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SUPPLEMENTARY MATERIAL

(1) Formation of the Inverse Exponentiated Odd Lomax Exponential Distribution
(IEOLE)
The cumulative distribution function of inverse exponential distribution is given as

G(x) =e /X, E(x):l—G(x):l—e_alx,x>0,a>0
G 0 —alx 0
W(X){_(x)} :|: e = } (e _1)?
G(x) 1-e /X
W (x)

F(x)= J' r(t)dt

0

Here, r(t) is the generator which uses the probability density function(PDF) of the Lomax
distribution(Chakrabortya, 2019) and hence, the PDF of the Lomax distribution as a generator is

provided by
2 t —(4+D)
re =— 1+[—] ; 1>0,4>0,06>0
o o

(A) Derivation of CDF:

(e**~1)~° —(4+1) (e** 1)~ —(1+1)
F(x,a,l,&,é):j i{l+l} dt; :ij {l+i} dt;
0 S5 5 590 S5
Let v=1+i:>d—v:l:>dt:§dv
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Now, J‘v'“”)é'dv =
~(A+D)+1 -2 )

€2y ? —(A+1) -4
F(x,al,l,e,é‘)::ij. {1+t} dt;zi o@+t/s) ~
o J0 o -1

alx 617* alx o4 -1
=- {1+u} -1 =1—{1+u} =1—{1+l(e“’x—1)‘9}
5 5 5

(2) Derivation of Probability density function of the Inverse Exponentiated Odd
Lomax Exponential Distribution (IEOLE)
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JF(x)zd{l P }__d{“(s(e/ v}
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fx)="= — —
—(A+1) a/x
A 1 de
=214+ = (e =1)° —0)(e*’* —1) 0!
R L I L

-A-1 -

d a/x _1 0

=12 1+l(ea/x _1)*5 lu
) o dx

—(A+1)
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—(6+1 _o (A1)
_ a5 aix (ea/x _1) (0+1) 1+£{ea/x _1}
1) )
(3) Verification of Probability density function of the Inverse Exponentiated Odd
Lomax Exponential Distribution (IEOLE)

To verify J: f(x)dx =1
P —(2+1)

Now, definite integral= I:%x'ze”/" (e”/’“ - 1)_(3+1) {1 + %{e“/" —1}_ } dx

_ a/x a/x
Let 1+%{ea/x _1} 0 N Z_Z): %93 ~ (ea/x _1)7(9+1) — do = a_ee_z(ea/x _1)—(€+1)dx
x x
(1 ﬂ, —(A+1)+1 ﬂ, -4
Now, indefinite integral= /1_[[0] *Y gy = (©) = (©) =—(v)* =
-(A+1)+1 -1

—[1 +%{e“/* —1}’9}1

)
1 -0
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(4) Derivations of Survival function /Reliability function

R(x)=1-F(x)= 1—|:1—{1+%(e“/x —1)9} } :{1+%(6“/’ —1)‘9}

(5) Derivation of Quantile function
The quantile function is

Q) = F' (u)
Let F(x) = u .Then, x = F " (u) )

)
That is, 1—{1+%(@“/x —1)9} =u, 0 <u<l.

-4
or, {1+%(e“/"—1)‘9} =1-u or,1+%(e"‘/"—1)’9 =(1-u)"*

or, %(e“/" - =1-uw)V* =1,0r, @/ -1)" =5[(1—u)-1“ —1]

or, e/ —1 = [6{(1 —uy _1}]—1/6 =e%/* =14 [5{(1 —u)* _1}]71/6

or, % =log [1 + [5{(1 —u) ™V~ 1}]71/9}

or,x = o{log [1+[5{(1_u)—1/4 _1}}-1/9}] (2)
Hence, Q(u)=F ' (u) = o {log [1 + [5{(1 —u) V- 1}}1/9}} 3)
(6) Derivation of Median

For median, taking u= "2 in equation (3), we get
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Median = a [log [1 + [5{(1 /2) VA - 1}}1/0}}1

(7) Derivation of Random deviate generation

The expression (2) is the expression for random deviate generation which helps to generate
random numbers (observations).

(8) Derivation of log likelihood function and their partial derivatives with respect to
four parameters

I=nlng+nlni+nlnd-nlns-23 In(x,)-(0+1)> . In(e”* -1)+a ) (1/x,)

i=1 i=1 i=1
(A +1)Zln{1 +%(e°’/"' —1)*’}
i=1

Differentiating partially with respect to a , we get

I d] ‘1/" Y 61n{1+1(e“/%_1)9}
TR 1)2 = +Z(1/x ~(A+1)Y J
“ i=1

oa

_n_ " (e 1) x L ge/
= (0+1);(e -1 xe Z(l/x)

i i=1

—(,1+1)§ {1 +%(e“/’” —1)"}_ {%(—9)(5’/* gy x(xl)ea/x‘}

i

g A+1)0 & e/ N
=£—(9+1)zl(ea/x‘ _ -1 a/x +Z(1/ )+( + ) z {1_'_1(60:/xz _1)6} (eoz/xZ _1)—(9+1)
(24 i=1 xi

i=1 X; o

Differentiating with respect to 4 , we get

zl a/x 1)
o P
Differentiating with respect to 0 , we get

dln 1+l(e“/"‘ -1
o n - )

—=—=Y In(e""" -1)-(1+1
00 0 21: e " )Z 00

_r_ a/n L e 1y 719 -1)”
=5 z n(e®’" —1)— (,1+1)Z{1+(s 1) } R

i=1

= %_ iln(e“/"z -1) ——(’1; 1) 21:{1 + %(e“/x’ -1 } In(e”/™ =1).(e”"* —=1).(-1)

n /’L 1 n -1
22_21n(e“/*f—1)+—( il )Z 1+1(ea/*1—1)'9 (€% =1)? In(e”™ - 1).
0 = o I o

Differentiating with respect to §, we get
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(9) Derivation of function A and their partial derivatives with respect to four
parameters

A(x @, 1,0,5) Zn:[F(x )-—}

oy n+1
n -4 2
. _ 1 alxg) -0 i .
Or,A(X(i),Ol,/l,g,é‘)—E I:l—{l‘f'g(e _1) } ]_m ’ X>Ol(a11‘16!6)>0

Differentiating A with respect to a, we get

oA 6; [F(X(l)) }

5 oa

oot Tt

a/x -0 e 1 a/x —-(0+1) 1 a/xg;
}[M]{ s “’—1)} XSO =) (e

X

{F(X

i=

(A+1 a/xg;
24 1, asx _ O asxg o+
:—QZ[H W) Hng(e “”—1)9} e -y

(i)
Differentiating A with respect to 4, we get

" .92 n 1 wir o ) ) ; 2
%_a;[ﬂxm)—nil} _62“1—{1+5(e 1) } } n+1]

oA 04 oA

2 0 (I Bl I
25 roc,)- H}Mnl_{ug(e vl ] ]

=22[F(X,)) —}[ D1+~ Lo -1y ]{1+ (e“ 0 —1) }

= zg[F(X“))_ﬁHln {1 +%(ea/xm _ 1)6}:H1 4 %(ea/x(’) _1)5}
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Differentiating A with respect to 6, we get

n ; 2 < l a/x“)_ -0 - _ 1 i
%_GE[F(X@)_”;FJ =6;|:|:1—{1+5(€ 2 } } n+1]

00 26 26

[F( W)~ '1}689{{1_{1+%( ey } }njq]

_2) ! 1 o/, -0 R o |1 a/xg)

_21.:1 [F(X(f))_ +1}[—(—l)]{1+g(e ~1) } X%{E( 1y }
=> : L -0 e 20 -0 alxg

:?;{F(X( +1:|{1+E(€ / —1) } |:(e / _1) ln(e / _1):|(_1)

248 i 1 R
=23 R(X)) - —— |11+ =™ ~1) e 1) In(e™ 0 ~1
5 Z{ (X)) MH 5 ) } [« ) In )]

Differentiating A with respect to §, we get

n . 2 n l a/x“)_ » -4 B 1 2
%_agl:l:(x(i))_niljl :a;|:|:1_{1+5(€ 1) } j| Tl+1]

a5 a5 o5

2!" |:F( (,)) i :|aa5]:|:1—{1+%(ea/xm_l)a} }_nj_l]

i ~(2+1)
|:F(X(l)) 1}[(_1)(_1)]{1‘*%(60‘/%‘) _1)5} X(—%)(ea/x”) _1),5

l, 1 —(A+1)
T+— (e —1)° “o _1)°
Z[ X)) nHH 5 ) } (e )

(1) Derivation of function Z and their partial derivatives with respect to four

i=1

parameters

z(x.;a,i,e,ﬁ)=$+i[ |a195)—2|2—n}

()
i=1

2
n ) -1 -
:i+ 1_{1+£(ealx(|) _1)_6} _E
12n i3 o 2n

Since % is constant having derivative zero, replacing 2/(n+1) in LSE by (2n-1)/2n, we can get the
n
0Z 907 oZ 0z

partial derivatives —, —,— and — as
da’ 04 06 00
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(2) Models considered for comparison
Generalized Rayleigh (GR) distribution:
2. —(4x)2 —(4x)2 ot
for (X) = 2a4xe l-e ;7 x>0,(a,4)>0

Exponentiated Power Lindley (EPL) distribution:

2,81 a-1
fp (X) = %(H x”)e‘“ﬁ {1 (1+%je"gxﬁ} x>0,

Generalized Weibull Extension (GWE):

fowe X)=a (/1x)ﬂ_1 exp {(lx)ﬂ +%(1—eXp ((/Ix)ﬁ ))}

{1—exp{%(1—exp((mﬂ ))Ha1 . x>0, (@, f,2)>0

Exponentiated Weibull Distribution (EW):

few (X) = aﬂixﬂ‘l exp (—axﬁ )(1—exp (—axﬁ ))/H x>0, (a, f,1)>0

Generalized Exponential (GE) distribution:
a-1
fog (X) = ade {1—e‘“} @>0,1>0,x>0

Half Logistic Nadarajah Haghighi (HLNHE) Distribution:

2l)!ﬁ'/7~(1+tJtX)(ﬂ_l) exp(l(l—(1+ax)ﬂ ))

[1+exp(l(1—(1+ax)ﬂ ))T

fHLNHE (X) = a, B A >0x>0
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Lindley Inverse Weibull (LIW):

fLiw (X)—Ofﬂ[ ] A eXp(—ax_ﬂ)[l—exp(—ax_ﬂjJ

{1—Iog(1—exp(—ax_ﬂ)j} (a,p.0)>0x>0

Exponentiated Generalized inverted Exponential (EGIE):

a-1

fEGIE(X)_aXﬂl e {1- ewx} [1—{1—e“X}a_ﬂl;a,ﬂ,/l>0,x>0

Lomax Exponentiated Weibull (LEW):

2
B B a-1 B a
Loy () = aBOX” 1(1—e X j 1—(1—e g j

—(6+1)

7X,5 a 7)([3 a
1+(1—e j 1—(1—6 j ;(a,ﬂ,9)>0,x>0

Generalized Inverted Generalized Exponential (GIGE):

fGIGE(X):O"I?’XJe e, (1 e wx))a_l;a,l,7/>0,x>0,

(10) Detailed calculation for mode
_ _p1-(2+1)
A6 o aix ( -alx (6+1) 1/ wix 0 .
P (e 1) 1+5(e 1) x>0, (e, 2,0,4) >0
0 ; Otherwise

log density function is
Differentiating with respect to x, we get

Inf(x)=Ina+MAi+ind-Ins-2Inx+ax™ —(@+1)In(e”” -1)—(A+1)In {1+%(e”"Xi —1)5}
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nf(x)=Ina+InA+Inf-Ind-2Inx+
dinf(x) _d

dx  dx|ax - (@+1)InEe*% —1)—(/1+1)|n{1+1(e“’xi —1)‘9}

(6+1)
') 2 a a(0+1)e** af(A+1) “’X(a/X )
0

f(x) X x? xz(e"‘/x—l) {5+(alx 1) }

9+l

alx a2 1 alx a/X
fl(x)z _g_i+a(9+1)e B ( + ( ) f(X)

X x2 XZ(ea/X_l) {5+(a/x 1) 9}

applying f'(x) =0

-(6+1
2« a(9+1)ea/X ae(/1+1)ealx (e“lx—l) ( +) _
St - -~ =0,Since f(x) =0
X X X (eax_l) {5+( N2 1) }
af(i+1)e alx a/x 1_(0+1) alx
(2+0e™ (¢ -1) T 4 (p42)e T,

x{5+(ealx —1)_9} X(ealx _1) ”

Solving above equation, mode can be calculated.
Since this is non linear so it needs Newton-Raphson method for solution.
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