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ABSTRACT
In this paper we studied some curvature properties of quasi-conformal curvature tensor on Sasakian
manifolds. We have proven that a (2n+1)-dimensional Sasakian manifold satisfying the curvature
conditions R(X,Y)s =0 and R(X,Y)W =0 is an Einstein manifold. We have also obtained some results on
guasi-conformally recurrent Sasakian manifold. Finally, Sasakian manifold satisfying the condition

divw = 0was studied.
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INTRODUCTION

The notion of Sasakian structure was introduced by
Sasaki (Sasaki, 1960). The geometry of the
Sasakian manifolds is very important as it is widely
used in mathematical physics. Sasakian manifolds
have been studied by many and some of them are
Boyer & Galicki (2008), Godlinski et al. (2000),
Shah (2013). On the other hand, quasi-conformal
curvature tensor was defined and studied by Yano
& Sawaki (1968). This curvature tensor has also
been studied by Adati & Miyazawa (1967), Amur
& Maralabhavi (1977) and many others.

PRELIMINARIES
If the contact metric structure (¢, &,7,9) of a

differentiable manifold M is normal then the
structure is called a Sasakian structure or a normal
contact metric structure, where ¢is a (1, 1) tensor

field, &is a Reeb vector field, isa 1-formand g is
a compatible Riemannian metric. A (2n+1)-

dimensional differentiable manifold M equipped
with Sasakian structure is called a Sasakian
manifold.

In a (2n+1)-dimensional Sasakian manifold we
have the following fundamental relations
{wz(x)= ~X +n(X )z, 02 =0,

n(px)=0.n(¢)=1 1)
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a(x,&)=n(x),
{9(¢’X,¢Y)= (X, Y)=n(x m(v) )
(Vo) =g(X,Y)e—n(Y)x )
Ve @
(v.nf¥)=o(v,£.Y)=-glox.Y) (5)

for all X,Y eTM,where Vis the Levi-Civita
connection of Riemannian metric g (Blair, 1976).

The fundamental 2-form @ in normal structure is
defined as:

®(X,Y)=dn(X,Y) =g(X,¢Y)

6
=—g(X.9v) ©

In a (2n+1)-dimensional Sasakian manifold we
also have

n(R(X.Y)z)=g(v.2)n(x)-g(x.2)n(Y) (@)
R(X,Y)E =n(Y)X —n(X)¥ (8)
RS XY =g(X,¥ ) —n(¥)X ©
Qp=¢Q (10)



s(x,&)=2np(x)

(11)
S(pX,Y)=-S(X,9Y) (12)
S(aX, o) =5(X,Y)—2n7(X n(Y) (13)

where, R,Sand Qare the curvature tensor, the
Ricci tensor and the Ricci operator respectively.
In a (2n+1)-dimensional Sasakian manifold the

quasi-conformal curvature tensor W(X,Y )z of type
(1, 3) is defined as:

w(X,Y)z
—aR(X,Y)z +b[s(Y,z)x -s(X,z)¥]

+g(Y,z)x —g(X,z)Qv]

—m{%ub}{g(v,z)x
~9(x.z)v}

where a,bare arbitrary constants such that a,b =0
and ris the scalar curvature.
Definition 1: A (2n+1)-dimensional Sasakian

manifold M is said to be Ricci-semisymmetric if it
satisfies the condition

(14)

R(X,Y)S=0 (15)

Where, R(X,Y)is the curvature operator and S is
the Ricci tensor of type (0, 2) (Szabo 1982).
Definition 2: A (2n+1)-dimensional Sasakian

manifold M is said to be quasi-conformal semi-
symmetric if the condition

R(X,Y)W =0 (16)

holds for all X,Y (Shaikh & Biswas, 2004).

Definition 3: A (2n-+1)-dimensional Sasakian
manifold M is said to be an Einstein manifold if the

Ricci tensor S of type (0, 2) is of the form

s(x,Y)=1g(x,Y) (17)

where Zis a scalar (Yano & Kon 1984).
Definition 4: A non-flat Riemannian manifold ™M
is said to be quasi-conformally recurrent if the

quasi-conformal curvature tensor W satisfies the
condition

95

Riddhi Jung Shah and N. V. C. Shukla

VW = a ®W (18)

where « is an everywhere non-zero 1-form (Yano
& Sawaki, 1968).

RESULTS AND DISCUSSION

We prove the following results:

Theorem 1: A (2n+1)-dimensional Sasakian
manifold satisfying the condition R(X,Y)s =0is
an Einstein manifold and its scalar curvature tensor
is r=2n(2n+1)

Proof: Let Mbe a (2n+1)-dimensional Sasakian
manifold. Suppose the Ricci semi-symmetric
condition i.e., (R(X,Y)s)u,v)=o0holds in M,then
by definition we have

s(R(X,Y)U,V)+s(U,R(X,Y V)=0.

Putting V = £in (19) and using (8) and (11) we get

(19)

0=2n7(R(X,Y U )+n(Y)s(U,x)
—n(x)s(u,Y).

Replacing X by &in (20) and using (1), (7), (9) and
(11) we obtain

(20)

s(u,Y)=2ng(U,Y) (21)

Equation (21) implies that the manifold M is an
Einstein manifold.

Let {e :i=12,..2n+1}be an orthonormal basis of
the tangent space at any point of the manifold.
Putting U =Y =e in (21) and taking summation
over i,1<i<2n+1 we get

r= 2n(2n +1). (22)

In view of (21) and (22), the theorem is proved.
Theorem 2: If a (2n+1)-dimensional Sasakian
manifold M satisfies the quasi-conformal semi-
symmetric condition (R(X,Y)w YU,V )z =0, then
M is an Einstein manifold.

Proof: Let us consider a (2n-+1)-dimensional
Sasakian manifold M which satisfies the condition
(R(X,Y)w XU,V )z =0.Then, by definition we have

0=R(X,YW(U,v)z-w(R(X,Y)U,v)z

~W(U,R(X,Y V)z-w(U,V)R(X,Y)z. @3
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Taking X = &in (23) and using (9) we get

0=gW(U,v)z,Y)e-nwu,v)z)
~g(v,uw(Ev)z +nU(y,v)z
~g(v, VWU, &)z +nlv W(U.Y)z
—g(v,ZW U V) +nzwU V).

(24)

Taking inner product on both sides of (24) by &and
using (1) and (2) we obtain

gW(L.v)z,Y)-nWw(U.Vv)z)n(v)

~g(v.UW(£Vv)z)+nUnW(v.v)z)
~g(v.V)pw(u.£)z)+ (v )rw(v.v)z) (25)
-9, 2w U,V )e)+n(2)nw (L))

=0.

Now, in view of (14) and (22) we have

nW(U.v)z)

=b[s(v.z)n(U)-sU.z)s(v) (26)
~2n{g(v.2)y(U)-9U. Z)n(v 1

nwu.v)e)=0 (27)
nw(sv)z)=b[s(v.z)-2ng(v,2)] (28)
nW(U.£)z)=bl2ng(U,2)-s(,2)} (29)

Putting Y =U in (25) and using (26)-(29) we obtain

gWw(u,v)z,u)-g(U,ulw(ev)z)
—9UV WU, £)z)+n(v Jnw(L,L)e)
-9, ZW(U V)E)+n(Z WL vu)=0

g(Ww(u,v)z,u)-g(U,u)bs(v,z)
—2nbg(V, Z)1- g(U,V J2nbg(U, 2)
~bs(U,z )1+ n(z Yos(u,V r(U)

~bs(U,U Jp(v)-2nbg(U,V )7(U)

+2nbg(U,U Jp(v )1 =0

or,
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or, (30)

Let {e :i=12...2n+1} be an orthonormal basis of
the tangent space at any point of the manifold.
Taking U =ein (30) and summing over i,
1<i<2n+1, we get

(a-b)s(v,z)=[(an’ = r)o+2nalg(v,z) 1)
- ann s Dol (z)
From (31) we have
s(v,z) [(4n —r)u+2na]g (v,z)
(32)

4 ﬁ [{r - 2n(2n + 1)}b]r7(V )17(2)

provided that a—b=0.The relation (32) implies
that the manifold is 7 -Einstein.

If a=Dh, then taking an orthonormal frame field and
contracting over V and Z, (31) yields

r =2n(2n+1). (33)
Using (33) in (32) we get
s(v,z)=2ng(v,z) (34)

provided a—b = 0. Thus the manifold is an Einstein
manifold. This completes the proof of the theorem.
Theorem 3: If a (2n+1)-dimensional Sasakian

manifold M is quasi-conformally recurrent, then it
is an Einstein manifold and its scalar curvature is

r= 2n(2n +1).

Proof: Let us consider a (2n-+1)-dimensional

Sasakian manifold M which is quasi-conformally
recurrent. Then from (18) we have

(VWX X,Y)zZ = a(UW(X,Y)z

for some 1-form «.

(35)



Contracting (35) at U we have

(divw X X,Y)z = g(w(x,Y)z,P) (36)

where P is a vector field metrically associated to
the recurrent form «.

Taking inner product on both sides of (14) by V
and differentiating covariantly along U we obtain

g((vw)(x,Y)z,v)

—ag((V,R)X,Y)z,v)

+b{(v,s)v.2)g(x,v)

- (Vys)(x,2)g(Y,V)

+(v,s)x,V)a(Y,2)

~(Vus)y.V)a(x, 2}
(a+4nb)

_m{g(Y,Z)g(X V)dr(U)
—g(x,z)g(Y,Vv )dr(u .

Putting U =V =e and taking summation over i,
1<i<2n+1 we get

(37)

(divw )(X,Y)z
=(a+b)(v,S)Y.Z2)-(V,s)X,Z }

a+n(3-2n)b
" on(2n+1) for(x)alv.2)

—dr(Y)a(x,z ).

Substituting (36) in (38) and taking X =&, we
obtain

(@a+b)(v.sXr,2)-(v,s)s 2

a+nB-2n)b
T 2n@n+1) {o(v.2)ar(s)

—n(z)dr(v p-gw (e, Y)z, P)=0.

We also have

(v.s)v,z)

= (LsXY,2)-s(v,&2)-s(Y,v,&)

Since ¢is a Killing vector field, we have
(LsXY,z)=0and dr(¢)=0,where Lis a Lie
differentiation operator. By the use of (4) and (12)
we obtain S(v,&,2)+S(Y,v,£)=0.Thus above
equation reduces to

(38)

(39)
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(v.s)v.z)=o0. (40)
Again, we have
(v,s)&, z2)=5s(gv,z)-2ng(epY,2). (41)

In view of (9), (14), (39), (40) and (41), we obtain
a+ n(3 - 2n)

mq(z)dr(Y)—(a+b){S(¢Y,Z)
-2ng(gY, 2}
2na(2n +1)—(a+4nb)r ( )77( )
- 2n(2n +1) {olv. 2P
—n(Z)g(Y,PJ+bgs(Y,z)(P
—2ng(Y,P)r(z)+2ng(Y,Z )y(P)
—s(Y,P)(z )y
Replacing z by ¢z in (42) and using (1), (2) and
(13) we get

—(a-b)s(y,z)--2ng(Y,z )}

_ U(P)[{a(Zn(Zn +1)2;(r2):+25(2n -2r +1)}

x<g(Y,pz)+bs(Y, 0z )]

(42)

(43)

Interchanging Y and zin (43) and using (6) and
(12) we obtain

(a+bKs(Y,z)-2ng(Y,z)}

_ U(P)[{a(Zn(Zn +1)— r)+ 2n(2n -2r +l)b}

2n(2n+1) (44)
x g(Y, ¢z )+bS(Y, g2 )].
Subtraction of (43) from (44) yields
s(v,z)=2ng(Y,2) (45)

provided a+b = 0. Hence the manifold is Einstein.

Taking an orthonormal frame field and contracting
over Y and Z in (45), it follows that

r=2n(2n+1) (46)

where r is the scalar curvature of the Sasakian
manifold. In view of (45) and (46), the theorem is
proved.

Theorem 4: Let Mbe a (2n+1)-dimensional

Sasakian manifold. If M satisfies the condition
divw = 0, then the manifold is an Einstein manifold.
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Proof: Let us consider a (2n+1)-dimensional
Sasakian manifold M which satisfies the condition

diww = 0,where 'divwW'denotes the divergence of

the quasi-conformal curvature tensor W.Then from

(14) we obtain

(VW )(x,Y)z

= a(V,R)(X,Y)z +b{(v,s)Y,Z)X
~(v,s)x,z)v +g(Y,2)V,Q)X

-9(X,Z)(V,Q)V}- @ ;n422)frl(v)

«{g(Y,z)dr(x)-g(x,z)dr(Y)}.

Contraction of (47) yields

(47)

(divw X(X,Y )z

—(a+bX(v,s)Y,z)-(v,5 )X,z }
a+ n(3—2n)b

_W{Q(Y,z)dr(x)
—g(X,Z)dr(Y ).

For diwv =0, (48) reduces to

(a+b){(v,s)XY.z)-(v,s)X,2)}

_a+n(3—2n)b
~ 2n(2n+1 foly, Z)ar(x)

—g(x,Z)dr(Y ).
Putting X = &in (49) and proceeding as in the proof
of theorem 3 we have L.S=0, dr(¢)=o0and
consequently VS = 0. Therefore (49) yields

(48)

(49)

(a+b)s(pv,z)-2ng(ev,2)}
g e K)
Replacing z by ¢z in (50) and using (1), (2) and
(13) we obtain

(50)

s(Y,z)=2ng(Y,z), provided a+b=0. (51)

This implies that the manifold is Einstein. This
completes the proof of the theorem.

CONCLUSION

A (2n+1)-dimensional Sasakian manifold satisfying
the conditions  R(X,Y):s =0and
R(X,Y)w =0is an Einstein manifold. It is also

curvature
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proved that a Sasakian manifold has scalar curvature
r = 2n(2n+1). We have obtained the result that quasi-
conformally recurrent Sasakian manifold is an
Einstein manifold. This paper is useful for researchers
who are working in the field of physics and structures
on differentiable manifolds.
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