Journal of Institute of Science and Technology, 2014, 19(2): 135-140, © Institute of Science and Technology, T.U.

On Certain Topological Structures of Summable Paranormed Sequence
Space Defined in Two - Normed Space

Narayan Prasad Pahari
Central Department of Mathematics
Tribhuvan University, Kirtipur, Kathmandu, Nepal
Email-: nppahari@gmail.com

ABSTRACT

The aim of this paper is to introduce and study a new class / (S, &, u ) of sequences with values in 2- Banach

space as a generalization of the familiar space of summable sequences /. We

explore some of the preliminary

results that characterize the topological linear structure of the class ¢ (S, &, u) when topologized it with suitable

natural paranorm.
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INTRODUCTION

So far, a bulk number of works have been done on
various types of paranormed spaces. The concept of
paranorm is closely related to linear metric space and its
studies on sequence spaces were initiated by Maddox
(1969) and many others.

Before proceeding with the main results,we begin with
recalling some of the notations and basic definitions that
are used in this paper.

Definition 1: A paranormed space (S, P ) is a linear space
S with zero element 6 together with a function P :S —
R (called a paranorm on S) which satisfies the following
axioms:

(i) P(6)=0;

(i) P (s) =P (-s), forall s € S;

(1) P(s; +s)< P(s)+ P(sy),foralls,,s, € S; and
(iv) Scalar multiplication is continuous i.e., if <7y, >isa

sequence of scalars with v, > yas n > wand <s,> isa
sequence of vectors with P (s, —s) — 0 as n — oo, then
P (v, s,—vs) = 0 as n — o. Note that the continuity of
scalar multiplication is equivalent to
(i) if P(s,)—0 and y,—>yas n— oo, then

P (y,s,) > 0asn— oo; and
(ii) ify, > 0asn —> wand s be any element in S, then

P (y,s) > 0, see Wilansky (1978).
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A paranorm is called total if P (s) =0 = s = 0, see
Wilansky (1978).

The studies of paranorms on sequence spaces were initiated
by Maddox (1969) and many others. Parasar and
Choudhary (1994), Bhardwaj and Bala 2007), Khan
(2008), Basariv and Altundag (2009), Tiwari and
Srivastava (2010), Pahari (2011, 2013, 2013, 2014 &
2014) , and many others further studied various types of
paranormed sequence spaces and function spaces.

Definition 2: Let S be a linear space of dimension > 1
over K, the field of real or complex numbers. A 2 - norm
on S is a real valued function ||., .|| on § x § satisfying the
following conditions:

(1) s, t||=0and|s,t ||=0ifand only if s and ¢
are linearly dependent;
@) s, t||=|t¢t,s|,foralls, t €S;
(i) |las, ¢ ||=|a]|] s, |, where aeK and s, ¢ € S;and

@(1v) || si+so,t [[<|s, ¢ ||+ 52t || foralls;, s, and
teS.

The pair (S, ||. , .||) is called a 2—normed space. Thus the
notion of 2-normed space is just a two- dimensional
analogue of a normed space.

The concept of 2—normed space was initially introduced by
S. GAahler (1963) as an interesting linear generalization of
a normed linear space, which was subsequently studied by
Iseki (1976), White and Cho (1984), Freese et al. (1992),
Freese and Cho (2001) and many others. Recently a lot of
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activities have been started by many researchers to study
this concept in different directions, for instances, Gunawan
and Mashadi (2001) , Agikgdz (2007), Savas (2010) ,
Srivastava and Pahari (2011& 2013), and others.

Recall that (S, ||. , .||) is a 2-Banach space if every Cauchy
sequence < s, > in S is convergent to some sy in S.
Geometrically, a 2-norm function represents the area of the

usual parallelogram spanned by the two associated

vectors. As an example, consider S = R being equipped
with || S_, t_ || = | Sty — Sztl‘, where S_ = (Sl, S2) and t= (tl .

t;). Then (S, ||., .]|) forms a 2-normed space and || s, ||
represents the area of the parallelogram spanned by the

two associated vectors s and 7.

Definition 3: Let ( S, ||., .|| ) be the 2- Normed space
over the field C of complex numbers and 6 = (6, 6, 0 ,... )
denotes the zero element of S. Let o(S) denotes the linear
space of all sequences s =<s;,> withs; € S,k >1 with
usual coordinate wise operations 1i.e., for each

s =<s5;>,w=<w>e€ o (S)and ye C,

s tw =<5+ w>andys =<ys>.

We shall denote ® (C) by ®. Any linear subspace of © is
then called a sequence space.

Further, if Y=<y, >e® and s € o (S) we shall write
YSs =<yisi>.

Definition 4: A sequence space S is said to be solid if

s = <s;> e Sandy =<y, > asequence of scalars with

il <1, forallk>1,then ys =<y,s,> €.

Definition 5: A sequence § =<s, > in a linear 2-normed

space S is convergent if there is an sy € S such that
n—>
||'s,— s,¢]=0, foreach ¢ e S .Itis said to be a Cauchy if

there are ¢ and w in S such that + and w are linearly

independent and IS — 84, t || =0 and

m, n—»o m,n—»o© 50
— S, W || =0.

The notion of convergence was introduced by White and
Cho (1984).A linear 2—-normed space (S, ||. , .||) is called 2
Banach space if every Cauchy sequence < §, > In S is

convergent to some s€ S.
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The Class £ (S, E, u ) of 2-Normed Space
Valued Sequences

Letu =<u;>and v =<y,>be any sequences of strictly

positive real numbers and £ =<§&, > and p=<p>
be the sequences of non zero complex numbers.

We now introduce the following classes of 2-normed

space S—valued vector sequences
o0
,u)={s=<s;,>¢e oS) satisfying )’
k=1

(S, | S ]

u
k<oo,f0reacht eS}.

In fact, this class is a generalization of the familiar
sequence spaces, studied in Pahari (2011, 2013 & 2014),
Srivastava and Pahari (2011, 2011 & 2013) , using 2-norm

RESULTS
In this section, we shall investigate some results that

characterize the linear topological structure of the class /

(S, & u ) of 2-normed space S- valued sequences by
endowing it with suitable natural paranorm. Throughout
the work, we denote z;, = |&; p.k’1| K , sup u; = M and for
scalar a, 4 [a] = max (1, |o|). But when the sequences < u;
> and < v, > occur, then to distinguish M we use the
notations M(u) and M(v) respectively.

Theorem 1: The space / (S, &,u ) forms a solid.
Proof.

Lets=<gs,> € é(S,E,ﬁ).Sothatforeacht €S,

oe}

> s t] <.
k=1

Let <y, > be a sequence of scalars satisfying |7,/ < 1 for
all k> 1.Then we have

®© Mk ®© Mk uk
X lvesetl = X Wl &kt |
k=1 k=1
oe] u,
< X leses t]l T <o,
k=1

for each ¢ € S. This shows that <7y,s,> € ¢(S, &, u) and

hence ¢ (S, &, u) is normal.



Theorem 2: Forany u=<u;>,( (S, &,T)cl (S, 1, u)
if lim inf;, Z;> 0.

Proof.

Assume that lim infy z; >0and 5 =<s,> €/ (S, &, ).
Then there exist m > 0 and a positive integer K such that
m |y * < €4 K forall k>K and foreacht €S,

K u
S |€isw t]| © <. Thus for each ¢ €S, we have

k=1
K u K g™ u
oot < X T st |l
k=1 k=1
1 K 0
= Y st <.
k=1

This clearly implies that s € ¢ (S, i1, ) and hence
0(S, &, u) < £ (S, p,u). This completes the proof.

Theorem 3: For anyé = <& >,if u < v forall but
finitely many values of %, then £(S, &, ) (S, E, V).
Proof.

Suppose 0 < u; < v, <o for all but finitely many values

_ o0
of k. Let s=<s,> € ((S, & u) .Then we have Y. ||&
k=1

Sk | k< o, for each ¢ €8S.
This shows that there exists K > 1 such that ||&; s, 7 ]| < 1
for all k> K and for each ¢ € S.Thus |E;st, ¢ ||"* < |Ex sk, 1|

* for all k> K and for each ¢ € S and consequently

K v K u
Y skl < Y et <oo,foreachr €S

k=1 k=1

and hence se /( S, é_,, v).This completes the proof of the
theorem. The following result is an immediate consequence
of Theorems 2 and 3.

Theorem 4: If (i) /lim inf,z; > 0;and
(i)
values of &, then (S, &, @) c /(S 1, V).

u, < v Lfor all but finitely many
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In the following example, we conclude that /( S, é, u) may

strictly be contained in /( S, u, v) inspite of the

satisfaction of both conditions of Theorem 4.

Example 5: Let (S, |.,.]|]) be a2-normed space and
1
consider a sequence s = <s; > defined by s, = TS if

k=1,2,3,...,where s € Sand s # 0.

1 1
Further, let u;, = > if k is odd integer, u; = 72 if k is even

1
integer, v, = 7 for all values of &, &; = 3, W = 2* for all
values of .
up 1/k
3 3
Then, z;, = S =37 or (—) according as k is odd or
Mk 2 2

even integers and hence lim inf; z, > 0.

Further, Z—’; =1, if k is odd integers, Z—i =k, if k is even
integers. Therefore 0 < u; < v, < oo for all £.

Hence both the conditions of Theorem 4 are satisfied.
Now for each ¢ € S, we have

o8] o8]

v 1
S llweset = X R s ™
k=1 k=1
e e}
2
= N
k=1

el |
S2[ls, 0|l X 72 <
k=1

This shows that s € ¢ (S, W, v ).But on the other hand, let
us choose ¢ € S such that || s, ¢ | = 1. Then for each even
integer k, we have

i k1 /K2
ks> 21| 7= 113" 7% w2l

1/k

3 2 1
() 11

This implies that s¢ ¢ (S, & u ) and hence the

containment of ¢ (S, & u) in ¢(S, W, v) is strict.

Theorem 6: /(S, &, u ) forms a linear space over the field
of complex numbers C if <u; > is bounded above.

Proof.
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Assume that sup, u, <ooand s =<s; >w=<w;>

€ ((S,&,u) .So that for each ¢ € S, we have

o0} o)
S st <oand 3 o]
k=1 k=1
Let 0<u < supgu; =M,T=max (1,2"") and setting

2T max (1, |o/") < Tand 27max (1, |B/) <1 and using

la+b] < T{al +b| " forall a,beC.

Then we have

o0)

2

1 (ausi + B wg), £]]

k=1
®© Mk le llk Mk
< X [Tl " [lese el "+ T Bl &cwi £l ]
k=1
0
<Y [T AL e oI+ TA TR Eewio 11 ]
k=1

1 ®© uy, 1 o u,
_2 Z [ese, el +5 2 [&wi, t]] "<
= k=1

foreacht € S and therefore ois + Bw € £((S, &, u).

This implies that ¢ ((S, &, u ) forms a linear space over

C.

Theorem 7: If ¢ ((S, & u) forms a linear space over C
then < u, > is bounded above.

Proof.

(S, &)

but sup; u; = oo. Then there exists a sequence < k(n) > of

Suppose that forms a linear space over C

positive integers satisfying 1 < k(n)<k(n+1),n>1
for which
Uy > n ,foreachn>1

Now, corresponding to sy € S and 57 # 0, we define

the sequence s = < ;> by
- {gk(n)"l w2 so, if k= k(n) , n>1and
k 0, otherwise.

Then for k= k(n), n>1, we have
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0 “k 0
Yo ksetll o= X ey, ¢ || )
k=1 n=1
® s, so ||
= z T
n=1
®

< Aot [IM] 27 <o,

and ||&; sy, ¢ IIMkZO, fork#k(n),n>1,

showing that 5 € /(S, &, u).

But on the other hand, let us choose #, € S such that || s, £
||=1. Then for such #; and scalar

o =4, for k=k(n), n>1, in view of (1) and (2), we have

8

oo}

2 11 &k O Sk > o [
n=1

Uk
2 lloéese toll =

0
) ER L TN BT

n=1
o0 4 Yk(n)
= X 7 |l S0, fo ||
n=1
o0 n
4
> ) nz>1
n=1

This shows that ous ¢ £(S, &, u) , a contradiction. This
completes the proof.

The following result is an immediate consequence of
Theorems 6 and 7.

Theorem 8: / (S, £, u ) is a linear space over C if and
only if sup; u; < oo.

Let u =<u,> suchthat sup, u; <o and s=<g5, > €
(S, &, u). We define a real valued function

w u
Pey(®)={( X |&si,d ) ™M foreach t €S} ..
k=1

.3)

Throughout the work, P will denote P, and u =<uy >,

v =<v;> such that sup, u; <ooand sup; vy <oo.



We prove below that 7 (S, &, u ) with respect to P forms a
paranormed space.

Theorem 9: ¢( S, &, u) forms a total paranormed -space
with respectto P

Proof.

Letae Cand s=<s; > ,w=<w,> € f(S,E,ﬁ).Then
we can easily verify that P satisfy the following properties
of paranorm.

(i) P(5)=0,and P (5) =0 ifand only if 5=6;
(i) P(s+w)<P(s)+P(w);

(iii) P (ai5) < 4 (o) P(5);

(iv) Finally for continuity of scalar multiplication, it is
sufficient to show that

(a) P (™) — 0and ¥, = v imply P (y, ™) = 0; and
(b) ¥, — 0 implies P (y,5) = 0 foreachs € /(S,&,u).
Now to prove (a) suppose |y,| < L for all n > 1, then in view

of (3) , we have

_ ®© w, 1M
P, s™) = {(X v &se.t |l 7) foreach z €S}
k=1

w, IM ®© w, UM
< supgly,| {( 2l &si,t ]| ") , foreach 1 € S}
k=1

<A(L) P (") , whence (a) follows.

Next if 5 € 7 (S, E, u ), then for € > 0 there exists an
integer K such that
(3
2

Further if y, — 0, we can find N such that for n > N, then
for each ¢ € S, we have

M

K
) ,foreacht € §S.

S st | F <
k=1

K- M

1 . uy €
Z |Yr1| k || E.;kska t H < E and h’n' <l
k=1

K-1
Thus foreach ¢t € S, P (y,s) < ( >

UM
Hk
IV Exsics | ]
k=1
K
+HX
k=1

/M
Yk
”éksk’tH ] <g,
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forall n > N , and hence (b) follows.

Theorem 10: If S is a Banach space, then (/(S, &, u ), P)
is complete.

Proof.
We prove the completeness of ¢ (S, &, u ) with respect to
the metric d(s, 7) = P (s — 7).

Let < 5" > be a Cauchy sequence in ¢ (S, € , % ) . Then for
0 <g <1, there exists N such that for all n, m > N and for

each ¢ € S, we have P (5 — 5™)

(3 1Es g™ e 4
k=1

and so for all n, m > Nand k> 1 and for each ¢t € S,

we have
(n)  (m)

-1 M/uk -1
sy —s " t<led st <l

This shows that for each &, < s

](cn) > is a Cauchy sequence

in § and because of completeness of S, sgcn) — 5 € S (say)

(m)
k

for each k. Being a Cauchy sequence <s, "> is bounded,

ie. P (sl(cn)) < L for some L > 0 and for all n > 1. Thus for

r u, 1M
everynandr, ( Y | &ksin)—ﬁk,t 1)
k=1

<L

First taking » — o and then » — oo, then for each t € S,
5 e [ IM C _

(Y l&ksi,t ] ") <L which implies that's = < s, >

k=1

e l(S,&,u).

Now for any r, by (4) we have

1M

u
k
) <eg, forn, m>N, and so

4 n m
(E e a1 |
letting m —> oo first and then » — oo, we get P (5 — )
® (n) w, UM
=( 2 ll&s, —&set |l ") <egforall n=Nand
k=1

(n)

foreacht € Sie. s ﬁEin((S,E,H),asn—)oo.

This proves the completeness of £ (S, & , ).
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CONCLUSION

In the present work, we have studied some of the
conditions that typify the topological structures and
containment relations of 2-normed space valued
summable sequences. In fact, this result can be used for
further study to explore other properties of the 2-
normed space valued sequences and functions.
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