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Abstract

In recent years, the topic on Holder�s and Minkowski�s inequalities has been studied by several researchers and variety of new
results has been developed on their variants, extensions and generalizations. In this paper we give the extension to the
generalized q- Holder�s integral inequality and by using it we also establish the generalization on q- Minkowski�s integral
inequality on the finite interval [a, b]
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1. Introduction and preliminaries

Classical Holder�s and Minkowski�s integral inequalities are defined as follows.

Let p > 1 and
�
� �

�
� � 1. The discrete and integral forms of Holder�s inequality are given as
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for continuous function f and g in the interval [a, b].

Let p>1. The discrete and integral forms of Minkowski�s inequality are given by
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for continuous function f and g in the interval [a, b].

The classical Holder�s inequality was first found by Leonard James Rogers in 1988 and found

independently by Holder (1989) and it is used to prove Minkowski�s inequality. These classical

inequalities have vital role in mathematical analysis, harmonic analysis, functional analysis, partial

differential equations, probability and so on. By the virtue of being applicable more and more
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researchers have been involved for the extensions and generalization of these results not only in

classical analysis but also in quantum calculus. In 2014, for the first time two researchers Jessada

Tariboon and Sotiris K Ntomah [5] gave q- generalization to the holder�s and Minkowski�s integral

inequality.

The purpose of this paper is to find the extension to the generalized Holder�s inequality in the finite
interval [a, b]. We also find the q- analogue of the classical Minkowski�s integral inequality and
generalize it in finite interval [a, b].

We present some notations and definitions from the q-calculus, which are necessary for understanding
this paper. Let J:= [a, b]' (
Definition 1. [3] The q- derivative of a continuous function �) * + ( at x is defined as:
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 it is defined as 
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If 
,� ��-� exists for all - 6 *, then f is q- differentiable on J. Moreover, if a= 0, then (5) reduces to
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For more details, see [6].

The higher order �order q � derivatives of functions on J are also defined.

Definition 1. [3] For a continuous function �) * + (, the second �order derivative of f on J , if 
,� � is

q- differentiable on J, denoted by 
,�8� � 
,�(
,�)f. Similarly 9:; order q- derivative 
,��� can be

defined on J, provided that 
,��<�� is defined.

Definition 2. [3] Let �) * + (be a continuous functions. Then, the q-definite integral on J is represented
as
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If a = 0 in (6), it reduces to the classical q- integral called Jackson�s integral on [0, x] defined [6] as
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2. Auxiliary Results

Lemma (3) (Young�s Inequality) It is one of the well- known classical inequalities and is given by for

-� F G 7� 
 H � and
�
! �

�
 � �, the inequality
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� ��� # �I�
is satisfied.
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Lemma (4) (Jensen�s Inequality) Let �: �
, � � → ( be a convex function on the interval (a,b). Let
9 ∈ J and K�, K8, … , K� ∈ �0,1� such that ∑ K� � 1���� . Then for any -�, -8, -M, … ∈ �
, �� we have
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Lemma (5) (Generalized Young�s Inequality) : ForO � P, Q R,… . , S let -� G 0 and K� H 1 such that

∑ �
TU � 1.���� Then the inequality
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Proof: Without loss of generality we may take a function ��-� � . ln - defined for all - ∈ �0,∞�.
Clearly it is a convex function on its domain.
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Using lemma 2.
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Lemma (6) (Generalized Young�s Inequality) : Let-� G 0 and K� H 0 such that ∑ K� � 1���� . Then
the inequality
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Proof: Let ��-� � . ln - defined for all - ∈ �0,∞�. The function f(x) is convex on its domain. So one
can use lemma (2) to write.
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Lemma (7) [5] : For ` � 1,2,3… . , 9, Let a� G 0 and K� H 1 such that ∑ �
TU � 1���� . Then the

inequality
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Lemma (8) (Generalized Holder�s Inequality)[5] For c � 1,2,3, … . . 9 and ` � 1,2,3, …… . .d such
that the sum exists. Then the inequality
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Is valid for K� H 1 such that ∑ �
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f��� � 1.
Lemma (9) (Generalized Minkowski�s Inequality)[5] For c � 1,2,3, … . , 9 and ` � 1,2,3, … . ,d such
that the sum exists. Then the inequality
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3. q-Holder�s and q-Minkowski�s inequalities on Finite Intervals

Theorem 10. [4] [q- Holder�s inequality on Finite Interval]Let J= [a, b] and let - ∈ * such that
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Theorem 11. (q- Minkowki�s Inequality on Finite Interval) Let- ∈ *, 0 m / m 1 and l H 1. Let f
and g be two functions such that their integral exist, then inequality
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Again
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From (17), (18) and (19) we get
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This completes the proof.



241Jacem

jacem, vol.6, 2021 q-Analogue of Holder�s and Minkowski�s Integral Inequalities on Finite Intervals and Generalization

5. Main Results

Theorem 12 (Generalized q �Holder�s Inequality on Finite Interval). Let * � B
� �D and

let - 6 * � 7 m / m � and u� H � such that ∑ �
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This completes the proof.

Theorem 13(Generalized q- Minkowski�s Inequality on Finite Interval). Let * � B
� �D and let - 6 *� 7 m
/ m � and x H �. Let ��� �8� �� � �� be the functions such that integral exists. Then the inequality
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holds true.

Proof: We prove the theorem by using the principle of mathematical induction on n. For n= 2 the
inequality reduces to the theorem (11). So assume that the theorem is true for n= k, that is
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To complete the proof of the theorem it suffices to show that whenever it is true for n= k , it is also true
for n = k+1.
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So, by the induction hypothesis it is true for all n .
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6. Conclusion

In this paper, we provided the simple proof of AM-GM type inequality and generalized Young�s
inequality. We investigate the q-Holder�s integral inequality and we proved generalized q-Holder�s
integral inequality in the finite interval [a, b]. We also proved q- analogue of Minkowski�s integral
inequality for two functions and generalized it on finite interval [a,b].
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