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Abstract: Our work is development of simplified model of elastic cylindrical tube by
making several assumptions. We approximate tube walls to be thin but we do not
neglect the stress exerted by the wall on the fluid inside. We also study expansion of
such tubes under internal pressure and develop balance and kinematic equations of the
model and then study kinematic properties of its deformation. We then modify
Reynold's transport theorem and test its agreement with obtained results from the
model. After that we perform further analysis for some of the results obtained.
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1. Introduction

Expansion of an elastic tube under internal pressure is a phenomenon which occurs due to
deformation of solid walls under influence of some properties of fluid. Such entire class of
problems fall under the study of fluid-structure interaction. Fluid-structure interaction (FSI) is a
multiphysics coupling between the laws that describe fluid dynamics and structural mechanics.
This phenomenon is characterized by interactions which can be stable or oscillatory between a
deformable or moving structure and a surrounding or internal fluid flow [3]. When a fluid flow
encounters a structure, stresses and strains are exerted on the solid object forces that can lead to
deformations. We limit our study of FSI problems to the mathematical modeling of pressurized
flows in pipes. Study of this kind is very important in understanding the nature of deformation of
materials under external force. Study of FSI of pressurized flow in pipes seems to be very limited
in terms of numbers of different aspects of FSI problems that can be studied but it has wide range
of engineering and bio-medical applications along with increasing of our understanding of one of
the most ubiquitous phenomenon of nature. It can be used to simulate the pressurized flows in
supply pipes in hydroelectric installations, blood flow in artherosclerotic arteries and so on. If
accurate mathematical and numerical models for such flow can be produced, then it will have
significant impact on human life.
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2. Theoretical Background

Reynold’s Transport Theorem: Reynold’s tranport theorem is 3 dimensional generalization of
Leibniz integral rule. RTT is used to convert system analysis to control volume analysis and it
can be applied to all conservation laws in classical mechanics. The formula of RTT differs on
whether the control volume is fixed, moving or deformable.

2.1 For Fixed Control Volume

Let B be any property of the fluid (mass, energy, momentum, enthalpy etc.) and let § = 5—2 be B

per unit mass in any small element of the control volume of the fluid. Then, RTT can be written

dBsys d
as, dty = E(fcv BpdV) + [, BpucosOdAyy. — [, BpucosddA,

where u is the velocity of fluid flow across CS making angle 8 with the surface.

2.2 For Control Volume Moving at Constant Velocity

If a control volume is moving with fixed velocity u, and an observer fixed at CV will see fluid
moving through CV at a relative velocity u, such that u, = u — u,

where u is the fluid velocity measured at the same coordinate system in which ug is measured.

: dBgys  d
Then, RTT can be written as d;V =1 (fCV ﬁpdV) + fcs Bp(u,.n)dA

where n is the outward normal unit vector everywhere on the control surface.
This formula reduces to RTT for fixed CV when u, = 0.

2.3 For Control Volume Moving at Variable Velocity

If non-deformable control volume moving with variable velocity u,(t), then the boundary
relative velocity [4] u, = ug ) — ug(t). Then, RTT can be written as

dBS S d
i = at Uey BpaV) + Jos Bp(ur.n)dA

where n is the outward normal unit vector everywhere on the control surface.

2.3 For Arbitrarily Moving and Deforming Control Volume

The control surface has a deformation, so its velocity ug = uy(r,t), so that the relative velocity
u, = u(r,t) —ug(r, t). Then, RTT can be written as

dBsys _ d
where n is the outward normal unit vector everywhere on the control surface.

This is the most general case, which can be compared with the equivalent form for a fixed
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dBsys a(Bp)
control volume as d—ty = [oy a_tp dv + [.o Bp(u.n)dA

The moving and deforming control volume, contains only two complications [4]:
(1) The time derivative of the first integral on the right must be taken outside and

(2) The second integral involves the relative velocity u, between the fluid system and the control
surface.

3. Model Description

We model the expansion of cylindrical elastic tube of length L with uneven opening under
constant internal pressure (P). Eventhough the outlet opening of the tube I,,, has diameter
smaller than the diameter of the inlet opening [},,, we ignore any sort of tapering and bulging
near the openings and assume that the main body of the tube is perfectly cylindrical. We also
assume that the pressure difference between Q and surrounding is P. This implies that the
velocity of efflux (u,,; ) remains constant. We assume the density (p) of fluid remains constant
and we ignore all the effect of viscosity, gravity and other forces unless they are declared to be in
use later on. We also ignore the pressure gradient that appears across two openings due to inflow
and outflow of the fluid. Velocity by which the fluid flows inside Q i.e. u;, must be increased
continuously to maintain P. We assume boundary wall (T},,) to be thin with thickness (7) which is
initially stress free and boundary material to be in-compressible. We restrict the axial extension
of the boundary. So, the control volume () expands due to radial expansion only which has effect
in thickness of boundary wall. So, we can finally describe our model of main mathematically as
used in some popular literature such as [1].

LY ={(r,6,2):r =Ry, 0<z<L,0< 6 < 2m}

L ={(r0,z:r=r({t)0<z<L0<6 <2n}

Fig. 1: Thickness of boundary material as a function of time
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4. Development of Differential Equations for Describing Gross Effect

We study the gross effect, i.e. mass flow, induced force, energy exchange [4] etc. of the model
we have constructed. For this, we first approach the problem by using control volume analysis,
and develop differential equations from there. We use three of the most fundamental principles of
physics in control volume to develop our relations. They are as follows:

4.1. Conservation of Mass

Since we have considered that the fluid in action is in-compressible, i.e. p = constant, so the
volumetric flow must be conserved,

_dvg

Qin dt + Qout (1)

dVg
= P AinUin — Aout Uout 2)
where A;, and A,,; are areas of [}, and [,,; respectively and V, is volume of (). A4;, is constant
but A,y is function of time and is given by A,y = nr2,. Also, Vy = nr?L. We establish a
condition that rate of expansion of the radius of [,,;; is equal to the rate of expansion of radius of

dr _ drow d?r _ dp

. . ., dr .
cross section (., 1.e. FTEmr T 1.1 . Also, we write =N and oo 1.2. Now,
we can write above equation as
. 21 dum
= ZﬂL[rTI +7 ] - Ain dt - Znuout Tout M (3)

4.2 Conservation of Linear Momentum

The mass entering (m;,, ) and (m,,; ) the mass exiting out of control volume are both functions of
time. From (1), we see that we have relation for volumetric rate of flow but not volume itself. So,
we have relation for mass flow (m;, = pA;, Ui, and My, = PAgur Uoye ) bUL it is not possible to
measure the mass of fluid entering or exiting at some time ‘t” and we can only measure the mass
entering or exiting for some time interval ‘At’. The mass entering and leaving (0 changes for
every time interval At; as shown in figures 2 a. and 2 b., wherei=1, 2, 3, ..., nand ’n’ is number
of such time intervals. If ‘n’ is made sufficiently large, then we get significantly good
approximation for net flow of mass in Q.

Then we have,
Myp i = PAm U AL; (4.1)
Moyt i = PAout Uout AL; (4.2)
where m;,, ; and m,,,; ; are mass entering and exiting () in time period = At;.

Also, Total mass entering Q in given period of time = },; pA;, Uin At;,
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And, Total mass leaving Q in given period of time = }; pAyut Uour At;.
Now, we establish the relation of conservation of linear momentum.

M Uy = momentum of moving boundary wall + myy;: Uy, (5)

Uour Uour Uour

Win,3 u
Mout, I
Mout.2
Mour,3
mMin3 Min,? Min, i
Mout,] < Mour,2 < Mout,3 < ,..., because area of
Min ! < Min2 < Min3 , ... , because Wil < w2 < UWin3 , ... , for

outlet is increasing for constant velocity of efflux

equal time intervals 2 2
and equal time intervals

Fig. 2 a: Mass entering through I';;, in certain Fig. 2 b: Mass leaving through I';,,,; in
certain time interval time interval

For establishing equation (6), we need to calculate momentum of moving boundary wall (Pr ).
Let us consider the wall to be of infinitesimal thickness and length, i.e. we take our elastic tube
to be like a ring. Let us take a small portion of that ring of mass du with volume dv (where u is
the mass of the boundary wall) and the boundary is moving with velocity n'. Then, the
momentum of that small section is given by

2n T L
Pr, = r]f f j pyrdfdtdl = P = 2mnp,rlt
o Jo Jo

Here, p, is the density of the boundary material. Also, equation 6 becomes

. . d .
dt + MipUin = anu LTT[TI + 772] + anu LTU d_z + Moyt Uout (6)

n

i

yi L

Fig. 3 a: Small volume element dv of boundary material  Fig. 3 b: Total momentum of boundary
wall moving with momentum ndu

! the value of 17 should be taken for mid-point of each time interval
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4.3 Conservation of Energy

We use the same concept of mass entering and mass exiting out of (1 developed during
formulation of equations for conservation of momentum. We know, some of the kinetic energy
of mass of fluid entering () will be used to move the boundary wall while some energy will be
spent by mass exiting out of (). The total energy in the process will be conserved. So, we get

%mm ulzn = Energy used in moving the boundary wall + %mout Uz, 7

For this, we first need to find the expression for energy used in moving the boundary.

We have considered that T, to be elastic. Let ® be the stress exerted by the structure on the fluid.
We have assumed the expansion to be axisymmetric, so we claim ® is acting normally on the
fluid as shown in figure 4. We know, that the expansion of Q is due to pressure difference P and
® opposes the expansion of the main body under P. There is expansion only if P > ® and the
expansion occurs due to the effect of net pressure P — ® experienced by T}, . Therefore, at some
time ’t’, the energy spent in attaining certain shape of Q is given by E = (P — ®)V, where V is
the volume of (). This energy E is the energy spent in moving the boundary wall, thus we can
write equation (7) as

du; .
2mp Uiy, —dén + minuizn
_ 4@ S AN 2
=-2 " V + 4mrnL(P — ®) + iy, uly, (8)

5. Modifications in Reynold’s Transport Theorem

Some modifications in RTT were necessary for it to be compatible with our model because our
model is constructed in such a way that there is two open boundaries (I}, and I,,; ) where mass
is free to flow and there is boundary wall T}, from where mass can neither enter or exit. Also, in
our model, the momentum of system can not be expressed in terms of MV, where M is mass in
action, because V is very difficult to understand. So, we modify RTT, such that it follows all the
fundamental concepts of the theorem and overcome above mentioned difficulties. Let,

or =T, UL, Ul
Then, from RTT, we say that

Rate of change of some factor of the system = Rate of change of some factor of the control
volume + Change in factor caused due to system of boundaries i.e.

dBsys _ dBy i
de ~ dt +f01" ap

dBsys _ dBg * * *
= dt T-I_ fFin dﬁrin + fFW dﬂrw + frout d'BFout (9)



Maharjan and Subedi 87

And B* = i—f is the main change from the RTT in usual form where § = j—:; . Also, usual sign

convention of RTT is followed.

5.1 Development of Relation for Mass Flow from Modified RTT

For developing relation of mass flow, we replace B by m in equation 9 i.e.

dm dm
22 = L + f dmrin +f dmrw + f dmrout
dt dt mrin mrw Th'rgut
dvg,
=0 = Ainuin - Aout Uput (10)

Here, equation (10) is in agreement with equation (2). Hence, our modification of RTT is
applicable for developing relation of mass flow.

5.2 Development of Momentum Relation from Modified RTT

For developing momentum relation, we we replace B by P (momentum) in equation 9 i.e.

Py dPg dp dp dp
] ) ] o) ]_o
de~dt Jp, “\ae)y, " Sy “\ac)y, " Js Tt

duin . . dr 2 .
= my, e + My, Uiy, = 2mp, L [Trn +1 % + 1 ] + Moy Uout (11D

Faut

Here, equation (11) is in agreement with equation (6). Hence, our modification of RTT is
applicable for developing momentum relation.

5.3 Development of Energy Relation from Modified RTT

For developing energy relation, we we replace B by E (Energy) in equation 9 i.e.

T () (&) (&)
e~ dt +fErm d dt /. +fErW d dt Fw+f5rout d dt

FD‘LLt
1 2 _ - 1 2
dGmpun)  dPV AoV N d(5 Mout Ugut )
= = —
dt dt de de
dug, . dd = = .
= 2M, Uin % + minuizn = -2 ;V + 4nrnL(P — @) + myy, u%ut (12)

Here, equation (12) is in agreement with equation (8). Hence, our modification of RTT is
applicable for developing energy relation.
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6. Further Mathematical Analysis

6.1 Rate of Change in Volume

We can rearrange equation (3) from and get rate of change of rate of change in volume is given

dZVQ duin
bYa dt2 = Ajp dt - Znuout Tout M
d2v . dvgq . .
If < 0, then at some point, N will be zero, i.e. r = 13,4, and n = 0. Let
dZVQ TUour 2
dt2 <0= Uin = Ain Tout (13)

Integrating equation (4) with respect to t, we obtain

V,final dZVn, Uin final du; T out ,maximum
N dt = ' Ay, —=dt — : 2T U oyt Toue NAE
fV’lnl“al de? Uin,initial moqe frout ,minimum out Tout 1]

“Hl

TUout 9

out
-‘{m

Uin =

. TWlUout 9
Uiy < ——T°

L out 4
"lln |

Tout

Fig. 4: Relation between fluid influx velocity and radius of outlet

Let Vﬂ,final = Oa also from equatlon (2) Vﬂ,initial = Ain uin,initial - Aout Jinitial Uout »

_ TMUout .2
= Uin final = Ain Tout final (14)

The inequality sign of (13) changes into equality sign of (14), when u;, = Wi finar and 15y =
Tout final - Also, Equation (14) gives relationship between radius of maximum expansion and

maximum influx velocity required to establish constant pressure P in Q.



Maharjan and Subedi 89

6.2 Relationship between K and A,

Let us define K as factor by which volume of () increases. If V be a reference volume and V’ be

1

. 14
volume after some expansion, then K = v

A;, A, and A; are used in many literatures such as [2], [5] and are defined as A, = i—l, A, = rT and

L . . . .
A = T where 7, r and L are thickness, radius and length of tube in reference configuration and
7', 1" and L’ are thickness, radius and length of tube after some expansion. In our case, 1, = 1.

Also, in-compressible material, 4,4, 4, = 1.

This is a very trivial relation but very fundamental in understanding relation between increasing
volume and decreasing thickness of boundary material.
V' =V =n@")’L —nriL
1
>K=2andK = 2z

Also, it is important to note that 1, > 1, as the system never shrinks and 0 < 4; < 1, due to in-
compressibility of material.

K|\ K

Ar AR

Fig. 5: Relation of K with different parameters

7. Results and Discussions
7.1 Modified Reynold’s Transport Theorem
The modified form of RTT is given by

dBsys __dBg " " .
dt - F + frin dﬁrin + J-1-‘w dﬂrw + frout dﬂrout

And we see that this modified RTT describes kinematics of our model. In traditional form of
RTT, it was difficult to define u such that mu describes the total momentum of the system. In
our modification, we have solved that problem but we introduce a new problem of describing m.
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7.2 Some other Relations

The condition for rate of change in volume change rate to be decreasing was found to be

Uy < ﬁf—"”“rozut which is in the form of y < kx? and from this relation we can conclude that rate

. . . mu .
of volume expansion is decreasing for u;, < A""trozut and rate of volume change is 0 when

TUogy
Uip = Tntrozut .
The factor by which volume of tube changes is directly proportional to square of parameter by
which radius of tube changes and inversely proportional to square of parameter by which

thickness of material wall changes which is given by relations K = A2 and K = %2

T

8. Conclusion

We develop simple model for expansion of cylindrical elastic tubes which may be significant in
reducing computation time for numerical simulations. Although, it ignores many important
aspects of fluid flow such as head loss, it preserves important kinematic properties of expansion.
So this model is somewhat acceptable to study kinematic features of deformation of the tube such
as rate of change in stress exerted by material to the fluid inside the tube and so on. We also
modify Reynold’s transport theorem to describe our model. Some of the graphical results
obtained makes it easier to study the relationship between different parameters such as K, A, and
Ag.
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