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Abstract 

In this survey paper, we review a generalization of Gruss - type inequality by means of two different operators, one through 
K - fractional integral and other through Katugampola fractional integral. We state some related theorems, corollaries and 
their proofs. We study how results are interrelated? 
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1.  Introduction and preliminaries 

Fractional calculus is the study of integrals and derivatives in case non- integer orders; which is a 
generalized form of classical integrals and derivatives. The creation of fractional calculus gave rise to 
several results and important theories in mathematics, physics, engineering and other fields of science. 

It is well known that inequalities have potential applications in the technology, scientific studies, and 
analysis and numerous mathematical problems such as approximation theory, statistical analysis, and 
human social sciences. Presently, authors have provided the unique version of such inequalities, 
which may be beneficial in the investigation of diverse forms of integrodifferential and difference 
equations. 

In 1935, G.Gruss proved the renowned integral inequality, 
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Where u,v are two integrable functions on [a, b], satisfying the conditions 

 
� ≤ �(�) ≤ �, � ≤ �(�) ≤ �, � ∈ ��, ��, �, �, �, � ∈ � [3] 

Gruss inequality (1) connects the integral of the product of two functions with the product of their 
integrals. It is extensively identified that cntinuous and discrete cases of Gruss-type variants play a 
considerable job in examining the qualitative conduct of differential and integral equations. 

There are numerous approaches to acquiring a generalization of Gruss inequality using different 
fractional integral operators. A remarkably large number inequalities of type (1) involving the special 
fractional integral (such as the Liouville, Riemann-Liouville, Erdelyi-Kober, Katugampola, Hadamard 
and Weyl etc. types) have been investigated by many researchers. Here, in two parts we represent the 
generalization of Gruss-type inequality first part contains using generalized K-fractional integrals and 
second part using Katugampola fractional integral. Using these two operators the classical Gruss 
inequality (1) become a class of new Gruss-type inequalities, that generalize inequalities obtained 
using other fractional integrals [4]. 
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Definition 1. Let ��, �� ∈ (−∞, ∞) such that �� < �� and �(�) be an increasing and positive 
monotone function on (��, ���. Then the left-sided and right-sided generalized K-fractional integrals 
of a function � with respect to � of order �, � > 0 are defined by  
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where �� is the �- gamma function. 

Using generalized K-fractional integral defined in above Gruss inequality (1) is generalized through 
following theorems. 

Theorem 1. Let �, �, � > 0, � be a positive function on �0, ∞) and � be an increasing g and positive 
function on �0, ∞) such that ��(x) is continuous on �0, ∞) with � = 0. Suppose that there exist 
integrable functions ��, �� on �0, ∞) such that 
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for all ϱ ∈ �0, ∞). Then we have  
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Theorem 2. Let �, ϱ > 0, �, �, ��, ��, �� ��� �� be six integrable functions defined on �0, ∞), and 
� be an increasing and positive function on �0, ∞) such that ��(x) is continuous on �0, ∞) and 
�(0) = 0.

If conditions ��(ϱ) ≤ �(ϱ) ≤ ��(ϱ) and ��(ϱ) ≤ �(ϱ) ≤ ��(ϱ) are satisfied, then one has 
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where function ℐ(�, ��, ��) and ℐ(�, ��, ��) are defined as in [1] 

The proofs of theorems (1) and (2) can be seen in [1] 

Corollary 3. Let �, �, �, � ∈ ℝ, ℐ(�, ��, ��) = ℐ(�, �, �) and ℐ(�, ��, ��) = ℐ(�, �, �). Then 
inequality (4) reduces to 
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Corollary 4. Let �, �, �, � ∈ ℝ, �(ϱ) = ϱ, ℐ(�, ��, ��) = ℐ(�, �, �) and ℐ(�, ��, ��) = ℐ(�, �, �).
Then inequality (4) leads to 
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Definition 2. The K- fractional integral of the Riemann- Liouville type is defined as  
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������(�)� = �
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����(�)d�; � > 0, � > �. (5) 

where f is a continuous function on [a, b]. The generalized gamma function 
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, � > 0; 

with (�)�,� isthe Pocchammer k - symbol for factorial function. 

Note that when � → 1, then equation (5) reduces to the classical Riemann-Liouville fractional 
integral. 

Using operator ������(�)� defined by (5), the generalized Gruss-type integral inequality is given by 
following theorem. 

Theorem 5. Let f and g be two integrable function on [a, b] with � < �(�) < �, � < �(�) < � and 
let p be a positive function on [a, b]. Then for all t >0, k >0, � > 0, we have: 
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Proof. Let us define the quantity  
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multiplying (7) by 
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And then, 
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Thanks to the weighted Cauchy-Schwartz integral inequality for double integrals, we have: 
(5.2)  
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The right-hand side of (5.2) can be expressed as follows 
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Now using (5.1), (5.3),and (5.4), we can write (5.2) as follows 
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If we apply lemma (1) of  with u = f, then u = g for (5.2), we obtain respectively  
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On the other hand, since 
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then, we have the inequalities respectively, 
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By taking into account (5.5), (5.6) and (5.7), we get the following inequality 
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(5.10)  

4��(������(�)�) − (�������(�)�)��(�������(�)�) − �(������(�)�)� ≤ ((� − �)(������(�)�)�.
If (5.8)- (5.10) are taken into account together, then we get the inequality (6). 

If � = � = 1 and p(t) = 1 then we get classical Gruss inequality on [a, t]. 

2. Generalization using Katugampola fractional integral :- 

Definition 3. [3] Consider the space ��
�(�, �),(� ∈ ℝ, 1 ≤ � ≤ ∞), of those complex valued 

Lebesgue measurable function V on (a, b) for which norm ∥ � ∥��
�< ∞, such that 
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Definition 4. [4] The left- and right- sided fractional integrals of a function V where n � �jk
�� ��,
W $ % and u� "� v� \ � K are defined respectively by  
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if the integral exists. If we consider a = 0 in (8) then 
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Definition 5. Let � $ %� W $ %� D"� \� u� v � K. Then we define a function  

|T�N+�x
W� v� .
9
v ? ��

9
v ? W ? �� "
5x�NG+
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If we take u . W, k = 0, v . % then definition (4) reduces to Katugampola fractional integral. 

In order to proof main theorem , which generalizes the inequality of gruss-Type, we state following 
two lemmas; 

Lemma 6. Let f and g be two integrable functions on �%���. Then for all u� \ � K, x>0, W $ %� " $
%� v @ % and } $ % we have  
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Lemma 7. Let u be an integrable function on �0,∞� satisfying � � Q
�� � � and � � _
�� � � 
for �,�, �, � ∈ K and � ∈ �0,∞�. Then for all u, \ ∈ K, x >0, W $ 0, " $ 0,v $ 0 and } $ 0 we 
have  
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Theorem 8. Let f and g be two integrable function on �0,∞� such that � � Q
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} $ 0 we have  
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Proof. Since 
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Applying lemma (7) for f and g and using equation (9) and (10), we obtain 
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and 
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}, v��
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Taking the product of above two inequalities and using lemma (6), proof of theorem follows 
immediately. 

 
Remark: - Putting W . } . 1, v . 0, k = 0 and " → 1 in this theorem we get classical Gruss 
inequality. So, this is the theorem that generalized Gruss-Type integral inequality using Katugampola 
fractional integral. 

 



jacem, Vol.7, 2022 A survey on gruss-type inequalities by means of different Generalized fractional integrals 

References 

1) Saima Rashid, Fahd Jarad, Mo. Aslam Noor, Khalid Inayat Noor, D.Balean and Jia-Baoliu On 
Gruss inequalities within generalized K-fractional integrals, Rashid et.al. Advances in 
Difference Equations Dio-10.1186/s13662-020-02644-7,(2020:203). 

2) Erhan Set, Muharrem Tomar and Mehmet Zeki Sarikaya On generalized Gruss type 
inequalities for k-fractional integral Applied Mathematics and Computation Doi- 
10.1016/j.amc.2015.07.026 

3) Tariq Aljaaidi and Deepak Pachpatte (2020) Some Gruss-type inequalities using generalized 
Katugampola fractional integral. AIMS Mathematics, Doi-10.3934/math 2020070 

4) J.Vanterler da C. Sousa, D.S. Oliveira and E.Capelas de Oliveira (2019) Gruss- Type 
Inequalities by Means of Generalized Fractional Integrals Bull Braz Math Soc, New Series,
doi.org 10.1007/s00574-019-00138-z 

5) Victor Kac ,Pokman Cheung (2001) Quantum Calculus, Springer, North America.  

6) Mahmoud H. Annaby, Zeinab S.Mansour (2056) q-Fractional Calculus and Equations,
Springer, North America. 


