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2D Ising Model With Point Defect at Adjacent Sites
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Abstract. The study examines the magnetization behaviour in a 2D Ising model with single and double point defects using
Monte Carlo simulations. At elevated temperatures, thermal fluctuations dominate, leading to a disordered state with negligible
magnetic moment. As temperature decreases, defects influence spin alignment. At very low temperatures, the magnetization due to
single-point defects is minimal, whereas two-point defects significantly alter magnetization. This occurs due to local perturbations
in spin alignment, leading to disruptions in nearby spins and reducing overall magnetization. Additionally, thermal fluctuations
play a crucial role in the behavior of the Ising model at finite temperatures. Point defects can increase thermal fluctuations around
the defect sites, further contributing to the reduction in overall magnetization. The findings presented in this research contribute to
a better understanding of the role of defects in magnetic systems, with potential applications in material science. Further investi-
gations using larger lattice sizes and higher defect concentrations could provide more insights in optimizing magnetic properties in
real-world systems.
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INTRODUCTION

The Ising model [1], also known as the Lenz-Ising model,
named after physicists Ernst Ising and Wilhelm Lenz, is a
mathematical model that is used to study phase transitions
in statistical mechanics. In this model, all the atoms are
supposed to be at a lattice site. Each atom is considered a
magnetic dipole. Each dipole can have one of the two pos-
sible states, i.e., either spin up (s = +1) or spin down (s = -
1) [2]. And only the nearest neighbour attraction between
the dipoles is taken into account [1, 2]. Neighboring spins
that agree have lower energy than those that disagree. The
system tries to attend to the lowest energy state, but heat
disturbs this tendency, and the system has different states.
The 2D Ising model is the simplest statistical model to
show phase transition [3, 4]. The one-dimensional Ising
model was solved by Ising alone in his thesis in 1925 and
found that it shows no phase transition. 2D Ising is much
harder to solve analytically and was given much later by
Lars Onsager in 1944 [5]. This model is often used to
study phase transitions, such as transitions between para-
magnetic and ferromagnetic states [6].
No crystal in nature is perfect; defects always exist within
the structure. In crystallography, a point defect refers to
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a type of imperfection that occurs at a single lattice point
within a crystal structure. These defects [7] can arise due
to various reasons, such as thermal vibration, impurities,
or other external factors [6].

FIGURE 1: Schematic representation: nearest neighbour spins
facing opposite direction (left) and facing same direction (right) [8].

Point defects can have a significant impact on the physi-
cal, chemical, and electrical properties of materials [10].
There are several types of point defects in crystals. Some
of them are:

• Vacancy Defect - This type of defect exists in crys-
tal due to the absence of basis at the lattice site. The
defect moves to the opposite site with the move-
ment of a neighbouring atom as it moves to occupy
a vacant site.

mailto:narayan.adhikari@cdp.tu.edu.np 


S. Kanwar et al.

FIGURE 2: Orientation of atomic spin, where spin can take only
two values, either spin up or down (left), and a 2D square lattice with
two point defects at positions 78 and 79, counted from the top-left
corner in a row-major order (right) [9].

• Frenkel Defect - This type of point defect arises
due to the movement of a normal atom at the lattice
site to the interstitial region [11].

• Schottky defect - Vacancy created by the move-
ment of atoms from the interior of the crystal to the
surface [12, 13].

• Interstitial - An interstitial defect occurs when an
atom occupies a site within the crystal that is nor-
mally empty. This results in an extra atom squeezed
between the regular lattice positions.

FIGURE 3: Schematic diagram showing some point defects.

Point defects play a significant role in altering a wide
range of material properties, including electrical conduc-
tivity, optical characteristics, mechanical strength, and
diffusion rates [14, 15]. Understanding and controlling
these defects are essential in diverse fields like material
science, solid-state physics, and chemistry, as they al-
low for the manipulation and comprehension of material
behavior [16, 17].

METHODOLOGY

In this study, the Ising model with point defects is ana-
lyzed using computational methods. The system is sim-
ulated using the Monte Carlo method on square lattices
with dimensions 12× 12, 20× 20 and 25× 25. Single
and two-point defects are introduced to study their effect
on specific heat capacity, susceptibility, and magnetiza-
tion. The obtained results are approximate, yet they hold
significant importance from a physics perspective since
they represent the simplest and phenomenologically in-
teresting model of a ferromagnetic material.

Monte Carlo Simulation

Monte Carlo simulations are performed using the Metropo-
lis algorithm, which updates the spin configuration itera-
tively as follows:

1. Select a random spin si from the lattice.

2. Compute the energy change ∆E due to a proposed
spin flip (si→−si):

∆E = 2Jsi ∑
j

s j, (1)

where the summation runs over the nearest neigh-
bors of si.

3. Accept the spin flip with probability:

P =

{
e−β∆E , if ∆E > 0,
1, if ∆E ≤ 0.

(2)

Here, β = 1/kBT is the inverse temperature, where kB is
set to 1 for simplicity.
Each simulation begins with a random spin configuration
and is evolved for 106 Monte Carlo steps per site (MCS)
to reach thermal equilibrium. Observables are then aver-
aged over an additional 106 MCS.

THEORETICAL BACKGROUND

The Ising Model

The Hamiltonian of Ising model is [1]

H({si}) =−∑
〈i, j〉

Ji jsis j−B∑
i

si

The sum 〈i, j〉 is over nearest neighbors ( j = i±1 in 1D).
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where:

H : Hamiltonian
〈i, j〉 : nearest neighbor interaction

Ji j : interaction energy between spins i and j
Si : spin of site i
S j : spin of site j
B : external magnetic field

Consider a square lattice with N lattice sites, i.e., i =
1,2,3, ...,N. In this, each site has four nearest neigh-
bours with which it can interact. The Hamiltonian of the
isotropic system will be

H =−J ∑
〈i, j〉

SiS j−B
N

∑
i=1

Si (3)

Here, J represents strength of isotropic spin, B represents
external field and Si, S j represents spin of ith and jth site.
If J > 0, then the system is ferromagnetic and J < 0, para-
magnetic [18].
At zero magnetic field, the system undergoes 2nd order
phase transition from ordered state to disordered state at
a critical value, βc, where

βc =
1
2

ln(1+
√

2)≈ 0.44068.... (4)

Here, magnetization acts as an order parameter.
The acceptance ratio, A(µ → ν) which is the probability
of state ν being selected when the system is in state µ is
given by [8]

A(µ−ν) =

{
exp(−β (Eν −Eµ)) if Eν −Eµ ≥ 0,
1 ifEν −Eµ ≤ 0.

(5)

Implementation

The selection of the initial configuration can play a vital
role in determining the thermalization speed or potentially
impeding it entirely. While the model under investigation
may downplay its importance, we will acknowledge its
relevance in studying other systems. We have two op-
tions: a “cold" initial configuration or a “hot" configu-
ration. It is advisable to begin with one of these states
on large lattices and then gradually adjust the tempera-
ture in small increments. After each temperature change,
the spin configuration is saved and used in the subsequent
simulation. Consider that initially the system is in the
state µ = {Sµ

1 , . . . ,S
µ

k , . . . ,S
µ

N} and after transition it goes
to the state ν = {Sν

1 , . . . ,S
ν
k , . . . ,S

ν
N}, differing only by sin-

gle spin. Here each step in the Markov process is deter-
mined by the Metropolis algorithm. Then change in en-
ergy is

Eν −Eµ = 2Sµ

k

(
∑
〈i j〉

Sµ

i

)
(6)

Where Sν
k − Sµ

k = −2Sµ

k . In this new state, a transition
is considered valid if it reduces the energy of the sys-
tem and a spin flip occurs. If it increases the energy,
then we evaluate the acceptance ratio using the formula
A(µ → ν) = exp(−β (Eν −Eµ)), where Eµ and Eν rep-
resent the initial and final energies, respectively, and β is
a constant related to temperature. When this acceptance
ratio is less than one, the spin flip is accepted. To perform
the spin flip, we incorporate the concept of a random num-
ber, which is uniformly distributed in the range 0≤ x < 1.
If this random number x is less than or equal to the ac-
ceptance ratio A(µ → ν), the change is accepted. On the
other hand, if x is greater than A(µ→ ν), the change is re-
jected. This approach allows for the exploration of differ-
ent states while ensuring that the system evolves towards
lower energy configurations.
The value of energy is calculated by using

E =−∑
〈i j〉

SiS j, (7)

And the value of magnetization is calculated by using

M =

∣∣∣∣∣∑i
Si

∣∣∣∣∣ . (8)

Here we use normalized value

〈e〉= 1
2N
〈E〉, and 〈m〉= 1

N
〈M〉 (9)

The specific heat can be evaluated using

c = β
2N
(
〈(e−〈e〉)2〉

)
= β

2N
(
〈e2〉−〈e〉2

)
(10)

and the magnetic susceptibility can be evaluated using the
relation

χ = βN
(
〈(m−〈m〉)2〉

)
= βN

(
〈m2〉−〈m〉2

)
(11)

To estimate the data requirement for precise measure-
ments of these quantities, we take into account that as the
number of independent measurements (nn) increases, the
statistical error decreases approximately at a rate of 1/

√
n

[8].
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RESULTS AND DISCUSSIONS

For square lattice with dimension L=12.

• Heat Capacity (Cv)

From Figure 4, we can see the introduction of sin-
gle point defect, the transition temperature shifts
towards left (β = 0.42) and the heat capacity de-
creases (Cv = 174.254). For a two-point defect,
the transition temperature shifts right (β = 0.445)
and the value of heat capacity also decreases (Cv =
165.706).

FIGURE 4: Heat capacity Cv vs. β for a 12×12 lattice. The
presence of point defects decreases the Cv values, with a greater
reduction observed for two point defects compared to a single point
defect. The transition temperature shifts left for a single defect and
right for two defects.

• Susceptibility (χ)

The point of phase transition does not change for
lattices without defects and with single-point de-
fects. But the value of susceptibility decreases to
2.412× 10−2 (single point defect) from 2.498×
10−2 (without defect). For a two-point defect, the
point of phase transition shifts towards the right
(β = 0.42) and the value of susceptibility decreases
to 2.249×10−2.

FIGURE 5: Susceptibility χ vs. β for a 12×12 lattice. Point
defects reduce χ , with two defects causing a greater decrease. The
transition point shifts slightly for two defects but remains nearly
unchanged for a single defect.

• Magnetization (M)

Figure 6 illustrates the magnetization versus β plots
for a square lattice without defects, with a single
point defect at position 78 and with two point de-
fects at positions 78 and 79. The simulations span
the β range from 0.01 to 0.9. Below the transition
temperature, all three graphs exhibit a similar start-
ing point. However, above the transition temper-
ature (at β = 0.9), the magnetization values differ
slightly. Without any defects, the magnetization is
0.998; with a single point defect, it is 0.998; and
with two point defects, it reduces to 0.949.

FIGURE 6: Magnetization M vs. β for a 12×12 lattice. Point
defects disrupt spin alignment, leading to reduced magnetization, with
a stronger effect observed for two-point defects. Above the transition
temperature, defects cause a slight reduction in M, with two defects
having a more pronounced effect.
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For square lattice with dimension L = 20.

• Heat Capacity (Cv)

The values of beta are 0.435, 0.43, and 0.44 for
lattices without defects, with single point defects,
and with two point defects, respectively. And the
value of heat capacity for lattice without defect is
664.808, with a single point defect is 632.261, and
with a two-point defect is 602.845.

FIGURE 7: Heat capacity Cv vs. β plot for a 20×20 lattice.
Compared to L = 12, the peak of Cv increases, indicating a sharper
phase transition. Point defects still lower Cv, with a more noticeable
reduction in larger lattices.

• Susceptibility (χ)

FIGURE 8: Susceptibility χ vs. β for a 20×20 lattice. The peak is
higher and sharper than in L = 12, reflecting a more pronounced phase
transition. Defects still suppress χ , though their effect diminishes
slightly as L increases.

The phase transition for square lattice without de-
fect and with single point defect takes place at β =
0.42 and the value of susceptibility to be 2.258×

10−2 and 2.217×10−2. For a lattice with two-point
defect, the phase transition takes place at β = 0.43
and the corresponding value of susceptibility to be
2.241×10−2.

• Magnetization (M)

FIGURE 9: Magnetization M vs. β for a 20×20 lattice. The
transition appears sharper compared to L = 12. Defects still lower M,
especially above the transition point. The presence of point defects
lowers magnetization, especially for two point defects.

In Figure 9, we present the magnetization versus
β plots for a square lattice with dimension L = 20
without defects, with a single point defect at site
78, and with two point defects at sites 78 and 79.
Notably, below the transition temperature, all three
graphs exhibit identical starting points. However,
as the temperature crosses the transition threshold,
particularly at β = 0.9, the magnetization values
begin to diverge. For the square lattice without
defects, the magnetization at β = 0.9 is 0.992. In
the presence of a single-point defect at site 78, the
magnetization is slightly reduced to 0.989. Further-
more, with two point defects at sites 78 and 79, the
magnetization is notably lower, measuring 0.967
at β = 0.9. These results highlight the significant
impact that point defects can have on the magneti-
zation behavior of the 2D Ising model, particularly
as the system approaches and surpasses the critical
temperature.
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For square lattice with dimension L=25

• Heat Capacity (Cv)

For a square lattice without defect, with a sin-
gle point defect, the transition point remains the
same (β = 0.435) and for a two-point defect, it is
β = 0.445. The values of heat capacity for lat-
tices without defects, with single-point defects, and
with two-point defects are 1122.249, 1064.203,
and 1037.384.

FIGURE 10: Heat capacity Cv vs. β for a 25×25 lattice. The peak
continues to rise with increasing L, showing stronger phase transition
behavior. Defects reduce Cv, though their relative impact lessens as the
lattice size grows.

• Susceptibility (χ)

FIGURE 11: Susceptibility χ vs. β plot for a 25×25 lattice.
Compared to L = 20, the peak continues to rise. The reduction due to
defects remains present, but their relative influence weakens as the
system size grows.

The phase transition point for lattice without de-
fect is β = 0.43 and the value of susceptibility

is 2.097× 10−2. For a square lattice with a sin-
gle point defect, the value of phase transition is
β = 0.42 and the value of susceptibility is 2.131×
10−2. And for two-point defects, β = 0.43 and
χ = 2.141×10−2.

• Magnetization (M)

Figure 12 showcases the magnetization versus β

plots for a square lattice with dimension L = 25,
representing the behavior without defects, with a
single point defect at site 78, and with two point de-
fects at sites 78 and 79. It is intriguing to observe
that all three graphs emanate from a common point
at β = 0.01, demonstrating the alignment of initial
magnetization values. As the temperature rises and
surpasses the critical point, particularly at β = 0.9,
distinctive trends emerge in the magnetization val-
ues. For the square lattice without defects, the mag-
netization reaches 0.998 at β = 0.9. In the presence
of a single-point defect at site 78, the magnetization
slightly decreases to 0.995. Furthermore, with two
point defects at sites 78 and 79, the magnetization
is further reduced, measuring 0.979 at β = 0.9.

FIGURE 12: Magnetization M vs. β for a 25×25 lattice. The
transition further sharpens with increasing L = 25. The impact of
defects remains significant, though their relative influence decreases as
lattice size increases.

From the data, it is clear that the value of magnetization
is slightly different at high temperatures. This is because
at high temperatures the system is in a disordered state
and most of the spin cancels each other, but there exists a
negligible amount of magnetic moment. As we start to de-
crease temperature, the defects start to play a role. At very
low temperatures, there is almost no difference in mag-
netization without and with a single-point defect. But a
two-point defect brings considerable change in magnetic
moment. The point defect causes a local perturbation in
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the lattice’s spin alignment. Nearby spins will experience
a disruption in their alignment due to the defect, leading
to a slight decrease in the overall magnetization of the lat-
tice.
Another probable reason for the decrease in magnetiza-
tion is thermal fluctuation. At finite temperatures, thermal
fluctuations play a significant role in the behavior of the
Ising model. The introduction of a point defect can lead
to an increase in thermal fluctuations around the defect
site, which can further reduce the overall magnetization
of the lattice. The marked influence of two-point defects
on magnetization underscores the significance of defect
configurations. We hope that our findings will inspire fur-
ther investigations into more complex systems and pave
the way for innovative approaches in materials science,
advancing our understanding of magnetic materials and
their potential applications.

CONCLUSION AND OUTLOOKS

In this study, we have meticulously investigated the 2D
Ising model by performing extensive simulations for a
range of β values from 0.01 to 0.9. By examining the
magnetization with and without point defects at each β

value, intriguing insights have been uncovered. Our re-
sults reveal that the presence of a single point defect has
only a marginal effect on the magnetization of the system.
Contrarily, the introduction of two-point defects brings
about a substantial change in the magnetization behavior.
This observation highlights the distinct impact that dif-
ferent defect configurations can exert on the Ising model.
The underlying reasons for these contrasting effects lie in
the intricate interplay between the lattice’s spin alignment
and thermal fluctuations. The single-point defect appears
to cause local perturbations in the spin alignment, leading
to minimal changes in magnetization. On the other hand,
the two-point defects disrupt nearby spins more signifi-
cantly, resulting in a pronounced alteration in the overall
magnetization of the lattice.
The 2D Ising model has been expertly explored using the
powerful Markov Chain Monte Carlo method, and fasci-
nating insights have been uncovered through simulations
on square lattices of dimensions 12, 20, and 25. The in-
troduction of single and double point defects has indeed
induced subtle changes in magnetization. However, to
fully unravel the profound impact of defects on the Ising
model, it is highly recommended to expand our investi-
gations to larger lattice dimensions. Embracing the allure
of more point defects in the system promises to unveil
captivating new facets of the model’s behavior. Ventur-
ing into the realm of larger lattice sizes offers an excit-
ing avenue for future research. By delving into extensive
lattice dimensions, we can unlock previously unseen nu-
ances of the Ising model with point defects. The allure of

unexplored possibilities awaits, revealing how these de-
fects intertwine with the intricate magnetic interactions
on a grander scale.
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