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Abstract: It is shown for any 4,,, an elementary method, in terms of the spur of flk,k =1,...,n, to determine

the coefficients of its characteristic polynomial.

1. Introduction

For arbitrary A, , a matrix (A—=AL) can be constructed with a Characteristic Polynomial

[1-3] given by:

(—1)" det( A—AT) =A" +a A" +a, A" +...++a,_A+a, =0 (1)

whose roots are the eigenvalues of A There are mentioned in [4] the different techniques to get

explicitely the coefficients @;,/ =1,...,7 but here it is only considered the famous method of

Leverrier [5] - Takeno [6] which determines < via the expressions [7-12]:

a =-s, , 2la, =(s,)> —s, , 3a, =—(s,)’ +3s,5, —2s, ,
Na, =(s))" —6(s))"s, +8s,5, +3(s,)* —6s, , (2)

Slag = —(s,)° +10(s,)’s, =20(s,)*s, +155,|25, =(s,)?| +20s,s, —24s, ,

where ; represents the spur of the j-th power of 4.

s :trél‘] , J=12,....n (3)

— — e 42 .
that is, 1 =% 4> > =0' A" "etc The formulae (2) result when employing @, ==,

in the recurrence relation:

ra, +sa,_, +s,a,_,+...+s _a +s =0 , r=1,...,n. 4)


mailto:jlopezb@ipn.mx

256 Journal of the Institute of the Engineering

Furthermore, if we let A =0 in (1), it is obtained:
a, =(—1)" det ‘14 ) (5)
Here it is shown an elementary development, alternative to (4), in order to construct expressions

(2), which may be interesting when teaching Linear Algebra.

2. Leverrier-Takeno Coefficients

To reproduce (2), the basic idea consists in generating <, by means of products S, S; -.-S;

k
such that Zic = j, which will be illustrated for 7 =2,3 y 4, from where it will become

c=l1

evident how the method is applied for arbitrary n.
Let n =2, then a, will have the structure:
— — 2
a, =c5,8, +¢,8, =¢(s,)” +a,s,, (6)
where the quantities ¢, and ¢, are determined by selecting particular forms of 4 , in fact:

(5)
1f;42% 8Ethen42 =4 0O s=5,=1, a,=det4=0 50 (6) implies:

cl +c2 = 0 ’ (7.a)

— 0 2 g = — e — —
and for 4 = @ 1 Ewe have 4" =A=1 U 5=5,=2,a, =1 an4pecause (6) it results:
2¢, +c, =4 (7.b)

which together with (7.a) gives ¢, =—¢, Z%, then (6) reproduces the expression for «a,
shown in (2).
If n =3, the coefficient a5 will take the form:

a; =c;s,5,8; +c,8.85, +oy85; =¢ (Sl)3 +c,8.85, oy, (3

which can be applied to the following matrices:

1 00
A= 0 0L , 43=4z=§ U s =s,=s,=1, ay=—det 4=0_
~ o of
and (8) leads to:

¢, +c, +c; =0, (9.2)

Similarly,
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0 0
1 O 4c, +2c, +c, = 0, (9b)
0 0
0 O .
1 0 p 9¢ +3c, to =3, (9.0)
0 1
and the solution to the system (9.a,b,c) is ¢, =— é , Cy :% , C3 = —% , which in (8) implies

the corresponding expression (2).

For n =4 :
a, =c;sy8,8,5, *c,8.8; ¥cy8,8, +c 855, ¥C58,,
= (Sl)4 +c,8,8, _|_C3(S2)2 +C4(51)2S2 +css,, (10)
therefore:
;E) 00 0
4= 00 0od ' ¢ tc, +e;+e, e, =0
A= oo od °
00 0
% 0000
A= 1 0 0L . 8cl+2(cl+c3)+4c4+c5=0>
~ 0004 -
00 0F
Eg 0 0 03
(=0 -1000 2¢, +¢; =0, (11)
£ o 00 -
0 0 0H
ELI) 00 0}

_ 1 00 27¢, +3(c, +¢,) +9¢, +¢, =0
4= :
£ 01 0H

00 0K
A=1,, 64c, +4(c2 +c3)+l6c4 +c, 2%,

the system (11) admits the solution ¢, =ﬁ , Cy = c, =cs =— 41L , then (10)

gives the formula for a, of (2).
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From the previous examples it is clear the way to apply the method for any 7, and in this manner
to reproduce the Leverrier-Takeno relations for the coefficients of the Characteristic
Polynomial of an arbitrary matrix.
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