
 

1 

 

Journal of Institute of Science and Technology, 27(2), 125-134 (2022) 

ISSN: 2467-9062 (print), e-ISSN: 2467-9240 

https://doi.org/10.3126/jist.v27i2.48880 
© IOST, Tribhuvan University 

Research Article 

 
 

CHARACTERIZING THE EFFECTS OF FRICTION ANGLES ON EARTH PRESSURES IN THE FLOW OF 
GRANULAR MASS ALONG DOWN-SLOPE AND CROSS-SLOPE IN A ROUGH INCLINE  

 
Jeevan Kafle1, Ramuna Pandey1, Bekha Ratna Dangol1,2* 

1Central Department of Mathematics, Institute of Science and Technology,  Tribhuvan University, Kirtipur, Nepal 
2Department of Mathematics, Patan Multiple Campus,  Tribhuvan University, Lalitpur, Nepal 

*Correspondence: bekha.dangol@pmc.edu.np  
 (Received:  October 13, 2022; Final Revision: December 31, 2022; Accepted: December 31, 2022) 

 
ABSTRACT 

The tendency of the sliding mass to deform or deposit during the flow strongly depends on the earth pressure coefficient (K) 
in the dynamics of a finite mass of cohesionless granular material discharged from rest on a rough inclined plane. When the 

flow velocities along the 𝑥 and 𝑦-axes are decreasing, 𝐾 = 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

, the flow becomes convergent, and depositional behavior 

appears. On the other hand, if the flow velocity is increasing along 𝑥-axis but decreasing along 𝑦-axis, 𝐾 = 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡  and the flow 

is divergent and hence mass spreads. For 𝐾 = 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

 and 𝐾 = 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 , the flow is neither convergent nor divergent, it remains 

constant throughout the domain. The mathematical relationship provided here and the associated 2D and 3D representation 

demonstrate how the internal angle () and basal angle () of frictions have a significant impact on the earth pressure coefficient 
in the dynamics of dry granular mass along a rough plane. The mathematical relations for the soil mechanics are also discussed 
along with these coefficients. 
 
Keywords: Active and passive earth pressures, internal angle of friction, basal angle of friction 

  
 

INTRODUCTION 
Earth pressure problems encountered in engineering practice 
are concerned with the determination of internal stresses 
acting on the soil masses or the stresses between the soils and 
the contiguous structures (Abdul, 1966; Lin et al., 2020). Earth 
pressure is the lateral force exerted by the backfill on the 
retaining structures (Kafle et al., 2016; Kafle et al., 2019; Kafle 
et al., 2023b). The retaining wall frequently pulls away from 
the backfill as a result of excessive pressure from the retained 
soil. By resisting forces that are created along the plane of the 
failure wedge in a direction away from the retaining wall due 
to the soil’s shear strength, the retaining wall is kept in 
equilibrium (Pirulli et al., 2007; Khosravi et al., 2016; Kafle et 
al., 2023b). The pressure is limited by the distance that the 
retaining wall may move from the backfill. Active earth 
pressure is the least amount of pressure the soil can apply to 
the retaining wall (Levesque et al., 2017). The earth pressure 
increases whenever the retaining wall shifts toward the 
backfill as a result of any natural event because the retaining 
soil becomes compressed, increasing its shearing strength 
(Kafle et al., 2023b). When the soil’s shearing resistance has 
fully mobilized, the pressure has reached its maximum level. 
Passive earth pressure is the maximum earth pressure 
brought on by the retaining wall’s greatest shear stress. Earth 
pressure at rest is the pressure that forms as a result of 
backfilling when there is no movement. Its value exceeds 
limiting active pressure but falls short of passive pressure 
(Abdul, 1966; Pudasaini & Hutter, 2007; Lin et al., 2020). 
The largely unpredictable and devastating natural events like 
landslides, rockfalls, and snow and ice avalanches occur on 
steep slopes of mountainous regions that can travel large 
distances before they come to rest and they frequently pose a 
threat to human life and their settlements (Kafle et al., 2016; 
Kafle et al., 2019; Kafle et al., 2022; Kafle et al., 2023a; Kafle et 

al., 2023b). It is extremely challenging and complex to direct 
observation of the movement of rockfalls or avalanches 
which is possible only by remote sensing techniques (Gubler, 
1987). The study of the dynamics of snow flow avalanches 
employing radar Doppler techniques was experimented with 
by Gubler (1987), however it is difficult to study the 
measurement of the large masses of rocks or soil. Mcfall et al. 
(2018) carried out laboratory experiments dealing with gravel 
flow to enable the description of the temporal evolution of 
the front and rear edges as they traveled down a plane surface. 
Based on continuum mechanics, Savage and Hutter (1989) 
developed a model to describe the evolving geometry of a 
finite mass of cohesionless granular material released from 
rest on a rough inclined plane. The masses of numerous 
discrete grains initially accelerate quickly downward the slope 
until the angle of inclination of the bed approaches the 
horizontal, and bed friction ultimately causes them to come 
to rest. The granular material is treated as an incompressible 
Coulomb continuum (Savage & Hutter 1989). Since the 
sliding of the grains takes place along the bed, the friction 
angle between the gravel and the rough bed and the internal 
angle of friction between the grains are actively involved in 
the model (Hamzah & Omar, 2018). 
 
Numerical simulation can be a helpful tool for examining the 
propagation phase of phenomena involving granular material, 
like rock avalanches, when realistic geological contexts are 
taken into consideration as part of a better territory risk 
assessment and decision-making process (Faug et al., 2009; 
Kafle, 2019). Cohesionless granular material free surface 
gravity-driven flows down a rough inclined plane and 
overflowing a wall perpendicular to the bottom are examined 
under steady and erratic incoming flow circumstances (Faug 
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et al., 2009). The down-slope divergence function 
𝜕𝑢

𝜕𝑥
 is 

introduced, and its smooth variation and monotonically 
declining function is used to regularize the down-slope earth 
pressure coefficient, which approaches the limiting values,  

𝐾𝑥 𝑎𝑐𝑡 and 𝐾𝑥 𝑝𝑎𝑠 for large divergence and convergence 

respectively. At  
𝜕𝑢

𝜕𝑥
= 0, the down slope earth pressure is at 

rest (Tai et al., 2001; Pudasaini & Hutter, 2007). A crucial 

component of designing passive avalanche defense structures 
and avalanche hazard zoning is knowing how snow 
avalanches react to obstacles. Experimental investigations 
continue to be a crucial method in avalanche science because 
there isn’t a well-established equation that can accurately 
describe the impact pressure of avalanches on objects of 
diverse sizes and shapes (Pudasaini & Hutter, 2007; Baroudi 
et al., 2011).  
 

 
 

Figure 1. Retaining wall supporting the backfill, Left: Active case where wall moves away from the backfill, Right: Passive case 
where wall moves towards the backfill (Rankine, 1857) 

Coulomb (1776) initially took into account the cohesionless, 
more flexible mass of dirt moving across a shear surface. By 
arriving at a solution for an entire soil mass in a failure 
surface, Rankine (1857) introduced earth pressure. With the 
aid of the Mohr circle, Rankine analysis was completed. It is 
usual practice to estimate the active and passive lateral earth 
pressures using the Rankine theory and the Coulomb theory. 
Yang and Deng (2019) talked about the implications of 
backfill width, internal soil friction angle, and wall-soil 
friction angle in calculating active earth pressure coefficients 
and classifying them for rigid retaining walls. Levesque et. al. 

(2017) showed that employing 𝐾-values that are calculated as 
a function of backfill geotechnical characteristics and 
excavation geometry will increase the precision of the 
Marston technique for estimating horizontal earth pressure. 
Mayne et al. (2011) discussed coefficient of earth pressure at 
rest. The numerical simulation makes clear about the 
significance of adopting a distinct earth pressure coefficient 

value (𝐾) for the flux’s direction of convergence and 
divergence. Yan et al. (2020) determined the distribution of 
earth pressure by contrasting the impacts of the total active 
force on the beginning phase, the amplification factor, and 
the angle of soil friction. The limit equilibrium analysis 
method is also demonstrated in this study for determining the 
non-linear distribution of the active earth pressure on stiff 
retaining walls with constrained backfills (Fig. 1). This study 
presented the idea that soil deflection plays a more significant 
role with the narrower width of the backfill and the 
inclination angle of the triangular failure wedge is connected 
to the value of the internal friction angle of the solids (Yan et 

al., 2020). Based on laboratory studies or analytical and 
numerical models, different researchers proposed various 

values for the earth pressure coefficient (𝐾). Marston (1930) 

presented 𝐾 as the active earth pressure developed by 

Rankine (𝐾𝑎 = 0.33) however Li et al. (2009) proposed it as 
0.5 to study the deformation of the mass. The properties of 
the granular material and the roughness of the basal surface 
specify these coefficients. 
 
The present work demonstrates the characteristics of the 
earth pressure coefficients in active and passive conditions in 
different ranges of parameters in both cross-slope and down-
slope directions and also varies the ratio of parameters used 
in the formulation of earth pressure coefficient in the Savage-
Hutter model (Savage & Hutter, 1989). Firstly, we discuss the 
mathematical formulations of the active and passive earth 
pressure coefficient in Savage-Hutter model for the flow of 
granular mass in two dimensions. Secondly, we exhibit the 
reduction of the pressure coefficients in the soil mechanics 
along cross-slope and down-slope by neglecting the basal 
angle of friction. Finally, we present some plots to study the 
variations of the active and passive earth pressure coefficients 
due to the changes in internal and basal friction angles and 
their ratios along cross-slope and down-slope directions. 
 
MATHEMATICAL THEORY 
An infinitesimal cubic element with a surface perpendicular 
to the coordinates as extracted from the flowing granular 
mass. In view of the dominant downward motion, the 
primary spreading is most probably to occur in the 
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longitudinal direction, and lateral spreading is almost small. 

The dominant shearing in the direction parallel to the 𝑥𝑧-

plane produces the dominant shear stresses 𝜏𝑥𝑧 and normal 

stresses 𝜎𝑥𝑥 , 𝜎𝑦𝑦, 𝜎𝑧𝑧 as shown in figure 2. Shear stresses 

𝜏𝑦𝑧 and 𝜏𝑥𝑦 also occur but they are significantly smaller than 

𝜏𝑥𝑧 (Savage & Hutter, 989). It is reasonable to suppose that 

the lateral confinement pressure 𝜎𝑦𝑦 is close to the principal 

stress say 𝜎1 because the majority of shearing occurs on 
vertical surfaces that are parallel to the direction of tangential 
velocity. The major principal stress is given by (Savage & 
Hutter, 1989; Kafle et al., 2023b) 
 

𝜎2 =
1

2
(𝜎𝑥𝑥 + 𝜎𝑧𝑧) +

1

2
√(𝜎𝑥𝑥 − 𝜎𝑧𝑧)

2 + 4𝜏𝑥𝑧
2  

 
and the minor principal stress is given by 
 

𝜎3 =
1

2
(𝜎𝑥𝑥 + 𝜎𝑧𝑧) −

1

2
√(𝜎𝑥𝑥 − 𝜎𝑧𝑧)

2 + 4𝜏𝑥𝑧
2  

 

The shear stress 𝜏𝑥𝑧 and the normal stress 𝜎𝑥𝑥 at the bed must 
be such that they both lie on the wall yield line as indicated in 
figure 2. It should be noted that two potential Mohr circles 
can be made through the point corresponding to the stress 

state meeting the basal sliding law (𝜎𝑥𝑥
𝑏 , 𝜏𝑥𝑧

𝑏 ). According to 
the usual terminology in soil mechanics, the one 
corresponding to a higher value of the normal stress is 
referred to as the passive state of stress, while the other is the 
active state of stress. We assume that the active or passive 
state of stress is developed depending on whether an element 
of granular material is being elongated or compressed in the 
direction parallel to the bed. 
 

It is assumed that the basal normal stress equals 𝜎𝑧𝑧
𝑏  and shear 

stress equals −𝜏𝑥𝑧
𝑏 . As a result, the basal down-slope normal 

stress 𝜎𝑥𝑥
𝑏  can take on two values, one on the smaller circle 

𝜎𝑥𝑥
𝑏 ≤ 𝜏𝑧𝑧

𝑏  and other on the larger circle 𝜎𝑥𝑥
𝑏 > 𝜎𝑧𝑧

𝑏   which are 
associated with active and passive stress states, respectively. 

The basal cross-slope stress 𝜎𝑦𝑦
𝑏  has four possible values since 

there are four possible values for the major and minor 

stresses, 𝜎2
𝑏 and 𝜎3

𝑏. The earth pressure coefficients 

𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠
𝑏 and 𝐾𝑦 𝑎𝑐𝑡/𝑝𝑎𝑠

𝑏  are defined as follows 

𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠
𝑏 =

𝜎𝑥𝑥
𝑏

𝜎𝑧𝑧
𝑏
, 𝐾𝑦 𝑎𝑐𝑡/𝑝𝑎𝑠

𝑏 =
𝜎𝑦𝑦
𝑏

𝜎𝑧𝑧
𝑏

 

 

In order to establish the value of 𝐾𝑥 
𝑏 , Savage and Hutter 

(1989) employed simple arguments, and Hutter et al. (1993)  

used the Mohr-circle representation to define 𝐾𝑦 
𝑏  as a 

function of internal (𝜙) and basal angle (𝛿) of friction, to 
deduce. 
 

𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 = 2𝑠𝑒𝑐
2∅ (1 ∓ √1 − 𝑐𝑜𝑠2∅ 𝑠𝑒𝑐2𝛿 )− 1              

𝐾𝑦 𝑎𝑐𝑡/𝑝𝑎𝑠 =
1

2
 [(𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 + 1)

∓ √(𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 − 1)
2
+ 4𝑡𝑎𝑛2𝛿]             

 

which are real for 𝛿 ≤  𝜙. The following equation defines 

the earth pressure coefficient 𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 as active or passive 

depending on whether the down-slope motion is dilatational 
or compressional in order to uniquely calculate the value of 
the earth pressure coefficient associated with a certain 
deformation (Savage & Hutter, 1989). 
 

𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 = {
𝐾𝑥 𝑎𝑐𝑡     if 

𝜕𝑢

𝜕𝑥
> 0

𝐾𝑥 𝑝𝑎𝑠     if 
𝜕𝑢

𝜕𝑥
< 0

  

 
 

 

 

 
Figure 2. Top: An infinitesimal cubic element with a surface 
perpendicular to the coordinate axes as extracted from the 
sliding granular mass. Bottom: Mohr’s circle of two-
dimensional state of stress representing the relationship 
between normal and shear stresses (Piruli et al., 2007; 
Pudasaini & Hutter, 2007) 

 
Comparatively, the dilatational or compressional nature of 
the down-slope and cross-slope deformation is taken into 
account when computing the earth pressure coefficients in 
the lateral direction. 



Characterizing the Effects of Friction Angles on Earth … 

128 

 

 

𝐾𝑦 𝑎𝑐𝑡/𝑝𝑎𝑠
𝑏 =

{
 
 
 
 

 
 
 
 𝐾𝑦 𝑎𝑐𝑡

𝑥 𝑎𝑐𝑡    if 
𝜕𝑢

𝜕𝑥
> 0,

𝜕𝑣

𝜕𝑦
> 0  

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡     if 

𝜕𝑢

𝜕𝑥
> 0,

𝜕𝑣

𝜕𝑦
< 0

𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

    if 
𝜕𝑢

𝜕𝑥
< 0,

𝜕𝑣

𝜕𝑦
> 0

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

    if 
𝜕𝑢

𝜕𝑥
< 0,

𝜕𝑣

𝜕𝑦
< 0

 

 
The down-slope and cross-slope normal surface stresses at 
the avalanche’s traction-free surface are 
 

𝜎𝑥𝑥
𝑠 = 0, 𝜎𝑦𝑦

𝑠 = 0 

 
Now, intermediate values can be interpolated in accordance 

with the values of 𝜎𝑥𝑥 and 𝜎𝑧𝑧 at the base and the free surface. 
According to the Savage and Hutter theory, through the 
depth of the avalanche, the down-slope and cross-slope 
stresses change linearly with normal stress. The following 
expression accomplishes this. While looking at the 
rectangular triangle given by the vertices origin, the center of 
the circle, and the intersection of the circle and tangent, the 
relation becomes (Pudasaini & Hutter, 2007; Kafle et al., 
2023b). 

𝑟 =
𝑟

1
2
(𝜎𝑥𝑥 + 𝜎𝑧𝑧)

                                                                  (1) 

 
Radius of the Mohr circle, 
 

𝑟 = √𝜏2 +
1

4
(𝜎𝑥𝑥 − 𝜎𝑧𝑧)

2                                                         

 

Substituting the values of 𝜏 and 𝑟 in (1) 
 

𝑟 =

√𝜎𝑧𝑧
2  𝑡𝑎𝑛2𝛿 +

1
4
(𝜎𝑥𝑥 − 𝜎𝑧𝑧)

2

1
2
(𝜎𝑥𝑥 + 𝜎𝑧𝑧)

                                           

 

Since 𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 =
𝜎𝑥𝑥

𝜎𝑧𝑧
 , squaring both sides then above 

equation becomes, 
 
1

4
𝑠𝑖𝑛2∅ (𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 + 1)

2
= 𝑡𝑎𝑛2𝛿 +

1

4
(𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 − 1)

2
 

 
This implies  
 

4𝑡𝑎𝑛2𝛿 + (𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠
2 − 2 𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 + 1) −                        

 𝑠𝑖𝑛2∅(𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠
2 + 2 𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 + 1) = 0 

 

 4𝑡𝑎𝑛2𝛿 + 𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠
2 𝑐𝑜𝑠2∅− 2𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠(1 + 𝑠𝑖𝑛

2∅) +

 𝑐𝑜𝑠2∅ = 0  

𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠
2 − 2(

2

𝑐𝑜𝑠2∅
− 1)𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 + 1+

𝑡𝑎𝑛2𝛿

𝑐𝑜𝑠2∅
= 0   

 
This is the quadratic equation, its solution is given by 
 

𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 = (
2

𝑐𝑜𝑠2∅
− 1)

∓√(
2

𝑐𝑜𝑠2∅
− 1)

2

− (
𝑡𝑎𝑛2𝛿

𝑐𝑜𝑠2∅
+ 1)          

 

𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 = (
2

𝑐𝑜𝑠2∅
− 1)

∓ √
4

𝑐𝑜𝑠4∅
−

4

𝑐𝑜𝑠2∅
(1 + 𝑡𝑎𝑛2𝛿)              

𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 =
2

𝑐𝑜𝑠2∅
(1 ∓√1 −

𝑐𝑜𝑠2∅

𝑐𝑜𝑠2𝛿
)− 1                  (2) 

 
Active pressure is denoted by the minus sign, while passive 

pressure is denoted by the plus sign. In this way 𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 is 
depending on the two material constants. In terms of down-

slope deformation, 𝐾𝑥 𝑎𝑐𝑡 and 𝐾𝑥 𝑝𝑎𝑠 represent the extensive 

and compressive modes, respectively.  
 
In the study of soil mechanics for geotechnical stability, there 

we ignore the effect of bed friction in relation (2) 
 

   𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 =
2

𝑐𝑜𝑠2∅
(1 ∓ 𝑠𝑖𝑛 ∅) − 1                               (3) 

 
If we consider lower sign, 
 

𝐾𝑝𝑎𝑠 =
2(1 + 𝑠𝑖𝑛 ∅) − (1 − 𝑠𝑖𝑛2∅)

1 − 𝑠𝑖𝑛2∅
                                       

 𝐾𝑝𝑎𝑠 =
1 + 𝑠𝑖𝑛 ∅

1 − 𝑠𝑖𝑛 ∅
                                                                  (4) 

 
Also 

𝐾𝑝𝑎𝑠 =
1 + 𝑠𝑖𝑛 ∅

1 − 𝑠𝑖𝑛 ∅
= (

1+ 𝑡𝑎𝑛∅ 2⁄

1− 𝑡𝑎𝑛∅ 2⁄
)

2

                                     

We get 

 𝐾𝑝𝑎𝑠 = 𝑡𝑎𝑛
2 (
𝜋

4
+
∅

4
)                                                          (5) 

 

Likewise, if we take the upper sign in relation (2) 
 

 𝐾𝑎𝑐𝑡 =
1 − 𝑠𝑖𝑛 ∅

1 + 𝑠𝑖𝑛 ∅
= (

1− 𝑡𝑎𝑛∅ 2⁄

1+ 𝑡𝑎𝑛∅ 2⁄
)

2

                             (6) 
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Relations (4), (5) and (6) are frequently used in the soil 
mechanics when stability of the retaining wall against the 
backfill is analyzed (Marston, 1930). Similarly, for cross-slope 
the relation is, 
 

𝐾𝑦 𝑎𝑐𝑡/𝑝𝑎𝑠 = 
1

2
 [(𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 + 1) ∓

√(𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 − 1)
2
+ 4𝑡𝑎𝑛2𝛿]  (7) 

 

If we ignore the effect of bed friction angle in relation (7) 
 

𝐾𝑦 𝑎𝑐𝑡/𝑝𝑎𝑠 =
1

2
{(𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 + 1) ∓ (𝐾𝑥 𝑎𝑐𝑡/𝑝𝑎𝑠 − 1)}           

𝐾𝑦 𝑎𝑐𝑡/𝑝𝑎𝑠 =
1

2
{

2

𝑐𝑜𝑠2∅
(1 ∓ 𝑠𝑖𝑛 ∅)

∓ (
2

𝑐𝑜𝑠2∅
(1 ∓ 𝑠𝑖𝑛∅) − 2)}                     

 𝐾𝑦 𝑎𝑐𝑡/𝑝𝑎𝑠 =
1

𝑐𝑜𝑠2∅
(1 ∓ 𝑠𝑖𝑛 ∅)

∓ (
1

𝑐𝑜𝑠2∅
(1 ∓ 𝑠𝑖𝑛∅) − 1)                (8) 

 

If we consider positive sign in relation (8), then 
 

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

=
2(1 + 𝑠𝑖𝑛∅)

𝑐𝑜𝑠2∅
− 1                                                         

            =
2(1 + 𝑠𝑖𝑛∅) − (1 − 𝑠𝑖𝑛2∅)

1 − 𝑠𝑖𝑛2∅
                                    

          =
1 + 𝑠𝑖𝑛 ∅

1 − 𝑠𝑖𝑛 ∅
= (

1 + 𝑡𝑎𝑛 ∅ 2⁄

1 − 𝑡𝑎𝑛 ∅ 2⁄
)

2

                                 

            = 𝑡𝑎𝑛2 (
𝜋

4
+
∅

4
)                                                        (9) 

 
As we take positive and negative sign respectively in relation 

(8), then 
 

𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

=
1

𝑐𝑜𝑠2∅
(1 + 𝑠𝑖𝑛 ∅) − (

1

𝑐𝑜𝑠2∅
(1 + 𝑠𝑖𝑛∅) − 1)  

           = 1                                                                               (10) 
 

Likewise, if we take negative and positive sign in (8), then 
 

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡 =

1

𝑐𝑜𝑠2∅
(1 − 𝑠𝑖𝑛 ∅) + (

1

𝑐𝑜𝑠2∅
(1 − 𝑠𝑖𝑛∅) − 1)    

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡 =

1

𝑐𝑜𝑠2∅
(1 − 𝑠𝑖𝑛 ∅) − 1 = 𝑡𝑎𝑛2 (

𝜋

4
−
∅

4
)     (11) 

And if we take negative sign in (8), then 

𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 =

1

𝑐𝑜𝑠2∅
(1 − 𝑠𝑖𝑛 ∅) − (

1

𝑐𝑜𝑠2∅
(1 − 𝑠𝑖𝑛∅) − 1) 

               = 1                                                                           (12) 
 

Relations (2), (10), (11) and (12) are the cross-slope earth 

pressure coefficients in the soil mechanics. In relation (10) 
and (12) we can see the the equation gives the constant value 
1 which shows that the longitudinal or lattitudinal pressures 
and overburden pressure are equal. 
 
RESULTS AND DISCUSSION 

To compare the influence of internal friction angle ϕ and bed 
friction angle δ on the earth pressures along down-slope and 
cross-slope, we present various two- and three-dimensional 
plots demonstrating the active and passive earth pressures 
with regards to the variation in friction of basal surface and 
/or internal friction angles of grains and their ratios. We 
describe the material responses in the granular flows in both 
directions as we mentioned before. 
 
Comparison of effect on the variation of separate friction 
angles on pressure coefficients along down-slope and 
cross-slope direction 
In the reference graph with the constant bed friction angle 

30𝑜 , the active and passive earth pressure as a function of the 

internal angle of friction becomes complex valued when 𝛿 <
 𝜙 and the theory becomes invalid in both down-slope and 
cross-slope. Indeed, there may be a strong shrearing and 
depth averaging is not adequate. This natural phenomenon is 
exposed in figures 3A and 3B where the active and passive 
earth pressure coefficients in both cross-slope and down 

slope directions have no values for 𝜙 <  𝛿 =  30𝑜 . Initially, 

when  𝜙 = 𝛿 = 30𝑜 , both active and passive coefficients are  

approximately 1.7 in down-slope, whereas  𝐾𝑦 𝑎𝑐𝑡  and 

 𝐾𝑦 𝑝𝑎𝑠 along cross-slope are 1.2 and 1.7 respectively. When 

the internal angle of friction is progressively increased to 60𝑜 , 
active earth pressure coefficient along down-slope decreases 

from 1.7 to 0.4 while passive coefficient increases sharply 

from 1.7 to 13.5. Regarding along the cross-slope, 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 

and 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡 slightly decreases whereas 𝐾𝑦 𝑎𝑐𝑡

𝑥 𝑝𝑎𝑠
 increases 

slightly. On the contrary, 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡  sharply increases 

from 1.7 to 13.5. The earth pressure depending on both 
directions is relatively more realistic than that depending on 
only one direction as dry granular mass advects not only in 
the down-slope but also disperses along cross-slope.  
 

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 increases sharply when when  𝜙  exceeds 45𝑜 as the 

coarse particle with greater internal friction angle of the grain 
increases the resisting force to bear the destabilizing force 
(normal stress). In this situation, the passive earth pressure is 
smooth along the cross-slope direction. This demonstrate 
that the internal friction angle has major influence on the 
passive earth pressure coefficient, but it has negligible 

influence on 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡and 𝐾𝑦 𝑎𝑐𝑡

𝑥 𝑝𝑎𝑠
 however moderate influence 

on the active earth pressure coefficients. This is due to the 
fact that as the internal friction angle decreases, the lateral 
shearing stress of the material also decreases, making the 
granular mass more extensive along both down-slope and 
cross-slope. Proximity of both friction angles results in the 
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closer values of both earth pressure coefficients in granular 
mass.  
 

 
Figure 3. Active and passive earth pressures along A) down 
slope and C) cross-slope with the variation in internal friction 

angle with constant basal angle of friction as 3𝟎𝒐 and B) down 
slope and D) cross-slope with the change in bed friction angle 

with constant angle of internal friction as 𝟔𝟎𝒐 
 
Figures 3B and 3D exhibit the graph of the active and passive 
pressure coefficients depending on the bed friction angles 
while the internal friction angle of the grains is assumed to be 

constant as 𝜙 =  60𝑜 . Firstly, when basal friction angle 𝛿 =
 0𝑜 , the active and passive earth pressure coefficient are 0 and 

13.9 in down-slope respectively however they are 0.07 and 

13.9 along cross-slope respectively. As 𝛿 increases, 𝐾𝑥 𝑝𝑎𝑠 

decreases from 13.9 to 7, and 𝐾𝑥 𝑎𝑐𝑡 increases to 7 whereas 

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 decreases from 13.9 to 7 and 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡  increases 

smoothly from 4 to 7 and 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

 decreases smoothly from 

0.1 to 0. 
 
The evolution of the pressure coefficients in figures 3B and 
3D are  reverse in comparison to that in figures 3A and 3C. 
When there is a significant difference between the friction 
angles, the active and passive coefficients diverge significantly 
from one another. The active and passive earth coefficients 
become closer in accordance with the increasing proximity of 

the friction angles and hence 𝐾𝑥 𝑎𝑐𝑡 = 𝐾𝑥 𝑝𝑎𝑠, 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡 =

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

, 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 = 𝐾𝑦 𝑝𝑎𝑠

𝑥 𝑎𝑐𝑡 when 𝛿 =  𝜙. Additionally, we can 

observe that when 𝛿 varies from 0𝑜  to 45𝑜 , 𝐾𝑥 𝑝𝑎𝑠  and 

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 decreases marginally while 𝐾𝑥 𝑎𝑐𝑡 and 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 gradually 

increases. On the contrary, when 𝛿 exceeds 45𝑜 , 𝐾𝑥 𝑝𝑎𝑠 and 

𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 both decline rapidly but 𝐾𝑥 𝑎𝑐𝑡 increases rapidly while 

𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 increases slowly. It depicts that the increment of the 

roughness of the inclined plane tends the flow more 
compressive rather than extensive. Both the earth pressures 

changes abruptly when 𝛿 exceeds 45𝑜  and similar behavior 

can be observed in figure 3(A) when 𝜙 >  45𝑜 . However, 

𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡  has no substantial shift in its graph as compared to the 

active earth pressure in down slope, it concludes that active 
coefficient changes abruptly along down-slope direction 
rather than in cross-slope direction. 
 

Also, from the results, we can conclude that the value of 𝐾 is 

consistent if the values of 𝛿 and 𝜙 are close to each other. 

The further values of 𝐾 can not be obtained when δ exceeds 

60𝑜 . In figures 3A, 3C and figures 3B, 3D, we observe that 

𝐾𝑥 𝑝𝑎𝑠 ≥ 𝐾𝑥 𝑎𝑐𝑡  and 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 ≥ 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡. That is passive earth 

coefficient is always greater than or equal to the active 
pressure coefficient along both down-slope and cross-slope 
direction. 
 
Comparison between the earth pressure coefficients 
against internal friction angle for different ratios of basal 
to internal friction angles along cross- and down-slope 
direction 
The variation and proximity of the friction angles are very 
common material properties of the various granular mass.  
Now, we discuss the proportional effects on the earth 
pressures along longitudinal and lateral directions. For this 
purpose, we vary the ratio of these friction angles, and 
induced longitudinal and lateral pressure coefficients are 
plotted in figure 4.  
 
Figure 4A shows the graph of active pressure coefficients as 
a function of internal friction angle for three different ratios 

of 𝛿 and 𝜙. As 
𝛿

∅
=  1, 𝐾𝑎𝑐𝑡  increases from 1 to 7, whereas 

it decreases from 1 to 0.47, and from 1 to 0.07 when 
𝛿

∅
 =

 0.5 and 
𝛿

∅
=  0 respectively. Instead, the value of the 

coefficient is the least if the internal angle of friction is much 

larger than that of bed. For 
𝛿

∅
=  1, value of 𝐾𝑎𝑐𝑡 increases 

more rapidly for values of 𝜙 higher than 45𝑜 . On contrary, it 

decreases significantly when 𝜙 <  45𝑜 , in case if 
𝛿

∅
 =  0.5 

and 
𝛿

∅
 =  0. So, 𝜙 =  45𝑜 is somehow behaves as a critical 

friction angle. There is not much larger difference in the 

values of 𝐾𝑎𝑐𝑡 when the ratio 
𝛿

∅
 ≤ 0.5. It is equally interesting 

to observe that 𝐾𝑎𝑐𝑡 is increasing when 
𝛿

∅
 =  1, i.e., for 𝛿 =

 𝜙 but slowly decreases when 
𝛿

∅
 =  0.5, i.e., 𝛿 =  

1

2
𝜙 and 

rapidly decreases for 
𝛿

∅
 =  0, i.e. , 𝛿 =  0.  

 

For different ratios of 𝛿 and 𝜙, figure 4B represents the graph 
of passive earth pressure coefficients against internal friction 

angles. As  
𝛿

∅
  =  1, 𝐾𝑝𝑎𝑠  increases from 1 to 7 which is the 

same graph of 𝐾𝑎𝑐𝑡  as in figure 4A. It means that active and 

passive pressure coefficients are both equal when 𝜙 =  𝛿. 

When  
𝛿

∅
  =  0.5, 𝐾𝑝𝑎𝑠 increases from 1 to 13.5. In similar 
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manner, it increases from 1 to 13.9 when  
𝛿

∅
  =  0. Like the 

active pressure, 𝐾𝑝𝑎𝑠 also has a smaller deviation when 
𝛿

∅
  ≤

 
1

2
. As the ratio of basal angle and internal angle of friction 

decreases, the active pressure decreases but the passive 

pressure increases. When 𝜙 exceeds 45𝑜 , the pressure 
coefficients change significantly. 
 
 

  

  

  
Figure 4. Down-slopes of: A) Active and B) Passive earth 

pressure coefficients and cross-slopes of C) 𝑲𝒚 𝒂𝒄𝒕
𝒙 𝒂𝒄𝒕 , D) 𝑲𝒚 𝒑𝒂𝒔

𝒙 𝒂𝒄𝒕 , 

E) 𝑲𝒚 𝒂𝒄𝒕
𝒙 𝒑𝒂𝒔

 and F) 𝑲𝒚 𝒑𝒂𝒔
𝒙 𝒑𝒂𝒔

 due to the variation in internal friction 

angle with constant basal angle of friction as 30𝑜 

 

On the other hand, figure 4C shows  𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 as a function of 

the internal friction angle for the aforementioned ratio. As 
𝛿

∅
= 1, 𝐾𝑎𝑐𝑡 increases from 1 to 7, whereas it decreases from 

1 to 0.47 and from 1 to 0.07 when 
𝛿

∅
 =  

1

2
 and 

𝛿

∅
 =  0 

respectively along down-slope. The same thing takes place in 

cross-slope direction as 
𝛿

∅
= 1, 𝐾𝑦 𝑎𝑐𝑡

𝑥 𝑎𝑐𝑡  decreases from 1 to 

0.57, whereas it decreases from 1 to 0.05 and from 1 to 0.04 

when 
𝛿

∅
 =  

1

2
 and 

𝛿

∅
 =  0, respectively. It means that if the 

velocity gradient is positive, the flow is highly extensive 

whenever 𝜙 and 𝛿 are higher and equal. But if the velocity 
gradient is positive in both initial and final state, the flow is 
slightly compressive. On contrary, it decreases significantly 

when 𝜙 <  45𝑜 in case of cross-slope it continues down to 

decreasing. But in case of cross-slope in figure 4D, as 
𝛿

∅
 =  1, 

𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 increases from 1 to 7.5 whereas it increases 1 to 1.5 

for 
𝛿

∅
 =  

1

2
 and it remains constant throughout the domain 

and for 
𝛿

∅
 =  

1

2
, it decreases from 1 to 0.95 and as 

𝛿

∅
 =  1, it 

decreases from 1 to 0.05. As the ratio of the basal and 
internal angle of friction decreases, the active earth pressure 
also decreases but passive earth pressure increases along the 

down-slope. On the other hand, 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡  and 𝐾𝑦 𝑝𝑎𝑠

𝑥 𝑎𝑐𝑡  decreases 

but 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 and 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

 increases when 𝜙 exceeds 40𝑜 .  

 
Comparison between changes in coefficients against 
basal friction angle for different ratios of friction angles 
along down-slope and cross-slope 
Earth pressure coefficients depend on the basal angle of 
friction. By considering different ratios of friction angles, 
figure 5 illustrates the active and passive earth pressure 
coefficients as a function of bed friction angle along down-
slope and cross-slope. Figures 5A and 5B are the evaluation 
of active and passive earth pressure coefficients for different 
values of basal friction angles along down-slope and figures 
5C-F are the evaluations of earth pressure coefficients along 
cross-slope. 
 

As 𝛿 =  𝜙, active earth pressure is increases from 1 to 1.7, 

passive earth pressure is increases from 1 to 10 till the bed 

angle is 25𝑜 . After exceeding 25𝑜 , it increases rapidly along 

down slope. The earth pressure coefficient 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡  decreases 

from 1 to 0.67 and whereas 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑎𝑐𝑡increases from 1 to 2 and 

𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

 decreases from 1 to 0.7 and 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 increases from 1 

to 1.5. In contrast, active earth pressure decrease from 1 to 

0.73 and 1 to 0.48 when 
𝛿

∅
 =  

3

4
 and 𝛿

𝛿

∅
 =  

1

2
 respectively 

along down slope, and passive earth pressure, increases from 

1 to 4 and 1 to 2 when 
𝛿

∅
 =  

3

4
  and 

𝛿

∅
 =  

1

2
  along cross-slope 

respectively. We clearly observe that active earth pressure in 
figure 4A is much higher than figure 5A. So, we conclude that 

the influence of internal friction angle (𝜙) is higher than the 

basal friction angle (𝛿) for the variation of active earth 

pressure 𝐾𝑎𝑐𝑡  along both directions. Active earth pressure 
decreases as internal friction angle increases relative to the 

basal friction angle. But 𝐾𝑝𝑎𝑠  shows completely opposite 

behavior that can be seen in the figure 5B in down-slope. In 

different circumstances 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

 decreases as the increasing 

basal angle. But 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 show the complete opposite behavior 

that can be seen in figure 5F. The pressure coefficients at 
various basal friction angles are significantly affected by the 
inclusion of cross-slope and down-slope directions. In a real-
world setting, cross-slope and down-slope have an impact on 
each other’s earth pressure. 
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Figure 5. Down-slopes of: A) Active and B) Passive earth 

pressure coefficients and cross-slopes of C) 𝑲𝒚 𝒂𝒄𝒕
𝒙 𝒂𝒄𝒕 , D) 

𝑲𝒚 𝒑𝒂𝒔
𝒙 𝒂𝒄𝒕 , E) 𝑲𝒚 𝒂𝒄𝒕

𝒙 𝒑𝒂𝒔
 and F) 𝑲𝒚 𝒑𝒂𝒔

𝒙 𝒑𝒂𝒔
 due to the variation in basal  

friction angle with constant internal angle of friction as 3𝟎𝒐 

 
 
Comparison between earth pressure coefficients as 
functions of both angles of basal and internal friction 
along down and cross-slope 
The values of the earth pressure coefficients as a function 
of both basal angle and internal angle of friction is 
represented in 3-D graph along down-slope and cross-

slope direction. Two-dimensional graph revealed that 𝐾𝑎𝑐𝑡 
is maximum when 𝛿 =  𝜙, and this result can also be seen 

in figure 6A within the entire domain 0 ≤  𝜙 ≤  60𝑜 ,
0 ≤  𝛿 ≤  60𝑜, maximum of 𝐾𝑎𝑐𝑡 is 7 when 𝛿 =  𝜙 =
 60𝑜 . Similarly, the maximum value of 𝐾𝑝𝑎𝑠 is 14 at 𝛿 =

 0𝑜 , 𝜙 =  60𝑜 and minimum value is 1 at 𝛿 =  𝜙 =  0𝑜 
which can also be observed in figure 6B along down-slope. 

In a similar manner 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡 is maximum at 1 and minimum 

at 0 within the domain 0 ≤  ϕ ≤  50o, 0 ≤  δ ≤  50o, 

Ky pas
x act  is maximum at 7 and minimum at 1 within the 

domain 0 ≤  ϕ ≤  50o , 0 ≤  δ ≤  60o, Ky act
x pas

 is 

maximum at 1 and minimum at 0 within the domain  0 ≤

 ϕ ≤  50o , 0 ≤  δ ≤ 50o, Ky pas
x pas

 is maximum at 14 and 

minimum at δ = 0𝑜 , ϕ = 60𝑜 and minimum value is at 1 

at δ = ϕ = 0𝑜 which is observed in figure 6F.  

 

  

  

  
Figure 6. Down-slopes of: A) Active and B) Passive earth 

pressure coefficients and cross-slopes of C) 𝑲𝒚 𝒂𝒄𝒕
𝒙 𝒂𝒄𝒕 , D) 𝑲𝒚 𝒑𝒂𝒔

𝒙 𝒂𝒄𝒕 , 

E) 𝑲𝒚 𝒂𝒄𝒕
𝒙 𝒑𝒂𝒔

 and F) 𝑲𝒚 𝒑𝒂𝒔
𝒙 𝒑𝒂𝒔

 due to the 3-D variation in internal 

friction angle and basal angle of friction 

 
 
Comparison between earth pressure in soil mechanics 
along down and cross-slope 
The ratio of horizontal stress to vertical stress in soil 

mechanics is the earth pressure coefficient. In figure 7A, 𝐾𝑎𝑐𝑡 
becomes less than 1 as the vertical stress dominates the 

horizontal stress, and as ϕ increases 𝐾𝑎𝑐𝑡  decreases, 𝐾𝑝𝑎𝑠 

increases, 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑎𝑐𝑡  decreases, 𝐾𝑦 𝑝𝑎𝑠

𝑥 𝑎𝑐𝑡  decreases, 𝐾𝑦 𝑎𝑐𝑡
𝑥 𝑝𝑎𝑠

 

increases and 𝐾𝑦 𝑝𝑎𝑠
𝑥 𝑝𝑎𝑠

 increases because a higher internal 

friction angle makes the soil more compressive. 

 
 
Figure 7. A) Earth pressure coefficients along down-slope B) 
Earth pressure coefficients along cross-slope 
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CONCLUSIONS 
The gravity driven dry granular materials advects not only in 
the down-slope, but also disperses along cross-slope. So, the 
study of earth pressure coefficients along both directions is 
essential and realistic. Normally, active earth pressure 
coefficients refer that the flow divergent affecting the larger 
area whereas the passive earth pressure coefficient describes 
that the flow is convergent affecting the smaller area in the 
sliding zone. If the basal friction angle exceeds the internal 
friction angle, the flow will have large spreading and hence 
depth average will not be adequate for numerical modeling. 
The earth pressure coefficient is an isotropic pressure 
coefficient if there is no internal friction angle or basal 
friction angle. Initially, when the basal angle is fixed at 600 the 

earth pressure has no effect till  < 300, in both cross-slope 
and down slope direction but after the internal angle reaches 
the passive earth pressure increases drastically up to 13.9 and 
the active earth pressure decreases smoothly within the 

domain 0    600.  Similarly taking the internal angle fixed 
at 60o, the passive earth pressure decreases down to 7 along 
both cross-slope and down-slope direction. The substantial 
increment or decline in the earth pressure coefficients are 
studied in the vicinity of 450 of internal friction angle. So, 450 
is the critical angle of internal friction. We can conclude that 
the passive earth pressure coefficients vary directly with the 
internal angle of friction and inversely with the basal angle of 
friction along both directions.  
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