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ABSTRACT
The article begins first with the history and the development of the law of the iterated logarithm, abbreviated LIL. We
then discuss the LIL in the context of independent random variables, dyadic martingales, lacunary trigonometric series,
and harmonic functions. Finally, we derive a LIL for a sequence of dyadic martingales.
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INTRODUCTION

The LIL is a celebrated law in the various domains of
mathematics. There has been a tremendous amount of
work on the LIL in various contexts in mathematics. In
the theory of probability, the LIL operates roughly in
between the central limit theorem and the law of large
numbers. Some of the contexts where the LIL has been
established are independent random  variables,
martingales, harmonic functions, lacunary trigonometric
series, Brownian motion, Gaussian process, Bloch
functions to name just a few. We first begin with the
context where the first LIL was introduced, and this will
be followed by the various historical developments on it.
In order to do so, we need to recall some definitions and
theorems.

Definition 1.1 The decimal and dyadic expansion of a
number N is [0,1) are:

— oo Xn.
N—anlm, Xn €

{01,2,....,9) N=X%5, 22X, € {0,1}
Then N is said to be a normal number with base 10 and 2
W) _ 1 W) _ 1

respectively if lim and lim
n—-oo n 0 n—-oo n 2

where wj (N) is the number of times the digit k,0 <
k <9 appeat in the expansion of N.
Here is the result of Borel on the normal numbers.

Theorem 1.2 (Borel). For a number t € [0, 1) in its
excpansion, let Ny (t) denote the number of times 1 appear in the

. Np(t 1 )
first n-places. Then we have lim n® _ 1 Jor a.e. t in Legesgue
n-ooo N 2
measure.
The above theorem of Borel gives the rate of

convergence, and this rate was later on improvised by
many mathematicians, namely Hausdorff, Hardy and
Littlewood and Khintchine. The exact rate of
convergence was given by A. Khintchine (Khintchine,

1924). This result of Khintchine is considered as the
catliest LIL in the theory of probability. His result is:

Theorem 1.3 (Khintchine). For a numbert € [0,1), let
Ny, (t) denote the number of times 1 appear in the binary
expansion of t in the first n-places, then

. Syl
lim su;

S L E——T
n-eo p,/anoglogn

The above theorem is the primitive LIL result in the
theory of probability and is called Khintchine’s LIL. The
reason behind the name “law of the iterated logarithm”
has been given to this law is due to the iteration log log.
Then this LIL result of Khintchine was later generalized
by N. Kolmogorov in the bigger context of independent
random variables. After the result of Kolmogorov, the
LIL got much attraction and the mathematicians started
to think about the analogue of this result in various other
directions. The areas where a tremendous amount of
research has been conducted on the LIL are independent
random vatiables, lacunary trigonometric series, dyadic
martingales and harmonic functions. We discuss the result
on these contexts in detail. We begin with LIL in the
context of independent random variables.

THE LIL FOR INDEPENDENT RANDOM
VARIABLES

N. Kolmogorov (Kolmogorov, 1929) was the one who
revolutionized the LIL. To this end, we first record his
LIL result for the independent random variables. Slightly
abuse of language, we use id.r.v for random variables
which are independent and identically distributed with
mean zero and variance one and we write c.d.f. for
common distribution function.

Theorem 2.1 (Kolmogorov,1929). Let S, =

Y1 X; where X, is i.d.r.v. Assume that [X,1% <
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&nn
z for some constants €, = 0. Then for a.e.
loglogn
. S,
w, lim sup sl _ 1
n—-oo J2nloglogn

The above result is Kolmogorov’s LIL and is considered
as principal accomplishment in the theory of probability.
In 1941, Hartman-Winter (Hartman & Winter, 1941) also
obtained a LIL for identically distributed independent
random variables. This result is also popularly known as
limsup LIL.

Theorem 2.2 (Hartman-Winter, 1941). Les {X; }ys1 be a
sequence where X, is i.d.r.v. and Sy, denotes the N partial sums

Sn
J2nloglogn
surely.

K.L. Chung (Chung, 1948) then introduced the liminf
version of the above result. We now state the theorem by
Chung.

of the random variables, then lim sup =1 almost

n—-oo

Theorem 2.3 (Chung, 1948). If F is c.d.f. of a sequence i.d.r.v.
{X,; n = 13} with variance 62, and also assume E(|1X|3) <

max

loglogn
n 1<sjsn

oo. Then lim inf |j| = 35 with provability 1.
We note that the above result was obtained with the extra
assumption of finite third moment. Under the same
assumption of Hartman-Winter, Xia Chen [29]
established a LIL. where he has considered the limit
instead of limit supremum.

Theorem 2.4 (Chen, 2015). Let {Xy Y1 denote a sequence of
id.r.v. and Sy denotes the k™ partial sums of the random

1 S
———— max =X =1 alwost surely.
J2nloglogn 1<ksnVk

variables, then lim
n—-oo

In connection with the independent random variables, we
state another LIL for Ornstein-Uhlenbeck process
(Chen, 2015). For this, we first recall the definition:

Definition 2.5. Let {X(t);t = 0},be a stationary,
centered and continuous Gaussian process. Then it is
called one dimensional Ornstein-Uhlenbeck process if

Cov(X(0),X(t)) = e_é,t > 0.

Theorem 2.6 (Chen, 2015). Lo {X(t); t = 0} be an
Ornstein-Ublenbeck process. Then

— maxX (s) = 1 almost surely.

toooq/2logt s<t

THE LIL FOR PARTIAL SUMS OF LACUNARY
SERIES

The context of lacunary trigonometric series is considered
as the first context in analysis where the LIL was
introduced. We remark that the sums of lacunary series
exhibits the behaviors which are similar to independent

20

random variables. Due to this reason, they are also called
weakly dependent random variables. We first begin with
the definition:

Definition 3.1 (Lacunary Series). A ¢ — lacunary series is
a series of the form given by S,,(0) = X3%,(axcos n, 0 +
Tl s g > 1.

Nk

bysin n 0) satisfying lacunary condition

Inspired by the LIL of Kolmogorov, Salem and Zygmund
obtained the analogue result for lacunary series. The LIL
introduced by Salem and Zygmund is considered as the
opening result in the analytic setting (Banelos & Moore,
1991). We next record their theorem:

Theorem 3.2 (R. Salem and A. Zygmund, 1950). Lez Sy,
denote a q —lacunary series and the Ny, be positive integers. Write

1
By = Ezkm:1(|ak|2 + |be|®) and My, = lrsr}(ignﬂaﬂz +

1
|br|?)2. If lim By, = o and S,, satisfying M3 <
™M joglog(e®+ BZ)
Then lim sup %
m—co V2Bf, log logBy,
Note that [" $,,(x)dx = 0and o = By,

/% ™ (a2 + bR).

We note that in the assumption 7y is a positive integer. In
the case of integer, Erd6és and Gal (1955) generalized the
result of Salem and Zygmund. They considered a special
form of the series and attained the LIL as follow:

<1a.e.0 €T, unit circle.

Theorem 3.3 (Erdés & Gal, 1955). Lez ny, be integers and
S be a lacunary series given by S, (8) = Yip=q exp(in,0)

, . Sm(6) .
. —=1 e
and are integers. Then Tﬁ% U o Jora. e 0 in

the unit circle where a. e. stands for almost every.

In 1955, M. Weiss while doing here Ph.D. was able to
obtain the counterpart of Kolmogorov’s LIL in the above
context in full entirety. This result of M. Weiss (Weiss,
1959) is considered as a remarkable result in this area. She
obtained this with other remarkable results in eatly age.
Unfortunately, she died at early age. We next record her
result:

Theorem 3.4  (Weiss, 1959). Let  S$p,(0) =
Yri(agcos N6 + by sinng8) be a q —lacunary series and
Ny, be integers. Then under the same assumption of Kolmogoro, we
have

. Sin(0 . .
lim sup 2"‘# =1 fora. e 0 in the unit circle.
m-o 2By log logBm,

In all above results of LIL for the given trigonometric
series, they only considered only the partial sums up to
the n'* term. In contrast to these result, Salem and
Zygmund obtained a LIL where they used the remainder



after n-term of the lacunary series. Their LIL result
(Salem & Zygmund, 1950) for this remainder or tail sums
is:

Theorem 3.5 (Salem & Zygmund, 1950). Ler Sy (6) =

Yren(ag cosn B + by sinng0) be given lacunary series

where ¢} = af + bE satisfing Yy CF < . Set By =
1

1 F - ~
(EZ;:;N C,%) and My = T>a1\3c|ck|' Assume Bf < 00 and

B~2
that My? < Ky (m) Sfor some sequence of numbers Ky 1
Sn(6)

0 as N = oo, Then limsup =
N—oo ZB;,ZloglagB—N
N

< 1forae 0 in the
circle of radius one.

We remark that the result depends on the tail sums
instead of n*® sums and this type of LIL is considered as
tail LIL. Moreover, we note that the result obtained
above has only the upper bound and no lower bound has
been of the result has been given. The other inequality of
the lower bound of the tail LIL was obtained by Ghimire
and Moore (Ghimire and Moore, 2014) under the similar
assumption. Their result is:

Theorem 3.6 (Ghimire and Moore, 2012). Let S, denote
the sum of series given by S,,(x) = X%, a,cos (2mn;x)
satisfying =t

> g > land Y., ak < . Suppose r}Pallvxa,Z( =
k >

1

SN ak
o\——— 77— |
loglog <
JZERen g

Then for a.e. x, limsup
n-oo

| ey akcos (2mnyx)|

2= Zk Nak loglog;
R

THE LIL FOR DYADIC MARTINGALES

A counterpart of Kolmogorov’s LIL in the context of
dyadic martingale was obtained by W. Stout. Before we
state the main result, we first recall the definition of
dyadic martingale:

>1

Definition 4.1 (Dyadic martingales). Let &, denote the
0 — algebra generated by the dyadic intervals of the form

L [t [0,1).

on’ on
functions {fy}m=o is called dyadic martingales if it
satisfies: f,, : [0,1) = R such that for every n, f;, is &, —
measurable and E (f;41|8n) = fufor all n = 0. We write
di(x) = fir(x) — fk 1(x0),

St = Z a0, S () = Z a0,

on Then a sequence of integrable

Asymptotic behavior of dyadic martingales is controlled
by the square function defined above. For the long-term
nature of dyadic martingales, we first note the result of
Burkholder and Gundy (Burkholder & Gundy, 1970):
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{x:Sf(x) < oo} =

=25 {x : lim f;, exists}.

One can note that asymptotic behavior of {f;} is nice on
the set {x : Sf(x) < o}. But how does it behave on the
complement of the above set? Precisely, the function {f;,}
is unbounded almost everywhere on the set {x : Sf(x) =
00}. Nevertheless, we can obtain the size of growth of
| ful on this complement set. The growth of | f,,| on the

set where Sf(x) is infinity was entirely answered by W.
Stout (Stout, 1970).

Theorem 4.2 (Stout, 1970). Ler {fy,}req denote a dyadic
martingale sequence on the interva [0,1) then we have,

|fo (O
nf (x)y/ 2 loglog Sy f (x)

a.e. on a set with {f,} unbounded.

lim s

n—-oo

Now we discuss another direction where the LIL due to
Salem and Zygmund was extended: S. Takahashi
(Takahashi, 1963) extended the result of Salem and
Zygmund by considering a function f satisfying f(x +
1) = fx), folf(x)dx = 0. Moreover, let ny satisfy gap
condition. Suppose that f € Lipa,0 < a < 1. Then the
LIL result obtained by Takahashi is:

Zk 1 f(ngt)

4.1 hm sup\/W < Ca.e.
This result of Takahashi has been further generalized by
Dhompongsa ~ (Dhompongsa,  1986),  Takahashi

(Takahashi, 1988) himself, and Peter (Peter, 2000). In the
new generalization, they have taken wide class of
functions and considered the weak lacunary condition in

contrast to regular condition.

In 2012, Moore and Zhang generalized the LIL of
Takahashi with same gap condition but with larger class
f. Precisely, they
continuous function f. We first define Dini continuous
function:

of functions considered Dini

Definition 4.3 (Dini Continuous). A Dini continuous
function is a function f on R™ that satisfies:

4.2) 1
)

Moore and Zhang (Moore & Zhang, 2012) extended the
result in the case when the function f is Dini continuous.

5
w({s ) 46 < o

Assuming f satisfying Dini continuous and 1y, satisfies
the lacunary condition. They obtained a constant

C(n,q, [, w(8)d8) and
| Xker aif (mex + ¢i) |

VA%, loglogAZ,

lim sup <C a.e

m-oo
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The above result gives the upper bound result. The other
inequality of the result was also obtained by Moore and
Zhang (Moore and Zhang, 2014). Under the similar
conditions as in the upper bound result and with some
extra conditions, they obtained the following LIL result.

| Xzt arf (ex + ¢ |

VA% loglogAZ,

We remark that in both the upper and lower bound
result, the authors have not assumed the 1, to be
integers. Moreover, they have not considered any

lim su >C a.e.

m—oo

periodicity on the functionf. The best possible values of
the bounds (C and c is still unknown and are open
problem in this direction.

We now discuss the LIL in the context o harmonic
functions which are considered as an important feature of
harmonic analysis. In this setting R. Banelos, 1. Klemes
and C. N. Moore (Banelos et al., 1988) obtained the
counterpart of Kolmogorov’s LIL. To state their result,
we recall some notations and definitions:

Upper half space and doubly truncated cone respectively
defined and denoted by
R%* = {(y,s):y e R*,s > 0}
[o(x,t) =
{(,):lx—y| < as,t<s <1}

Definition 4.4 (Lusin area function). The doubly
truncated Lusin area function for a harmonic function u
in the upper half space is defined as:

1

Ag(u)(x,t) = (J- Sl_le’l«L(y,Sdede)Z

To(x,t)

The LIL introduced by them in the setting of harmonic
function is:

Theorem 4.5 (Banelos, Klemes and Moore, 1988). Ifu is
harmonic  function in REYY, then for a fixed 0 <P <
aand 0 <y <1, we have
lim lu (v, 0
O=EOOOrE0) A2 (1) (x, yt) In In(Aq (w) (x, yt))
for a.e.x €{x € R%: Ay(u)(x) = o). Cisa positive
constant such that C(a, B,y, d).

<C

They also estimated the other inequality of the result. We
now state their result (Banelos et al., 1988):

Theorem 4.6 (Baneloset al., 1990). Let u be a harmonic
Sunction in R‘iﬂ and assume o > 0. For 0 < t <1, define
K,(u)(x,t) as

22

Az (W) (1) — AZ (W) (x, 2t)
A () (x, 1)

= Ka(’u)(x' t) log log(ee + Aé(u)(% t))
and set
Ka()Cx £) = 1+ lim supKe () (x, ).
Then
limsup wx ) -

t40 JAZ(w)(x, Ologlog(As(w)(x, ) = VEKa () (x)

Jora.exe{xeRY: Ay(w)(x) = o0 and K,(u)(x) < »}.C, isa
positive constant depending only on a and d.

There are various other settings where a LIL has been
established. We suggest a paper N.H. Bingham (Bingham,
1986) to know about various other contexts where a LIL
has been established. For LIL in Banach space, please
refer (Ledoux & Talagrand, 1991)For the various results
on the LIL for random vectors and for some open
problems in LIL, please refer (Liu & Zhang, 2021).
Readers are referred to article (Einmahl, 2016) for a LIL
in the setting of random walk and in the setting of linear
processes, please refer (Hambly et al., 2003). For LIL in
the context of Bloch functions, please refer (Prztycki,
1989) and for Brownian motion, refer Qi and Yan (2018).

MAIN RESULTS
In this section, we prove a LIL for Rademacher functions

considering the remainder after nt" term. We first state
our result.

Theorem 5.1 Ler f(t) = Yp—q agri(t), f(t) =
Y= ak (), SEf() = Tilnialfi(®) —

fxe1 ()12 where {r Y5, is the sequence of Rademacher
Sunctions and Y-y aZ < 00. Fora 0 > 1, define

j IR
N =min| n: z a; <ﬁ
j=n+1
Then,
t) — t
isum OO _,
—00 ” 1
\/ZSnkf(t) loglog O
Jor ae. .

Before we start the proof, we first recall the definition of
Rademacher functions.

Definition 5.2 (Rademacher functions). Let 73 be a
function defined on [0,1] by 1 (x) = sgn(sin 2*mx)
where sgn denotes the signum function. Then the
sequence of the functions given by {r,(x)}5=, is called
Rademacher functions.

We can note that the Rademacher function gives the
value -1 and 1 alternatively and these functions are
independent, identically distributed random variables with
zero mean and variance one. Moreover, if we define the



weighted sums of these functions taking the real
numbers, they behave like dyadic martingales. This
property will be used in the proof of our main result.

Lemma 5.3 (Borel-Cantelli) Let {Ej};-; be a countable
collection of measurable sets for which Y m(Ey) <
0. Then almost all x € R belong to at most finitely many
of the sets EyS.

Proof. For the proof, see (Royden & Fitzpatrick, 2010).
Proof of the main result: Note that {f}m=; is a

=fu is

measurable function. Moreover, on each nth generation

sequence of dyadic martingale. Clearly 27 a;1;

1
dyadic subinterval |Qn| = —w one can show:

TL
¥ @ (dx + aney [ i @dx

Qn k=1 Qn

E(fn+1|i§n) |Q |

o |f Yik=1 a1 (x)dx + 0

=Yk=1 @1 (%) = fu.

Fix n. Define a sequence {g,,} as follows:
0, if m<n,

w®={; - £ @, fmon G

We first show that {g,} is a dyadic martingale. Clearly
for every m, g,, is measurable with respect to the sigma
algebra §p,. Let m > n. Then using the fact that f, is
constant on the cube Q,, we have,

E(Gm+1 |&m) = 0 [fme1(®) — fu(®)]dt
miJQm
! (t)dt
|Qm| mem+1
T 10nl Jg, MO
1
m mem+1(t)dt - fn(t)

= fm(8) = fu(t) = gm (D).
E(gm+1 |¥m) = Gm. This shows that
{gm} is a dyadic martingale. Now we make the used of
the following inequality whose proof can be found in
(Ghimire, 2020)

Thus, we have

Inequality 5.4. For a dyadic martingale {f,,} and 1 > 0

we have
—)2
2lIsf1l7, )

Then applying the inequality 5.4 for this martingale, we
get

|{t € (0,1]:2};;; lfin(@®)] > A}’ < 6exp
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AZ

‘{t € (0,1]:sup |gm (®)| > A}‘ < 6exp 5
m=1 2||5g||oo

But g, (t) = 0 for m < n. Hence
—)?

|{t € (0,1]: sup |gm ()| > /1}| <6exp| ——
m2n 2||Sg||°o

Again S2g(t) = T d2(t) = Tioolgrs1 () — g (1% =
Dy HOENTIO!
This gives
—)?
|{t € (0,1): sup |gm ()| > /1}| <6exp| —— |
men 2lisufIl

ie.
(.2) |{t € O1]:5up £, (®) ~ (0] > A}| exp (ﬁ)

Clearly {61/(®) = (0] > 4} < {t:5uplfn(©) = £,(O] > 2}

So, we have
1170 = £u(O1 > 1 < [{essuplfu(0) — 01 > 2]

Consequently,

(53) |{t |f(t) fn(t)l > A}l = 6exp< ||5'2f\| )

Employing the above inequality (5.3) for ny, we have
2

[t 1f () = (Ol > Bl s 6 exp| ———npr

ZIIS,’Ff(t)IIi>

Note that
SEf(©) = Y 5O~ fu®]
Jj=ng+1
= ) lan@l'= ) o
j=Eng+1 Jj=ng+1
This gives:

AZ
[{t: 1f@®) — (O > 2} < 6exp (722 )
Jj=ng+1 J

Let € > 0. Then set 1 = J(l + e)zﬁloglogek

With this 4, the above inequality gives:

{f If (&) = frue@®] > (1 + €) loglog@k}

-1+ e)zilogloge"
< 6exp

22] =np+1 ]
Using
1
Sr,z%cf(t) = Z;.;nk+1 ajz < o0 We get
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,2
{t f® = fu@®1> A +e) ﬁ1og10g9k }

2
—(1+¢)? ~xloglog 0%
< 6exp T

ok
—6 1 1
- (10g9)(1+a)2 Kk (+e)?
This can be done for every 1. So taking summation over
all £, we get

2
{t O - fu@O1> A +€) ﬁloglogﬁ"}

< 6 1 1
z (1+€)? [ (1+€)?
— (log9) k

0

k=1

1 }:a) 1
(loge)(1+£)2 k=1 k(1+€)2

< o0,
We now invoke Borel-Cantelli Lemma. Then for a.e. t,

there exists N large enough depending on t such that for
allk > N, we get,

54 If() = fu@®I <A +€) /ﬁloglog ok =

loglog 6%

2
gk+1

(1+e0o

Fix t. By definition of ny, we have S;4 f(t) < Hl—k.
1

Sif @

Again, we have S;% ., f(t) <

This gives % <

1
gk+1 °

But 1, < NMy4q. Consequently, we have S,% f (t) = prEE

Finally, we have

1 , 1
(3.5 gk+1 = Sn%cf(t) < ok

Then using (5.4) in (5.5), we have

1
IF () = fue(®] < (1 + VO j 2.5,5f(t) loglog (m>

Thus for a.e. t we have

If () = fue(®)]
(2535 1og1og ()

This can be done for all € > 0, we have

£ () = fu@®I <@
Jz.s,;if(t) toglog (5+5)

Here as n approaches to 00, we have k also approaches to

o0, If we let @ N 1, we have
If (@) — fuc (@I

llim sup <1
- 2 1
\/2. S;2f (@) loglog (—s,’fkf(t))

< (1+¢e)Ve.

For almost every t. This proves our result.

APPLICATION OF RADEMACHER
FUNCTIONS
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In this section, we use sequence of Rademacher functions
in a law of the iterated logarithm to estimate the size of
the random walks of a walker. As earlier let {r}p=,
denote the sequence of Rademacher functions. Let us
define:
fi(®) =m(t)
£(8) =r () + 12D

@) =) + () + -+ 71,(0)
One can note that sum function {f,(t)} defines a
random walk in which walker moves 1 unit to the right if
1;(t) = 1 and to the left if 7;(t) = —1. Applying a law
of the iterated logarithm for this function, we have:

fu(®)

limsup ———=<1.
n-eo +/2nloglogn
We note that for € >0, this gives |f(t)] <

(1+¢€)y2nloglogn for sufficiently large n. But the
worst bound for the function f,,(t) is n ie. |f,(t)] < n.
This shows that the law of the iterated logarithm gives the
sharper asymptotic estimate i.e. the estimate |f,(t)] <

(1+¢e)y2nloglogn where for sufficiently large n, the
factor /2nloglogn is much smaller than n. From this

discussion, we can conclude that in the long run the
walker will fluctuate in between —,/2nloglogn and

J2nloglogn.

CONCLUSIONS

We discussed the origin of the law of the iterated
logarithm and the various directions where the law of the
iterated logarithm has been developed. We focused on the
regular and tail law of the iterated logarithm in all existing
cases. As a main result, we derived a law of the iterated
logarithm for the sums of Rademacher functions
considering the tail sums. We expect to obtain the similar
law of the iterated logarithm for tail sums in the other
existing cases also which is our future direction of
research.
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