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ABSTRACT 

In this paper we studied some curvature properties of quasi-conformal curvature tensor on Sasakian 

manifolds. We have proven that a  12 n -dimensional Sasakian manifold satisfying the curvature 

conditions   0., SYXR  and   0., WYXR  is an Einstein manifold. We have also obtained some results on 

quasi-conformally recurrent Sasakian manifold. Finally, Sasakian manifold satisfying the condition 

0divW was studied.  

 

Keywords: Sasakian manifold, Quasi-conformal curvature tensor, Einstein manifold, Ricci semi-symmetric, 

Quasi-conformally recurrent. 

 

INTRODUCTION 

The notion of Sasakian structure was introduced by 

Sasaki (Sasaki, 1960). The geometry of the 

Sasakian manifolds is very important as it is widely 

used in mathematical physics. Sasakian manifolds 

have been studied by many and some of them are 

Boyer & Galicki (2008), Godlinski et al. (2000), 

Shah (2013). On the other hand, quasi-conformal 

curvature tensor was defined and studied by Yano 

& Sawaki (1968). This curvature tensor has also 

been studied by Adati & Miyazawa (1967), Amur 

& Maralabhavi (1977) and many others. 

 

PRELIMINARIES  

If the contact metric structure  g,,,   of a 

differentiable manifold M is normal then the 

structure is called a Sasakian structure or a normal 

contact metric structure, where  is a (1, 1) tensor 

field,  is a Reeb vector field,  is a 1-form and g is 

a compatible Riemannian metric. A  12 n -

dimensional differentiable manifold M equipped 

with Sasakian structure is called a Sasakian 

manifold. 

In a  12 n -dimensional Sasakian manifold we 

have the following fundamental relations 

   

   







1,0

,0,2





X

XXX
 (1) 

   

       







YXYXgYXg

XXg





,,

,,
 (2) 

     XYYXgY
X

  ,  (3)  

X
X

   (4) 

      YXgYgY
XX

,,    (5) 

for all ,, TMYX  where  is the Levi-Civita 

connection of Riemannian metric g (Blair, 1976). 

The fundamental 2-form  in normal structure is 

defined as: 

   

 YXg

YXgYXdYX





,                                

,),(,




    (6) 

In a  12 n -dimensional Sasakian manifold we 

also have 

          YZXgXZYgZYXR  ,,,   (7) 

     YXXYYXR  ,   (8) 

     XYYXgYXR   ,,     (9) 

 
QQ  

  (10) 
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    XnXS  2,   (11) 

   YXSYXS  ,,   (12) 

        YXnYXSYXS  2,,   (13) 

where, SR, and Q are the curvature tensor, the 

Ricci tensor and the Ricci operator respectively. 

In a  12 n -dimensional Sasakian manifold the 

quasi-conformal curvature tensor  ZYXW , of type 

(1, 3) is defined as: 

 

 

     

   

 
 

  },     

,{2
212

    

],,   

],,[,

,

YZXg

XZYgb
n

a

n

r

QYZXgQXZYg

YZXSXZYSbZYXaR

ZYXW




















    

(14) 

where ba, are arbitrary constants such that 0, ba

and r is the scalar curvature. 

Definition 1: A  12 n -dimensional Sasakian 

manifold M is said to be Ricci-semisymmetric if it 

satisfies the condition 

  0., SYXR  (15) 

Where,  YXR , is the curvature operator and S is 

the Ricci tensor of type (0, 2) (Szabo 1982). 

Definition 2: A  12 n -dimensional Sasakian 

manifold M is said to be quasi-conformal semi-

symmetric if the condition 

  0., WYXR  (16) 

holds for all YX , (Shaikh & Biswas, 2004). 

Definition 3: A  12 n -dimensional Sasakian 

manifold M is said to be an Einstein manifold if the 

Ricci tensor S of type (0, 2) is of the form 

   YXgYXS ,,   (17) 

where  is a scalar (Yano & Kon 1984). 

Definition 4: A non-flat Riemannian manifold M

is said to be quasi-conformally recurrent if the 

quasi-conformal curvature tensor W satisfies the 

condition 

WW    (18) 

where  is an everywhere non-zero 1-form (Yano 

& Sawaki, 1968). 

 

RESULTS AND DISCUSSION 

We prove the following results: 

Theorem 1: A  12 n -dimensional Sasakian 

manifold satisfying the condition   0., SYXR is 

an Einstein manifold and its scalar curvature tensor 

is  .122  nnr  

Proof: Let M be a  12 n -dimensional Sasakian 

manifold. Suppose the Ricci semi-symmetric 

condition i.e.,     0,., VUSYXR holds in ,M then 

by definition we have 

      .0,,,,  VYXRUSVUYXRS  (19) 

Putting V in (19) and using (8) and (11) we get 

      

   .,      

,,20

YUSX

XUSYUYXRn








 (20) 

Replacing X by  in (20) and using (1), (7), (9) and 

(11) we obtain 

   .,2, YUngYUS   
(21) 

Equation (21) implies that the manifold M is an 

Einstein manifold. 

Let  12,...,2,1:  nie
i

be an orthonormal basis of 

the tangent space at any point of the manifold. 

Putting 
i

eYU  in (21) and taking summation 

over ,121,  nii we get 

 .122  nnr  (22) 

In view of (21) and (22), the theorem is proved. 

Theorem 2: If a  12 n -dimensional Sasakian 

manifold M satisfies the quasi-conformal semi-

symmetric condition     ,0,., ZVUWYXR then 

M is an Einstein manifold. 

Proof: Let us consider a  12 n -dimensional 

Sasakian manifold M which satisfies the condition 

    .0,., ZVUWYXR Then, by definition we have  

      

       .,,,,    

,,,,0

ZYXRVUWZVYXRUW

ZVUYXRWZVUWYXR




 (23) 
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Taking X in (23) and using (9) we get 

     

       

       

        .,,,     

,,,     

,,,    

,,,0

YVUWZVUWZYg

ZYUWVZUWVYg

ZVYWUZVWUYg

YZVUWYZVUWg

















 (24) 

 

Taking inner product on both sides of (24) by  and 

using (1) and (2) we obtain 

       

         

         

         

.0

,,, 

,,, 

,,,

,,,











YVUWZVUWZYg

ZYUWVZUWVYg

ZVYWUZVWUYg

YZVUWYZVUWg









  (25) 

 

Now, in view of (14) and (22) we have 

  

       

       }].,,{2

,,[

,

VZUgUZVgn

VZUSUZVSb

ZVUW









  (26) 

   0,  VUW  (27) 

       ZVngZVSbZVW ,2,,   (28) 

       .,,2, ZUSZUngbZUW   
(29) 

 

Putting UY  in (25) and using (26)-(29) we obtain 

       

         

          0,,,

,,,

,,,,







UVUWZVUWZUg

UUWVZUWVUg

ZVWUUgUZVUWg







 

 

or, 

      

     

       

       

    0],2

,2,

,[],

,2[,],2

,[,,,











VUUnbg

UVUnbgVUUbS

UVUbSZZUbS

ZUnbgVUgZVnbg

ZVbSUUgUZVUWg





  

or,  

      

   

   

   

     

     

     

      .0,2

,2

,

,

,,

,,2

,,2

,,,,

















ZVUUnbg

ZUVUnbg

ZVUUbS

ZUVUbS

VUgZUbS

ZUgVUnbg

ZVgUUnbg

ZVSUUbgUZVUWg








 (30) 

Let   12,...,2,1:  nie
i

 be an orthonormal basis of 

the tangent space at any point of the manifold. 

Taking 
i

eU  in (30) and summing over ,i

,121  ni we get 

        

       .122                        

,24, 2

ZVbnnr

ZVgnabrnZVSba




 (31) 

From (31) we have 

      

       ZVbnnr
ba

ZVgnabrn
ba

ZVS

122
1

             

,224
1

,











 (32) 

provided that .0ba The relation (32) implies 

that the manifold is  -Einstein. 

If ,ba  then taking an orthonormal frame field and 

contracting over V and ,Z (31) yields 

  .122  nnr  (33) 

Using (33) in (32) we get 

   ZVngZVS ,2,   (34) 

provided .0ba Thus the manifold is an Einstein 

manifold. This completes the proof of the theorem. 

Theorem 3: If a  12 n -dimensional Sasakian 

manifold M is quasi-conformally recurrent, then it 

is an Einstein manifold and its scalar curvature is 

 .122  nnr  

Proof: Let us consider a  12 n -dimensional 

Sasakian manifold M which is quasi-conformally 

recurrent. Then from (18) we have 

      ZYXWUZYXW
U

,,   (35) 

for some 1-form .  
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Contracting (35) at U we have  

     PZYXWgZYXdivW ,,,   (36) 

where P is a vector field metrically associated to 

the recurrent form .  

Taking inner product on both sides of (14) by V

and differentiating covariantly along U we obtain 

   

   

    

    

    

    

 
 

     

     }.,,

,,{
122

4

},,

,,

,,

,,{

,,

,,

UdrVYgZXg

UdrVXgZYg
nn

nba

ZXgVYS

ZYgVXS

VYgZXS

VXgZYSb

VZYXRag

VZYXWg

U

U

U

U

U

U




















 (37) 

Putting 
i

eVU  and taking summation over ,i

,121  ni we get 

  

       

   

   }.,

,{
)12(2

)23(

},,{

,

ZXgYdr

ZYgXdr
nn

bnna

ZXSZYSba

ZYXdivW

YX










 (38) 

Substituting (36) in (38) and taking ,X we 

obtain  

       

   

       .0,,}

,{
)12(2

)23(

},,{










PZYWgYdrZ

drZYg
nn

bnna

ZSZYSba
Y








 (39) 

We also have 

  

      .,,,

,






ZY
YSZSZYSL

ZYS




 

Since  is a Killing vector field, we have 

   0, ZYSL


and   ,0dr where L is a Lie 

differentiation operator. By the use of (4) and (12) 

we obtain     .0,,  
ZY

YSZS Thus above 

equation reduces to 

   .0,  ZYS
  

(40) 

Again, we have 

      .,2,, ZYngZYSZS
Y

   (41) 

In view of (9), (14), (39), (40) and (41), we obtain 

 
 

       

 

   
 

   

       

       

   }.,   

,2,2   

,{},   

,{
122

4122

},2

,{
122

23

ZPYS

PZYngZPYng

PZYSbPYgZ

PZYg
nn

rnbanna

ZYng

ZYSbaYdrZ
nn

nna































 (42) 

Replacing Z by Z in (42) and using (1), (2) and 

(13) we get 

     

      
 

   ].,,    

}
122

1222122
[{

},2,{

ZYbSZYg

nn

rnnrnna
P

ZYngZYSba














 (43) 

Interchanging Y and Z in (43) and using (6) and 

(12) we obtain 

     

      
 

   ].,,    

}
122

1222122
[{

},2,{

ZYbSZYg

nn

brnnrnna
P

ZYngZYSba














 (44) 

Subtraction of (43) from (44) yields 

   ZYngZYS ,2,   
(45) 

provided .0 ba Hence the manifold is Einstein. 

Taking an orthonormal frame field and contracting 

over Y and Z in (45), it follows that 

 122  nnr  (46) 

where r  is the scalar curvature of the Sasakian 

manifold. In view of (45) and (46), the theorem is 

proved. 

Theorem 4: Let M be a  12 n -dimensional 

Sasakian manifold. If M satisfies the condition 

,0divW then the manifold is an Einstein manifold. 
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Proof: Let us consider a  12 n -dimensional 

Sasakian manifold M which satisfies the condition 

,0divW where ''divW denotes the divergence of 

the quasi-conformal curvature tensor .W Then from 

(14) we obtain 

  

     

     

      
 

        .,,  
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,

YdrZXgXdrZYg

nn

Vdrnba
YQZXg

XQZYgYZXS

XZYSbZYXRa

ZYXW

V

VV

VV

V














 

(47) 

Contraction of (47) yields 

  

       

 
 

   

   }.,

,{
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},,{

,

   YdrZXg

XdrZYg
nn

bnna

ZXSZYSba

ZYXdivW

YX










 (48) 

For ,0divW (48) reduces to 

        

 
 

   

   }.,    

,{
122
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,,

YdrZXg

XdrZYg
nn

bnna

ZXSZYSba
YX










   (49) 

Putting X in (49) and proceeding as in the proof 

of theorem 3 we have ,0SL


  0dr and 

consequently .0 S


Therefore (49) yields 

      

 
 

   .
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,2,

YdrZ
nn

bnna

ZYngZYSba












    (50) 

Replacing Z by Z in (50) and using (1), (2) and 

(13) we obtain 

   ,,2, ZYngZYS    provided .0 ba  (51) 

This implies that the manifold is Einstein. This 

completes the proof of the theorem. 

 

CONCLUSION 

A  12 n -dimensional Sasakian manifold satisfying 

the curvature conditions   0., SYXR and 

  0., WYXR is an Einstein manifold. It is also 

proved that a Sasakian manifold has scalar curvature 

 .122  nnr  We have obtained the result that quasi-

conformally recurrent Sasakian manifold is an 

Einstein manifold. This paper is useful for researchers 

who are working in the field of physics and structures 

on differentiable manifolds. 
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