously as proved in Theorem 33
Sirvastava and Pahari{2011).

Hence £, (X, ¥, & £ w, L) forms a paranormed
space. Thiz corapletes the proof.
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