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ABSTRACT

In this article, we have introduced the notion of generalized difference sequence spaces within the framework of
bi-complex numbers. Further we have established their algebraic, topological and geometric properties including
some inclusion relations.
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INTRODUCTION

Classical sequence spaces l, c and c, are linear spaces of bounded, convergent and null sequences of real or
complex numbers respectively, which are defined by

lo ={2=(zy) € w: sup |z| < oo},

keN
c={z=(z4) € w: klim 7 = L forsome | € Ror C},
co={z=(zy) € w: klim 7 = 0},

where w denotes the space of all sequences.

These spaces play a significant role in the advancement of functional analysis because of their huge application
in various branches of science and engineering.

H. Kizmaz (Kizmaz, 1981) introduced the following difference sequence spaces based on the classical sequence
spaces I, , c and ¢, .

lo(A) ={z=(z): Az €l },
c(d) ={z=(=z): Az ec}
Co(A) ={z=(zy): Azy € ¢y }, Where Az, = z — 7,4 K € N, the set of positive integers.
These spaces are Banach spaces under the norm ||z||, = |z;] + supl|Azg]|.
k
The concept of difference sequence spaces was later extended by (Et M., 1993), (Tripathy & Esi, 2006) and many

others. (Et & Colak, 1995) subsequently defined the following generalized difference sequence spaces over the
field of real or complex numbers.

lo(A™) ={z=(2¢):A™z €l },

c(A™) ={z=(z):AMz €},

Co (A™) = {z = (z) : A™z € co}, Where AMz, = A™" 1z, — A™ 1z, ..
Form =2, A%z = Az — AZpyq = (2 — Zier) = (Zker = Zie2)

= Zg = 2Zge1 t Zkso
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Hence, in general A™z, = 31(=1)° (T7) Ziss.

Later, (Ghimire & Pahari, 2022) introduced the following class of difference sequence spaces generated by ¢ —
function which are the extension of sequence spaces studied by (Herawati & Gulton, 2019).

Wo(AD={z=(z) € w: izkmzlf(%)HOasmeooand p > 0}

WQRH={z=(z) €Ew:31>0: izkmzlf(@)emsmeooand p >0}

|Azk|)<oo}

W (A0 = {z=(z) € ®: 3 p >0: supy —Xi, f(

where f is a ¢ —function which is even, non- decreasing on [0, o) and f(t) = 0 if and only if t = 0. It is closely
related to an Orlicz function.

To broaden sequence spaces within the bi-complex framework, we first recall the idea of bi-complex numbers.
These numbers arise by introducing two independent imaginary units, which extend the traditional complex
number system. The earliest account of this construction was given by (Segre, 1892), and later it was
systematically analyzed by (Price, 1991). Recently, (Alpay et al., 2014) formulated a functional analytic structure
based on bi-complex scalars. Building on these foundations, several researchers such as (Bera & Tripathy, 2023;
Degirmen & Sagir, 2022; Kumar & Tripathy, 2024; Parajuli et al., 2025; Rochan & Shapiro, 2004; Sager & Sagir,
2020; Wagh, 2014) have significantly advanced the field by exploring its algebraic, topological and geometric
structures as well as applications to sequence spaces.

Definition 1. A bi-complex number can be expressed in the form

E=x1+ix, +jxs+ijx, = z1+jz,, Wwherezy=x; +1iX%,, Z, = X3 +1x, Withx,, X, X3, X4 ER, 73, 22
€ C,, where R and C, denote the set of real and complex numbers respectively (Segre, 1892).

The imaginary units i and j satisfy the following relations.

i2=-1, j2=-1,and ij=ji = k where k? = 1 and k is called hyperbolic unit.
The set of all bi-complex numbers is denoted by Cz and is defined by C> = {z1+j z2: 21,22 € C,}
Besides 0 and 1, there exist exactly two non-trivial idempotent elements in C, which are defined by

1+4ij 1-1ij
e =— and e, = >

Every bi-complex number & = z; + j z, has unique idempotent representation as € =, e1 + 1, €2, where n; =23 -
iz, and n, = 1 + i Z, are the idempotent components of €.

The norm of bi-complex number € = x; +ix, + j x5 + k %, is defined by

2 2
1€ llc,= VX% + %22 + 3% + x42 =/[24]% + |2,]? = /W which is a Euclidean norm.

Definition 1.2. (Price, 1991) A sequence (Ej) in C, is said to converge to a limit & € C, if, for each ¢ > 0, there
corresponds an integer n,(e) € N for which || & — E||(C2 < g V j = ng. Inthis situation, we denote the limit by

lim§ =

Definition 1.3. (Price, 1991) A sequence (Ej) in C, is called Cauchy if, for each £ > 0, there corresponds an
integer ny(€) € N for which

15— Ek||(CZ <&, wheneverj, k > n,.

Some fundamental sequence spaces defined in the bi-complex setting are listed below.
w (Cy) ={&=(&): & € C, forall ke N},
lo(C) ={E=G: & € w (Cy): Slll{pll &llc, <0},
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o(C)  ={{=() & €w(Cy), Il €Cyr (Mg =13,
(€) ={t=(8) &€ w(C): g, =0},
L (C)  ={&=(8): & € 0 (C;): Ty |[&llch < oo}

The set of all bi-complex numbers C,C, forms a commutative ring with zero divisors. Due to the existence of
non-invertible elements and idempotent representation, bi-complex sequence spaces have very rich algebraic and
topological properties.

Using the idea of (Kizmaz, 1981), (Parajuli et al., 2025) explored difference sequence spaces of bi-complex
numbers over the classical spaces [, , ¢ and c, as follows.

1o(C2) (A) ={&= (&) A%k €y (C) ),
¢ (C) (A) ={&5= () A% € (Cy)},
Co (C2) (B) = {&§=(§): A € ¢4 (Cp) -

In this article, we have further extended this study by defining a more general class of difference sequence
spaces in the bi-complex setting as follows:

leo (A™)(C2) = {§= (&) 1AM € 1(C)}
c(A™(C) ={&=(&):AMg €c(C},
Co(A™(C) ={&=(&) A" €co (C)}.

Difference sequence spaces of bi-complex numbers gain dimensional richness by extending classical real and
complex difference sequence spaces. They are very useful in signal and image processing. They can represent
signal with two frequency bands.

RESULTS
This section is devoted to the formulation and proof of the principal results underlying the present study.

Theorem 1. The sequence spaces [, (A™)(C;), ¢ (A™)(C,), and ¢, (A™)(C,) are normed linear space with norm
defined by

1§ 1lam = 22411 & I + s?(pll A™E || where § = (§,).
Proof.

LetE=(§), n= (M) € Ll (A™)(C,) and a, B are scalars.

Then, sup | A™El < ooandsgl(p I A™ el < 0.

Now, sup IA™ Ca g + Bl = sup IA™ (a &) + A" (B M)l
< sup I(A™ (&) +sup 1CA™ (B i)l
< la sup IA™ &l + IBISl}l{p 1A™ nye|

< oo,

Hence, a & + By € I, (A™)(C,), which shows that it is a linear space. The same argument applies to the spaces
¢ (A™)(Cy) and ¢y (AM)(Cy).

Next, we verify the norm structure on [, (A™)(C,).

(i) Let &= (), then [| § [lam = X2, | &l + Slll(pll ATg || = 0.
(i) Let € = 0, where 6 is the zero element of [, (A™)(C,), then || 8]|,m = 0.

Conversely, suppose || € [|am = 0, then, 32, || &1 + sup|| A™g || = 0.
K

This implies & = 0 fori=1,2,...,mand ||A™ &|| = 0 fork € N.
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For, k=1, || A™&, || = 0, this implies || & — €,4411 =0
“ Emer=0.
Continuing this argument, it follows that &,= 0 for every k € N.
Thus, || &||,m= 0 ifand onlyif £=6.
(iii) Let & = (&) € I, (A™)(C,) and a is any scalar.
Then, || o [lam = X2, || ol + Sl}ip” A" (ag) I
= lol [Z2401 &I+ Slll(pll ATE ]
= ol 1l ag [|am.
~lag llam = ol 1€ [[am
(iv)  Let,§=(&) n =) € Lo (A™)(C).
Then, || & +n [lam = X401 & + mill + S%pll A"+ noll

< [ZEal &l + Sipll AT T + [ X [ mill + S%pll A"l ]

= 11 & llam + [ [[am.
SE+llam < (& ]lam + (11 [[am.

Thus, the mapping ||. [|am is a norm on the spaces ., (A™)(C,), ¢ (A™)(C,), and ¢, (A™)(C,). Hence, they are
normed linear spaces.

Theorem 2. The class of sequences I, (A™)(C,), ¢ (A™)(C,), and ¢, (A™)(C,) are Banach spaces equipped with
the norm

1€ [lam = XrZqll &Il + Sipll AT

Proof.
Suppose, &€ = (&™) is a Cauchy sequence in [, (A™)(C,) where each term of the given sequence is expressed as

EM) =" ={&" &", &", ...} foreachn € N.Then,
18" =8 |y = Z2all&" = & + supl| Am8" — Am 5 [| > 0asn, i - .
|l &" — &'|| > 0asn, i - oo, foreachk € N.
Therefore, (Eki) is a Cauchy sequence in C,. As C, is complete, (Eki) converges to &, (say).
 lim £, =¢, foreachk € N.
Because( &") is a Cauchy sequence, for any € > 0, one can find an integer N € N for which
" =& || m < eforalln,i =N.
Hence, ¥, ||&." — &'[| <«
and || A™ (g — g1)|| <eforallke Nandn,i > N.
So, we have, lim " - & = Iml e - gl <e
And liml| A™ (&" — O] =1 4™ &" — &Il < eforalln> N

This implies that || €* —&||,m < 2eforalln = N.

Thus, &, - Easn— oo, where £ = (§,).
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Finally, we show that & = (§,) € l,, (A™)(C,).
Since we have, [|A™ &l = || Zm,(=1)% (™) &ess |l
= 280 (=1° (3) Giers = Bies” + Fiers )|
<[ 28017 (9) Gers™ = Bers) |+ [12820(=1D° (7) (ers )|
<Ie-gl+ [ am g™ =0 @).
It means that they are bounded by constant.

Hence, || A™ & || < oo for all &= (&) sothat &= (&) € L, (A™)(C,).

Therefore, [, (A™)(C,) forms a Banach space. Since ¢ (A™)(C,) and c, (A™)(C,) are closed subspaces of
l, (A™)(C,), they are Banach spaces as well.

Theorem 3. (i) co (A™)(C,) < ¢ (A™F1)(Cy),
(i) ¢ (A™)(Cy) © ¢ (A™H)(Cy),
(iiD) los (A™(C;) € 1o (A™)(Cy)
and the inclusions are strict.
Proof.
(i) Let €= (&) € co (A™)(C,), then || A™g ]| - 0ask — oo.
Now, [| AT || = [[A™g — Ay | < ITA™EN + | A™gpqll > 0ask - oo
= 5= (8 € cg (A™H(Cy).
Hence, co (A™)(C;) < ¢y (A™1)(Cy).
(iii) Let € = (&) € I, (A™)(Cy). Then, || AME || < oo.
Now, [[A™*Fg ]| = [| A™E — ATpq | < NNATE + | A™ 8yl < oo
2 IATTg |l < eoforall § = (§).S0, § = (§) € L, (A™1)(Cy).
Hence I, (A™)(C,) C Lo, (A™+1)(C,).
The inclusion relation is strict. It can be illustrated by the following example.
Consider the sequence & = (k™j). Then, € € ¢, (A™*1)(C,), but it doesn’t belong to ¢, (A™)(C,).
Theorem 4. The sequence space L, (A™)(C,) possesses the property of convexity.
Proof.
Suppose, &€= (&), 1= (M) € Lo (A™)(C;) and a is any real number satisfying

0 <a <1.Then, sup [|A™E&]|| < oo andsup [[A™n|| < .
k k

Now, Sup IA™ {fa g + (1 - m 3l < sup 1A (a g | + sup 1A™ {(1 = &) mi) I

IA

|al Slll{pllAm Ell+1(1 = ) Sup lA™ nyll

< oo,

sgp IA™ {o & + (1 — ) Ny }H| < oo.

Hence, a & + (1 —a) ng € le (A™)(Cy).

Therefore, [, (A™)(C,) is convex.
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CONCLUSION

In this article, we established linearity, completeness
and convexity property of generalized difference
sequence spaces of bi-complex numbers. We also
discussed some inclusion relations. The extension of
algebraic, topological and geometric properties of
generalized difference double sequence spaces of bi-
complex numbers presents a promising direction for
further research.
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