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Abstract: In this paper, we first define A, weight functions and then show that
finite product of weight functions each raised with some power whose sum is
one is also an A, weight function.
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1. Introduction

In 1970, Muckenhoupt characterized positive functions w for which the Hardy-Littlewood
maximal operator M maps LP(R", w(x)dx) to itself. Muckenhoupt's characterization actually gave
the better understanding of theory of weighted inequalities which then led to the introduction of
A, class and consequently the development of weighted inequalities. Weighted inequalities are
used widely in harmonic analysis. For more about the theory of weights and applications in
harmonic analysis, refer [1, 4].

In order to prove the result, some definitions and results are in order:

Definition: A locally integrable function on R" that takes values in the interval (0, o) almost
everywhere is called a weight. So by definition a weight function can be zero or infinity only on
a set whose Lebesgue measure is zero.

We use the notation w(E) = |, ¢ W(x)dx to denote the w-measure of the set E and we reserve the

notation L°(R",w) or LP(w) for the weighted L” spaces. We note that w(E)< oo for all sets E
contained in some ball since the weights are locally integrable functions.

Definition: A function w(x)>0 is called an A, weight if there is a constant C;>0 such that
M(w)(x)= C; w(x)
where M(w) is uncentered Hardy-Littlewood Maximal function given by

1
M(w)(x) = sup ﬁf w(t)dt.
B

XEB

If w is an A weight, then the quantity (which is finite) given by
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_ <1f | (t)|dt>|| )
[W]a, =  sup 0] w w2 Q)

Q cubes inR™

is called the A, characteristic constant of w.

Definition: Let 1 <p <o. A weight w is said to be of class A, if [w] 4, 1s finite where [w],  is
defined as

1 1 -1\
_ _ -y
Wla, chiﬁﬁm<|o|j 'W(")'d"> <|Q|fQ Wl d")

We remark that in the above definition of A; and A, one can also use set of all balls in R" instead
of all cubes in R". Readers are suggested to read [4] for motivation, properties of A, weights and
much more about the A, weights. Also refer [2] and [3] for more properties on A; and A, weight
function.

2. Holder's inequality

Let p and q be two real numbers such that p>1 and % +% =1 andif f € LP and g € LY. Then
f.g €L and
1 1
I fgdx < (fIfIP dx)» (f |g|? dx).
Now we state our main result.

Suppose that weight W]’GAP with 1 <j<m for some 1<p;....ppm < and let 0 <
04 .....0,, <1 be such that Z =1 8; = 1. We then show that the product function given by

m
W= | | w; %
j=1

is an A, weight function where p is the maximum value of py, ....., p;,. The proof will be done
in following steps:

(i) We prove that wjeAp for all j.

(i1) We show that the following inequality holds:

IQIf HWJG (a)dx < ﬂ(lQlj Wj(x)dx)

(ii1) We will use (ii) and the Holder's inequality to show

9;
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Wla, < H ([Wf]Ap)ej
=1

(iv) Finally by (i) and (iii) we prove that W € A,,.

~.

Since p; < P for all j, using the decreasing nature of wj, we have [w;] A, < [w;] Ap, for

all j. This proves (i). To prove (ii) we do as follows. If w; = 0 for some j then the equality holds.
wij(x)

one gets
wj(x)dx

Assuming w; # 0 for all j and letting x; = ;
lal’e

m m m
log ijef = Z 0;log(x;) < log (Z 0; x]->.
. j=1 j=1

J=1

We note that we used the concavity of log(x) in the above expression. Since log(x) is an
increasing function, it follows that

j=1%; ]<21 16 x;.

This implies

L] Flsrocs ] S o3 o o= X0

From the above inequality (ii) follows. Finally we prove (iii).

-1

p-1
Let G = (IQlf Wax) (IQIf W- 1dx) . By (ii) we have,

[H 101, |W’(x)|dx> <|Q|f wee 1d">

0;

We write

-1 1 -1

Wpo-1= ;-n:l (m fQ W]'I”_1 dX)

Lets = ei and + = = 1. Applying the Holder's inequality, we obtain
1

1
1

-1 -1 p = 9]'5’ s
fQ Wr-idx < (fQ wqP-1 (x)dx) [fQ 1%, (le’—l (x)) dx‘

1-6

-1 01 -1 1-6,
:(fQ Wyt (x)dx) I, n;.ﬂ:Z(WjFl (x)> dx
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2
0; 1_Zj=1 0j

Jj it 1-y%_.6;
Jo Tjzs <Wj”—1 (x)) = dx

6

-1 -1
P 2 1 1
fQ we 1deHj=1<me w;P-1 dx)

Continuing in this manner, one get

m -1\% m -1
j ﬂ(wjﬁ> deCH(J w1 dx)
Q j=1 j=1 Q

where C is a constant. Therefore, by (i),

m 1 1 =t P-1 19;
GSCQ[(WL w;(x) dx)(me w1 dx) ]

Taking supremum over the cube Q in the above inequality, we get W € A,

0;
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