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ABSTRACT
This paper discusses common fixed-point theorem in fuzzy metric space for three self-mappings by using the
conditions of compatible mappings of type (K). This theorem generalizes the results of K.B. Manandhar et a/.

(2014), and also the results of Cho (20006).
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INTRODUCTION

The study of fixed points is an important area of
functional analysis. Common fixed points of mappings
that satisfy certain contractive type conditions have
been very active field of research. The concept of
compatible mappings was proposed by G. Jungck in
1986, as a broader idea than commuting and weakly
commuting mappings. The concept of compatible
mappings under certain conditions is analogous to the
generalization of compatible mappings of type (A)
provided by G. Jungck ez a/. in 1993. The concept of
compatible type (B) mappings was first introduced by
H. K. Pathak and M. S. Khan in 1995. The idea of
compatible type (P) mappings was presented by H. K.
Pathak ¢z a/. in 1996. They contrasted it with compatible
mappings of type (A) and in a metric space.

The groundwork for fuzzy mathematics was laid in
1965 when L. A. Zadeh introduced fuzzy sets as a way
to represent the uncertainty of daily life. By expanding
on the idea of M. Frechet metric space (Frechet, 19006),
Kramosil and Michalek created the concept of fuzzy
metric space in 1975. Fuzzy contractive mappings were
first introduced by Heilpern in 1981, and the
contraction principle in fuzzy metric spaces was shown
by M. Grabiec in 1988. George and Veeramani used the
t-norm to modify the notion of fuzzy metric space in
1994.

S. N. Mishra e al. introduced the concept of compatible
mappings in fuzzy metric space in 1994. Cho ez 4l
introduced the concept of compatible mappings of type
(B) in fuzzy metric space in 1998. Afterward, many
authors introduced various compatible mappings of
different types in fuzzy metric space and proved
common fixed-point results in that space reader may
see the references (Balasubramaniam e @/, 2002; Pant
& Jha, 2004; Cho, 2006; Cho & Jung, 2006; Mishra ez
al., 2008; Jain et al., 2009; Jha, 2010; Kumar & Fisher,
2011; Jha, 2013; Manandhar, 2014). In 2014, K. B.

Manandhar e/ a/. extended compatible mappings of type
(E) in fuzzy metric space introduced by M. R. Singh
and Y. M. Singh in 2007, in terms of compatible
mappings of type (K) in metric space and fuzzy metric
space as well and proved a common fixed-point
theorem. Later numerous researchers have now
achieved fixed point findings in fuzzy metric spaces as a

result of their work in this field.

In this paper, we modify common fixed-point theorems
obtained in (Manandhar, 2014)] and we characterize the
conditions for compatible mappings of type (K) in
which two continuous self-mappings of complete fuzzy
metric space have a unique common fixed point.

PRELIMINARIES

Definition 2.1. (Klement e/ al., 2004)

A mapping *: [0,1] X [0,1] = [0,1] is called a
triangular norm (shortly t-norm) if it satisfies the
following conditions:

For each a,b,c,d, € [0,1],

@Haxl = a;

(axb=bx*a;

(i) a * (b *c) = (a* b) *c); and

(ivia*b <c*d, whenevera < candb < d.

Example 2.2. (Chaudhary e/ al., 2021)
0 fora=b=0

axbh=1 aorb forb=1lora=1
ab . ’
—_— otherwise
a+b

Then * is a triangular norm.

Definition 2.3. (Schweizer & Sklar, 1960)

A triangular norm * is said to be continuous #-norm if
it satisfies the following conditions: For
a, b, c,d € [0, 1],

(i) = is associative and commutative;

each



Compatible Mappings of Type (K) in Fuzzy Metric Space

(ii) * is continuous;

(iif) Boundary condition: a * 1 a and

(iv) Monotonicity: @ * b < ¢ * d, whenever
a<candb <d.

Example 2.4: (i) a*b = ab
(ii) @ ¥b = min {4, b} for a, b € [0, 1]

are continuous t-norm.

Definition 2.5. (Zadeh, 1965)

If X is a universal set and x is any element of X. Then a
fuzzy set A defined on X is a collection of ordered
pairs such that A = {(x,uA(x)): x € X, uA(x) €
[0,1]}.

Where, uA: X — [0,1] is a membership function.

Example 2.6: Let X = {x;, X5, X3, X4, X5} and A is a
fuzzy set of smart students, where smart is a fuzzy
term, then

A ={(x1,0.4), (x2,0), (x50.5), (4,0.8), (x5,0.6)}.
Where, pA(x) € [0,1], ie., the degree of smartness of
x_11is 0.4, and so on.

Definition 2.7. [George and Veeramani, 1994] The 3-
tuple (X, M, *) is called a fuzzy metric space if X is
an arbitrary set, * is a continuous t-norm and M:
X XX x(0,00) > [0,1] is a fuzzy set satisfying the
following conditions: For all x,y,z € X and t,s > 0.
(@) M (x.9,0 >0,

() M (x,9,8) = 1 if and only if x =y,

(i) M (o 1) = MOy % 9,

() M (50,0 *M(n 39 S M (53,7 +9),

) M (x,9,%): (0, 0) — [0, 1] Zs continnons.

Example 2.8. Let (X, d) be a metric space, and
leta *b = ab. Let

t
M(x,y; t) - t+d(x,y)

Then (X, M, #) is a fuzzy metric space, and this fuzzy
metric M induced by 4 is called the standard fuzzy
metric.

for all x,y € X and # > 0.

Definition 2.9. (Grabiec, 1988)

A sequence {x,} in a fuzzy metric space (X, M,*) is
said to be convergent to a point x € X(denoted by
1111_110 Xp), if for each € > 0 and each t > 0, there

exists g € N suchthat M(x,,x,t) > 1 —€
forallm = n,.

George and Veeramani show that a sequence {X,} in a
fuzzy metric space (X, M, #) converges to a point x € X if
and only if ylll_)rg M(x,,x,t) = 1.

Definition 2.10. (George & Veeramani, 1994)

A sequence {x,} in a fuzzy metric space (X, M,*) is
called a Cauchy sequence if for each € > 0 and each
t > 0, there exists ny € N such that (X, X, t) >
1 —€ for all n,m = ng. A fuzgzy metric space (X, M )
in which every Cauchy sequence is convergent is said to be a
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complete fuzzy metric space.

Definition 2.11. (Mishra ez a/., 1994)
The self-mappings S and T of a fuzzy metric space (X,

M, # are said to be compatible if
lim M(STx,, TSx,, t) = 1 whenever {x,}is a
n—oo

sequence in X such thatlim Sx, = lim Tx, = x for

n—oo n—-oo

some X in Xand t > 0.

Definition 2.12. (Cho ¢f al., 1998)

The self-mappings S and T of a fuzzy metric space (X,
M, *) are said to be compatible of type (A) if
lim M($Tx,, TTx,, t) = 1 and 111_1)120 M (IS8xy, $Sxy, 2)

n-oo
= 1 whenever {x,} is a sequence in X such

that lim Sx,, =lim Tx, = t for some tin X and t >

n—-oo n—-oo
0.

Definition 2.13. (Cho ¢# al., 1998)

The self-mappings S and T of a fuzzy metric
space(X, M, *) are said to be compatible of type (P)
if lim M(TTx,, SSx,, t) = 1, whenever {x,} is a

n—-oo

sequence in X such that lim Sx, = lim Tx,= x for

n—oo n—oo

some x in X and t > 0.

Definition 2.14. (Singh & Singh, 2007)

The self-mappings S and Tof a fuzzy metric space
(X, M, *)are said to be compatible of type (E) iff
lim M(SSx,, STx,, t) = 17111_1)120 M(SSx,, Tx,t) =1,

n—oo

lim M(STx,, Tx,t) =1 and lim M(TTx,, TSx,, t)

n—oo n—-oo

=1, lim MTTx,, Sx,t) =1, lim M(TSx,, Sx,t) =
n—oo n-oo

1, whenever {x,} is a sequence in X such that lim Sx,
n-oo

= lim Tx,, = x for some x in X and t > 0.

n—-oo

Definition 2.15. (Rohan ez a/., 2008)

The self-mappings S and Tof a fuzzy metric space
(X, M, %) ate said to be compatible of type (R) if,
lim M(STx,, TSx,,t) =1 and lim M(SSx,, TTx,, t)

n—oo n—-oo
= 1 whenever {x,} is a sequence in X such that

lim Sx, = lim Tx,= x for some x in X and t > 0.
n—-oo n—oo

Definition 2.16. (Manandhar e a/., 2014)
The self-mappings S and T of a fuzzy mettic space

(X, M, *) are said to be compatible of type (K) iff
lim M(SSx,, Tx,t) =1 and lim M(TTx,, Sx,t) =1,
n—oo

n—-oo
whenever {x,} is a sequence in X such that lim Ax,=

n—-oo

lim Sx,, = x for some x in X and t > 0.

n—-oo

Lemma 2.17. (Grabiec, 1988)

Let (X,M,*) be a fuzzy metric space. Then for all
x,y € X, M(x, y, -) is non-decreasing.

Lemma2.18. (Cho, 20006)
Let (X, M,*) be a fuzzy metric space with the condition
lim M(x,y, t) = 1 for all x,y € Xandt > 0. If

n—oo



there exists k € (0,1) such that M(x,y, kt) =
M(x,y,t),then x = y.

Lemma2.19. (Cho, 2008)
Let {y, } beasequence in a fuzzy metric space (X, M,*)
with the condition lim M(x,y, t) =1 for all

n—-oo

x,y € Xandt > 0. Ifthereexistsk € (0,1) such
that M (Y, Yni1, kt) = M(Yn_1,¥n,t) and n €N,
then {y,,} is a Cauchy sequence in X.

Lemma 2.20. (Cho, 2008)

Let (X, M,*) be a fuzzy metric space and let S and T
be continuous self-mappings of X and [S,T] be
compatible. Let{x, } beasequence in X such that
Sx, = z and Tx, — z. Then STx,, — Tz.

Lemma 2.21. (Klement e7 al., 2004)

The only t-norm * satisfying r * r = r forall v €

[0,1] is the minimum t-norm, that is, a * b =

min {a, b} foralla,b € [0,1].

SOME COMMON FIXED-POINT THEOREMS
In this section, we use the characterization of Cauchy
sequences and some lemmas discussed in the previous
section to prove new fixed-point theorems for
compatible mappings of types (K) on complete fuzzy
metric spaces. In 2006, Seong Hoon Cho introduced
the following theorem:

Theorem 3.1. Let (X, M, #) be a complete fuzzy metric
space,andlet4, B, S, T: X - X be self-mappings of X
such that the following conditions are satisfied:
i) AX cTX, BX c5X,
(i
(iil) the pairs |4, 5] and [B, T] are compatible
(iv) thereexists £ €(0, 1) such that for every

x,y €EX and >0,

M(Ax, By, kt) = M(Sx,Ty,t) * M(Ax,Sx,t) *
M(By, Ty, t) * M(Ax,Ty,t).

S and T are continuous,

Then A, B, S, and T have a unique common fixed point
in X,

Corollary 3.2. (Singh & Chauhan, 2000)

Let (X, M, # be a complete fuzzy metric space, and
letA,B,S,T: X = X be sdf- mappings of X satisfying
(i) — (iii) of theorem 3.1 and there exists k € (0, 1) such
that

M (Ax, By, k1) = M (Sx, Ty, H* M (Ax, Sx, f)*
M(By, Ty, H*M By, Sx, 2)*M (Ax, Ty, 9
foreveryx,y €X and 7> 0.

Then A, B, S, and T have a unique fixed pointin X.

Corollary 3.3. Let (X, M, #) be a complete fuzzy
metric space and let 4,B,S5,T:X - X be self-
mappings of X satisfying (i) — (iii) of theorem 3.1
and there exists £ € (0, 1) such that

M (Ax, By, &) = M (Sx, Ty, 7), for
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every x,y €X and #> 0.
Then A4, B, §, and T have a unique common fixed point
in X,

Corollary 3.4. Let (X, M, # be complete
fuzzy metric space and let 4,B,5,T:X - X
be self-mappings of X satisfying (i) — (i) of
theorem 3.1 and there exists £ € (0, 1) such
that

M (Ax, By, k) =2 M (Sx, Ty, ) *

M (Sx, Ax, 1) * M (Ax, Ty, ), for every x;, y
€X and 7> 0.

Then A, B, S, and T have a unique common fixed point
in X

In 2014, K. B. Manandhar ¢ /. modified theorem 3.1
for compatible mapping of type (K).

Theorem 3.5. Let (X, M, #) be a complete fuzzy metric
space and let 4, B, S, T: X = X be self-mappings of X
such that the following conditions are satisfied:

i) AX < TX,BX c SX,

(i) M(Ax, By, kt) = M(Sx,Ty,t) *
M(Ax,Sx,t) * M(By, Ty, t) * M(Ax, Ty, t),
Forall x,y € X,k € (0,1) andt > O,

and

(iii) § and T are continuous.

If (4, §) and (B, T) are compatible with type(K), then A4,

B, S, and T have a unique common fixed point in X.

MAIN RESULTS
Theorem 4.1: Let (X, M, #) be a complete fuzzy metric
space and let 4,5, T:X - X be self-mappings of X
such that the following conditions are satisfied:

(i) AX c TXn SX,

(i) M(Ax, Ay, kt) = M(Sx,Ty,t) *

M(Ax,Sx,t) *  M(Ay, Ty, t) * M(Ax, Ty, t),

Forall x,y € X,k € (0,1) andt > O,

and

(iii) S and T atre continuous.

If (A4, §) and (A, T) are compatible with type (K), then

A, 8, and T have a unique common fixed point in X.

Proof Since, AX € TX N SX, implies

AX c TX, AX < SX, so, forany xy € X, there
exists x1 € X such that Axo = Tx1 and for this x1 €
X, there exists x» € X such that

Ax = ‘SVXQ.

Inductively, we can define a sequence {y,} in X such
that

V21— T x2,-1 = Axz,-2 and

2w = S, = Axopr forn=1,2 -+

From condition (ii),

M©2i1, y2nt2, RE) = M(Ax2, Axoyr1, D)

EM(SXZ,,, TXz,,+1,f) *M(AXZWSXQ,,,I) *

M(Axzpe1, Txcznr1, 1) % M(Ax2,, Txo+1, 9)

= M@©2 yout1, £) * M©B2u+1, J2u, D) * M2ut2, Youv1, ) *
M@2i1, 32041, D)

= M©2u y2ut1, D) * M(y201, y20+2, D).
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From lemma 2.13 and 2.18, we have

M()/2n+1,j2ﬂ+2, /él‘) > M()/z,l,)/z,lﬂ, Z‘) e (411)
Similarly, we also have

M(yza2, yauts, k) 2 M(yzur1, 2o ... (4.1.2)
From (4.1.1) and (4.1.2), we have

M1, Yoo, RE) = My yue1, 9 (4.1.3)

From (4.1.3), we have
M(J/;I;]nJrl; f) = M(ym‘yn*l; t/k ) = M(%z—z;)/n—l; kiz) =

: EM(yl,yz,kLn) — 1 asn — o
So, M (y, yu+1, ) — 1 as w — © for any 7> 0.

For each € > 0 and each # > 0, we can choose ng € N
such that
M@ ynr1, 1) >1 — € for all # > ny,.

Form,n € N,weassume 7 =z Thenwe have

MOy Yy D = M@ yur1, t/(M — N)) * M©u1, Y2,
t/(m — n)) * - % M,y t/(M = 1))

> —e)*(1—€) * x(1—€) (mn) times 21 —€

= My, 3 ) 21-€

and hence {y,} is a Cauchy sequence in X.

Since (X, M, #) is complete, y,} converges

to some point ¢ € X, and so

{sznfz}, {sz,l}, {sz,lq} and {sz,,q}

also converges to z.

Since (A, §) and (A, T) are compatible of

type (K), and from lemma 2.17, we have

AAxz,: — Sz, SSx2, — Az, AAxe,., — 1%,
and TTx2,, — Ag (4.1.4)

From (i), we get

M(AAx2,2 AAsiz,-1, k)

> M(S\AXZ”.Q, TA X2,—1, f) * M(AAXzﬂ_z, SAXzﬂ_Q, lﬁ
* M(AAXZK,/, TA x2,-1, l‘) * M(AAXz,,,z, TA Xz,,q,l‘).

Taking limit as » — %0, and applying (4.1.4), we get
M(Sz, Tz, k)2 M(Sz, Tz, ) » M(Sz, Sz, 9 + M(Tx,
Tz H *M($%, T3, )

=M(Sz, T, H #1 #M(S3, Tz, )

= M(S%, Tz, ).
Implies
M(Sz, Tz, &) =2 M(Sg Tz, /), and hence
Sz=Tz. (4.1.5)  (From lemma 2.18)

Again, from (),

M(A% AAinq, /éf)

> M(Sz, T A1, ) * M(Asz, Sz, 1) *
M(AAx2,-1, TA2,-1, 7) * M(Az, T Axy-1, 7).

Taking limit as » — 0, and applying (4.1.4) and
(4.1.5), we get
M(Az, Tz, kt) > M(Sz,Tz,t) » M(Az Sz,t) *
M(Tz,Tz,t) * M(Az,Tz,t)
=1% M(Az, Tz, H* 1% M(Az, T3, 1)
=MAz, T, 9.
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Implies
M(Az, Tz, kt) > M(Az,Tz,t) and hence
Az =Tx... 4.1.6)

From (4.1.5) and (4.1.6), we get

Az =S8z=Tz ... (41.7)
Now, we have to show Az =z
Further, from condition (ii),
M(Axz,, Azy kl) 2 M(Sx2,, 17, 1) * M(Axz, Sx2, 1) *
M(Az, Tz, ) * M(Ax2,,Tx, 7).
Taking limit as #» — o, and applying (4.1.7),
M(z,Az,kt) = M(z,Tzt) M(z,zt) *
M(Az, Tz, t) * M(z,Tz,t)

= Mg Az 9 *1 %1% Mz Az )

*

=M(z, Az, 9)
Tmplies
M(z,Az, kt) = M(z,Az,t) and hence
Az =z (4.1.8)

Thus from (4.1.7) and (4.1.8),
z =Az =Sz =Tz and
z is a common fixed point of A4, § and T.

To show uniqueness of a fixed point, let w»
be other common fixed point of A, § and
T, then
w=Aw=8Sw=Tw ...
Using the condition (ii)
Mz, w, kt) = M(Az, Aw, k) = M(Sz,Tw,t) *
M(Az,Sz,t) * M(Aw, Tw, t) * M(Az, Tw, t)

= M(z, w, ) * Mz, 3, 9) * M(w, w, 1) * M(z, w, )

= Mz m ) * 1 %1 %Mz , )

= M(z, w, 9)
Tmplies
3= w. (From lemma 2.18),
This completes the proof of the theorem.

(4.1.9)

Corollary 4.2: Let (X, M, #) be a complete fuzzy metric
space and let 4,5, T:X - X be self-mappings of X
satisfying the following conditions (i), (i) of theorem 4.1
and if (A4, §) and (A, T) are compatible of type (K) there
exists k € (0, 7) such that for every x,y € X
andt > O,

M (Ax, Ay, kD) = M (Sx, Ty, H* M (Ax, Sx, H*

M Ay, Ty, H*MAy, Sx, 20)* M(Ax, Ty, 9.

Then A, S, and T have a unique common fixed point
inX.

Proof: We have M(Ax, Ay, &) = M(Sx, Ty, ) *
M(Asx, Sx, ) * M(Ay, Ty, ?) * M(Ay, Sx, 24 * M(Ax,
Ty, ) = M(Sx, Ty, 1) * M(Ax, Sx, 1) * M(Ay, Ty, 9 *
M(Sx, Ty, 5 * M(Ty, Ay, ) * M(Ax, Ty, ) = M(Sx,
Ty, ) * M(Ax, Sx, ) * M(Ay, Ty, ) * M(Ax, Ty, 7) and
hence, from theorem 4.1, A4, § and T have a unique
fixed point in X.

Corollary 4.3. Let (X, M, #) be a complete fuzzy metric
space and let 4,5, T:X - X be self-mappings of X
satisfying the following conditions (i), (i) of theorem 4.1
and if (4, §) and (A4, T) are compatible of type (K)



there exists £ € (0, 1) such that for every x,y € X
andt > 0, M(Ax, Ay, ki) = M(Sx, Ty, J).

Then A, § and T have a unique common fixed point in
X.

Proof: We have M(Ax, Ay, k) = M(Sx, Ty, )=
M(Sx, Ty, H* 1 =2 M(Sx, Ty, H* M(Ax, Sx, H *
M Ay, Sx, 20 * M(Ay, Ty, 5 » M(Ax,Ty, /) and
hence, from corollary 4.2, A, § and T have a
unique fixed point in X.

Corollary 4.4. Let (X, M, #) be a complete fuzzy metric
space and let 4,5, T: X - X be self-mappings of X
satisfying the following conditions (i), (i) of theorem 4.1
and if (A4, §) and (A4, T) are compatible of type (K)
there exists £ € (0, 7) such that for every x,y € X
and t > 0, M(Ax, Ay, k) = M(Sx, Ty, 1) * M(Sx,
A, H) * M(Ax, Ty, ).

Then A, S and T have a unique common fixed point in

X.

Proof: We have M(Ax, Ay, k1) = M(Sx, Ty, #*
M(Sx, Ax, h* M(Ax, Ty, 1) =

M(Sx, Ty, ) *M(Sx, Ax, 1) *M(Ax, Ty, ) *1 = M(Sx,
Ty, ) *M(Sx, Ax, 1) *

M(Ax, Ty, ) * M(Sx, Ay, 24 = M(Ay, Ty, 5 * M(Ty,
Sx, ) = M(Sx, Ty, §) * M(Sx, Ax, H) * M(Ax, Ty, 7) *
M(Sx, Ay, 20 * M(Ay, Ty, ? and hence, from
corollary 4.2, A, § and T have a unique fixed point
inX.

CONCLUSIONS

In this paper we have established a new theorem in
fuzzy metric space by using the notion of compatible
mappings of type (K) in three self-mappings. Also, we
have constructed and proved four corollaries of the
established theorem. This paper generalizes the results
of Cho (2006) and Manandhar et al. (2014) as well.
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