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Abstract 

In this paper, we revisit some of the well known properties of weight function and finally show that  if�� � ��� and �� �
��� where  	�
 	� � ��
� and 	 � ��� �	�
 	��, then we show that sum function �� � �� � ��. Moreover, we establish 
that ��� � ����� � ������� � ������� �
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1. Introduction 

Vector-valued inequalities, extrapolation theory and estimates for certain class of nonlinear 
differential equation are some of the areas where one can see application of theory of weights. In 
addition to this, we also find the application of weight theory in the boundary value problems for 
Laplace's equation in Lipschitz domains. Muckenhoupt's characterization of positive functions w for 
which the Hardy-Littlewood maximal operator M maps  Lp(Rn, w(x)dx) to itself,  actually gave the 
better understanding of theory of weighted inequalities which then led to the introduction of Ap class 
and then class (Ap, Ap) and consequently the development of weighted inequalities. Weighted 
inequalities are alsoused  widely in harmonic analysis. Readers are suggested [2], [3], [4], [5] and [6] 
for the theory of weighted inequalities, properties of  weights and more. 

In order to establish our result, some definitions are in order. 

Definition: The uncentered Hardy-Littlewood maximal operators on Rn over balls B is defined as  
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Similarly the uncentered Hardy-Littlewood maximal operators on  Rn over cubes Q is defined as 
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In each of the definition above, the suprema are taken over all balls B and cubes Q containing the 
point x. H-L maximal functions are widely used in Harmonic Analysis. For the details about the H-L 
maximal operators, see Grafakos (1991) and Ba~nelosand  Moore ( 1991). 

Definition: A locally integrable function on Rn that takes values in the interval (0,∞) almost 
everywhere is called a weight. So by definition a weight function can be zero or infinity only on a set 
whose Lebesgue measure is zero. 

We use the notation ��,� � - ����)�. to denote the w-measure of the set E and we reserve the 
notation Lp(Rn,w) or Lp(w) for the weighted  Lp spaces. We note that w(E)< ∞ for all sets E contained 
in some ball since the weights are locally integrable functions. 

Definition: A function w(x)≥0 is called an A1 weight if there is a constant C1>0 such that  
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where M(w) is uncentered Hardy-Littlewood Maximal function given by  
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If w is an A1 weight, then the quantity (which is finite) given by 
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is called the A1Muckenhoupt characteristic constant of w or simply A1 characteristic constant of w. 

Definition: Let 1 < p < ∞. A weight w is said to be of class Ap if �����is finite where ����� is 
defined as  
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Here ����� is known as ApMuckenhoupt characteristic constant of w or simply Ap characteristic 
constant of w. We remark that in the above definition of A1 and Ap one can also use set of all balls in 
Rn instead of all cubes in Rn. Next we define class (Ap,Ap). 

Let 1< p <∞. A pair of weights (u, w) is said to be of  class (Ap, Ap) if  the quantity �?
 ���@A
@A� given 
by  
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is finite and the quantity �?
 ���@A
@A� is called the (Ap, Ap) characteristic constant of the pair u and w. 

One can easily show that for any BCDE� �FG� function f with 0 < f <∞a.e. and its Hardy-Littlewood 
Maximal function M(f), the pair (f, M(f)) is of class (Ap, Ap) for  every 1< p <∞ with its 
characteristics constant independent of f.  

Now we state some properties related to weight function: 

Property 1: Let k be a nonnegative measurable function such that k, k-1 are in L∞(Rn). Then if w is an 
AP for some 1≤ p <∞, then kw is also an AP weight function. 

Property 2:Suppose that w is in Ap for some 	 � ���� and 0 <δ< 1. Then �H belongs to Aq where 
q= δp+1-δ. Moreover, ��I��� � �����I .

Property 3: Show that if the Ap characteristics constants of a weight w are uniformly bounded for 
all p >1, then w is in A1.

Please refer [4] for the proof of above properties. 

Property 4:Let �� and �� be two �� weights and let 1< p <∞. Then �����;� is an �� weight and 
������;���� � ������������

�;��
Please refer [6] for the proof. 



125Jacem

jacem, Vol.5, 2019 Properties of Weight Function 

Property 5:Let �J � ��K and �� � ��� for some � � 	J
 	� L � Let M � N � � and define �� �
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Please refer [6] for the proof. 

Property 6:Suppose that weight �QR�ST with � � U � V for some � � 	� W � � 	X L  and let M L
N� W � � NX L �	 be such that ∑ NQ � ��XQZ� We then show that the product function given by 
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QZ�
 

is an Apweight function where p is the maximum value of 	�
 W � � 
 	X.
Please refer [5] for the proof. 

Property 7:. For this let w is an Ap weight function for some � � 	 L  and  ^ _ �� We first show 
that  min(w, k) is in Ap and satisfies the inequality 
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where`� � � when 	 � a and `� � a�;� when 	 b a� 
Please refer [3] for the proof. 

To the above list we now add a property related to weight function. We begin with the statement: 

Property: Let �� � ��� and �� � ��� where  	�
 	� � ��
��If 	 � ��� �	�
 	��, then we show 
that sum function �� � �� � ��. Moreover, we establish that ��� � ����� � ������� � ������� �
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for k=1,2 since the function 0 o %%�%%<p�*� is increasing. 

Now combining (1) and (2) we have  
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This proves the property. 
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