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Abstract 

The Markoff equation x2 + y2 + z2 = 3xyz is introduced by A.A. Markoff in 1879. A famous conjecture on the Markoff 
equation, made by Frobinus in 1913, states that any Markoff triples (x, y, z) with x ≤ y ≤ z is uniquely determined by its 
largest number z. The complete solution of this equation is still open however the partial solution is given by Barager (1996), 
Button (2001), Zhang (2007), Srinivasan (2009), Chen and Chen (2013). 

In 1957, Mordell developed a generalization to the Markoff equation of the form x2 + y2 + z2 = Axyz + B where, A and B are 
positive integers. In 2015, Donald McGinn take a particular form of above equation with A = 1 and B = A and gave a partial 
solution to the unicity conjecture to this equation. In this paper, the partial solution to the unicity conjecture to the equation 
of the form x2 + y2 + z2 = 3xyz + A where A is positive integer with A ≤ 4(x2 – 1) is given. 

____________________________________________________________________________________ 

1.  Introduction 

The Markoff equation  

 x2 + y2 + z2 = 3xyz  

was established in 1879 by A.A. Markoff (see [C1]). A triples (x, y, z) where x, y, z are positive 
integers and x ≤ y ≤ z; is called Markoff triple if it satisfies the above Markoff equation and the 
numbers x, y and z are called Markoff numbers.. If (x, y, z) is a Markoff triple then we easily drawn 
others with the help of the transformation 

φ: (x, y, z)  → (x, z, 3xz – y), 

ψ: (x, y, z) → (y, z, 3yz – x). 

In this way, we can obtain infinitely many solution of Markoff equation, which we also known as 
Markoff triples. In ascending order the first 10 Markoff triples are (1, 1, 1), (1, 1, 2), (1, 2, 5), (1, 5, 
13), (2, 5, 29), (1, 13, 34), (1, 34, 89), (2, 29, 169), (5, 13, 194), (1, 89, 233) and the first 10 Markoff 
numbers are 1, 2, 5, 13, 29, 34, 89, 169, 194, 233. It is easy to see that if (x, y, z) is a Markoff triple 
with  
x ≤ y ≤ z and z > 2 then x < y < z. Clearly the number z is the largest Markoff number in the triple. In 
1913, Frobenius [see Z1] made a conjecture on the unicity of such Markoff number z, which is still 
open. He conjectured the problem as: 

Unicity Conjecture of Markoff Equation [Z1]: If (x1, y1, z) and (x2, y2, z) are two Markoff triples 
where x1 < y1 < z and x2 < y2 < z then x1 = x2 and y1 = y2.

The first partial solution to this conjecture was given by Barager [B1] in 1996. He proved that if  
z< 10140 or if either z, 3z – 2 or 3z + 2 is a prime, twice a prime or four times a prime then z is unique. 
In 1996, Schmutz [C1] proved that if z is a prime power then z is unique. In 2001, by using some 
techniques on algebraic number field, Button [B2] showed that any z of the form kpl with k ≤ 1035 and 
p is  a prime must be unique. In 2007, Zhang [Z1] proved that a Markoff number z is unique if one of 
(3z – 2) or (3z + 2) is of the form kpl where k is either 1 or 4 or 8 and pl is a prime power. In 2009, A. 
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Srinivasan [S1] also gave a partial solution to the unicity conjecture of Markoff equation. In 2013, 
Chen and Chen [C1] proved that if either (3z – 2) or (3z + 2) is of the form kp ℓ , where k is an 
integer with 1≤k≤10 1 0  and p ℓ is a prime power, then z unique.  

In 1957, Mordell gave a generalization of Markoff equation in the form x2 + y2 + z2 = Axyz + B where 
A and B are integer values. This equation is similar to the generalized Markoff equation of the form  
x2 + y2 + z2 = xyz + A due to D. Maginn [D1]. He gave a partial solution to the generalized Markoff 
equation by using Chebyshev polynomial [D1], which was published in 2015. If we choose A = 3 for 
the Mordell's generalization then gives x2 + y2 + z2= 3xyz + A as a particular case of Mordell's 
generalization with B = A. In this paper, the partial solution of the unicity conjecture to the equation 
of the form x2 + y2 + z2 = 3xyz + A where A is positive integer value satisfies the condition A ≤ 4(x2 –
1). 

2.  Some Results on Unicity Conjecture: 

This section includes some lemmas. 

Lemma –1 [C1]: Let A, B and C are integers with B > 0. Suppose that d is a positive integer with 
d|(A2B – C2). If (+ C) is non zero and d ≤ 2|A| B + 1 then 

| | A B + C ≥
d

A B + 1
.

Lemma –2 [C1]: Let A, B, C, M and N be integers with M > 0 and N > 0. Suppose that d is a positive 

integer with d| ( )( )A2M + B2N – C2 2
– 4A2B2MN  and d ≤ 4|AB| MN + 1. If 

A M + B N + C ≠ 0 then  

| |A M + B N + C ≥
d

( )2|A| M + 2|B| N + 1 ( )4|AB| MN + 1
.

Lemma –3 [C1]: Let A, B, C, M and N be integers with M > 0 and N > 0 such that neither M nor N is 
a square. Then A M + B N + C = 0 if and only if A M + B N = 0 and C = 0. 

Lemma –4: If z > 2 and if A ≤ 4(x2 – 1) then  

(i)  
z

3x –
A

3xz < y <
z

3x – 1 ; x ≤
z
5

(ii)  y = 
1
2( )3x – 9x2 – 4 – A z + r; 

x
3z < r <

x
2z .

Proof: By 

3xyz + A = x2 + y2 + z2 > z2

⇒ y >
z

3x –
A

3xz

Let z' = 3xy – z then for z > 2 and x < y < z, 

 (z – y)(z' – y)  = zz' – (z + z')y + y2

= z(3xy – z) – 3xy2 + y2

= x2 + y2 – A – 3xy2 + y2

< 3y2 – 2xy2 – A
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= 3y2(1 – x) – A 

 ≤ 0; (for x ≥ 1). 

Since y < z, so 

 z' < y  ⇒ 3xy – z < y 

 ⇒ y <
z

3x – 1 (2) 

Thus from (1) and (2), 

 
z

3x –
A

3xz < y <
z

3x – 1 (3) 

Since A > 0. So, the equation x2 + y2 + z2 = 3xyz + A has no integer solution for 1 ≤ x < y < z < 5. So, 
suppose z ≥ 5. Then the second inequality of (i) is true for x = 1. Now suppose x ≥ 2. If x < z' then (x, 
z', y) is a Markoff triple with x < z' < y. Then by the first inequality of (3) we have, 

 x < z' < 
y

3x – 1 <
z

(3x – 1)2

If z' ≤ x then (z', x, y) is a Markoff triple with z' ≤ x < y. For 2 ≤ x < y and by (3) we have, 

 x < 
y

3z' – 1

Then by [C1] the inequality x ≤
z
5 holds. And, the equation x2 + y2 + z2 = 3xyz + A has a solution, 

 y = 
1
2( )3xz – 9x2z2 – 4z2 – 4x2 – A (4) 

being y < z. 

Let, 

 y = 
1
2( )3x – 9x2 – 4 – A z + r (5) 

where r  = 
1
2 ( )z 9x2 – 4 – A – 9x2z2 – 4z2 – 4x2 – A

=
2x2

z 9x2 – 4 – A + 9x2z2 – 4z2 – 4x2 – A
(6) 

Since, 

 9x2z2 – 4z2 – 4x2 – A < 3xz

and z 9x2 – 4 – A < 3xz  

Then (6) follows 

 r > 
2x2

6xz ⇒ r >
x
3z

Also, for x ≥ 1, and for A ≤ 4(x2 – 1), 

 9x2z2 – 4z2 – 4x2 – A ≥ 9x2z2 – 4 – A > 5x2z2 > 2xz 
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and z 9x2 – 4 – A ≥ z 5x2 > 2xz

Then (6) implies, 

 r ≤
x
2z

This completes the proof of lemma -4. 

 

Lemma -5: If (xi, yi, z) (for i = 1, 2) are two Markoff triples with xi < yi < z and x1 < x2 then 

(i) y1 + x1 > y2 + x2, (ii) y1 > y2, (iii) y1 – x1 > y2 – x2

Proof: By (4) we have, 

 y = 
1
2( )3xz – 9x2z2 – 4z2 – 4x2 – A

and by lemma -4, we have x ≤
z
5 . So, we may define a function 

 f(t) =  3zt – 9t2z2 – 4z2 – 4t2 – A + 2t. 

Then 

 f '(t) = 3z + 2 – 
9tz2 – 4t

9t2z2 – 4t2 – 4z2 – A
.

Clearly f '(t) < 0 for 1 ≤ t ≤
z
3 . This means f(t) is monotonically decreasing for 1 ≤ t ≤

z
3 .

Therefore, 

 f(x1) > f(x2) for x1 < x2.

i.e. y1 + x1 > y2 + x2

Since x1 < x2, so 

 y1 > y2 and y1 – x1 > y2 – x2.

This completes the proof of lemma -5. 

3.  The Unicity Theorem 

In this section we gave theorems on the unicity conjecture for generalized Markoff equation  
x2 + y2 + z2 = 3xyz + A for A is positive integer. The following theorems deal only the partial solution 
of the conjecture. 

Theorem -6: Let ε, δ ∈ –1, 1. If (x1, y1, z) and (x2, y2, z) are two distinct Markoff triples such that  
xi < yi < z (for i = 1, 2) then  

(2z + 2ε)1/14 < gcd (y1 + εx1 + ε(y2 + εx2); 3z + 2ε) < (3z + 2ε)13/14.

Proof: If possible suppose that (x1, y1, z) and (x2, y2, z) are two distinct Markoff triples with x1 = x2.
Then by the equation xi

2 + yi
2 + z2 = 3xiyiz + A (for i = 1, 2), we have 

 y1
2 – y2

2 = 3x1z(y1 – y2)

⇒ y1 + y2 = 3x1z (7) 
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But we have x < y < z, it follows that  

 y1 + y2 < 2z < 3z ≤ 3x1z. 

This leads a contradiction. So we should have x1 ≠ x2.

For simplicity, we fix ε = δ = 1 and x1 < x2.

Let, 

 gcd(x1 + x2 + y1 + y2, 3z + 2) = m, 

 x1 + x2 + y1 + y2 = Tm, 

 and  3z + 2 = mn. 

For z ≥ 10140, we observe that mn > 10140.

By lemma -4, we have 

 yi =
1
2 ( )3xi – 9xi

2 – 4 – A z + ri ,
xi

3z < ri <
xi

2z for i = 1, 2. 

Then, 

 6yi = ( )3xi – 9xi
2 – 4 – A (3z + 2) – 2( )3xi – 9xi

2 – 4 – A + 6ri for i = 1, 2. 

 = ( )3xi – 9xi
2 – 4 – A mn – 2( )3xi – 9xi

2 – 4 – A + 6ri for i = 1, 2. 

So, 

 6Tm = 6y1 + 6y2 + 6x1 + 6x2

= ( )3x1 – 9x1
2 – 4 – A + 3x2 – 9x2

2 – 4 – A mn + r  (8) 

for  

 r = 6r1 + 6r2 + 2( )9x1
2 – 4 – A + 9x2

2 – 4 – A

Since x < y < z. So, 
x
z < 1. Therefore 0 < ri <

xi

2z <
1
2 for i = 1, 2. Also, x1 < x2. Therefore, 

 | r |  ≤ 6 | r1 | + 6 | r2 | + 2 ( )9x1
2 – 4 – A + 9x2

2 – 4 – A .

≤ 6


1

2 + 6


1

2 + 2(3x1 + 3x2). 

 = 6(1 + x1 + x2). 

 ≤ 6(x2 + x2) being x1 < x2 ⇒ (x1 + 1) ≤ x2.

= 12x2.

Therefore (8) follows, 

 | |( )3nx1 – n 9x1
2 – 4 – A + 3nx2 – n 9x2

2 – 4 – A – 6T m ≤ 12x2 (9) 

Let, 

 A* = –n, B* = –n, C* = 3nx1 + 3nx2 – 6T, Mi
* = 9xi

2 – 4 for i = 1, 2. 
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Then [ ](A*)2M1
* + (B*)2M2

* – (C*)2 2 – 4(A*)2(B*)2 M1
* M2

* is divisible by 4. Since n > 0, so 
( )A* M1 + B* M2 < 0 . Clearly, neither ( )9x1

2 – 4 – A nor ( )9x2
2 – 4 – A is square. Therefore, by 

lemma-3 we have ( )A* M1
* + B* M2

* + C* ≠ 0. Then by lemma-2, being 4 ≤ 4 | A*B* | M*N* + 1, 

 | | A* M1
* + B* M2

* + C*

≥
4

( )2 |A*| M1
* + 2 |B*| M2

* + 1 ( )4 |A*B*| M1
*M2

* + 1

≥
4

( )2n ( )9x1
2 + 9x2

2 + 1 ( )4n2 81x1
2x2

2 + 1

=
4

( )6nx1 + 6nx2 + 1 ( )36n2x1x2 + 1 (10) 

Then (9) becomes with the help of (10), 

 m ≤
12x2

4 ( )6nx1 + 6nx2 + 1 ( )36n2x1x2 + 1 (11) 

If x2 ≤ 102n then with x1 < x2,

m ≤ 3x2 (12nx2) (36n2x2
2) = 1296x2

4n3 < 104(102n)4n3

⇒ m < 1015n7.

Therefore, for z > 5, then as in theorem -3.1[C1], 

 m < (mn)13/14 

Next, if x2 > 102n then by x1 < x2 < y2 < z and lemma -4, 

 m ≤ Tm = x1 + x2 + y1 + y2

≤ y1 + 3y2 – 3

<
z

3x1 – 1 +
3z

3x2 – 1 – 3)  

 =
3z + 2
9x1 – 3 +

3z
3x2 – 1 –

2
9x1 – 3 – 3

≤
3z + 2
9x1 – 3 +

3z + 2
3x2

<
mn

9x1 – 3 +
mn

102n

⇒
n

9x1 – 3 > 1 –
n

102n = 1 –
1

102

⇒ 9x1 – 3 <
n

1 – 10–2

⇒ x1 <
n

9(1 – 10–2) +
1
3 <

n
8 +

1
3 <

n
2 (12) 
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If x2 ≤ 2n2x1 then we get x2 < n3 being x1 <
n
2 . And x2 > 102n follows that n > 10. Then by (11) we 

have, 

 m  ≤ 3x2 (6nx1 + 6nx2 + 1)(36n2x1x2 + 1)

≤ 3 (2x1n2) (6nx1 + 12n2x1 + 1)(72n4x1
2 + 1) 

 = 5184 n9x1
4




1 +

1
2n2 +

1
12x1n3 



1 +

1
72n4x1

2

< 5184 n9




n

9(1 – 10–2) +
1
3

4





1 +

1
2n2 +

1
12x1n3 



1 +

1
72n4x1

2

<
5184
6302 n13 



1 +

9(1 – 10–2)
3n

4





1 +

1
2n2 +

1
12x1n3 



1 +

1
72n4x1

2

< n13

⇒ m1/14 < n13/14 

⇒ m.m–13/14 < n13/14 

⇒ m < (mn)13/14 

Next, assume that x2 > 2x1n2. By (3x1 – 1) <  9x1
2 – 4 – A < 3x1 , we have (9x1

2 – 4 – A) is not a 
square for A ≤ (4x2 – 4). Then [ ]3nx1 – 9x1

2 – 4 – A – 6T is irrational and is non-zero. Here, 

 n2 (9x1
2 – 4 – A) – (3nx1 – 6T)2

= 9x1
2 n2 – 4n2 – An2 – 9x1

2 n2 – 36T2 + 36x1nT 

 = 36x1nT – 4n2 – An2 – 36T2

Then by lemma -1, we have, 

 



3nx1 – n 9x1

2 – 4 – A – 6T  ≥
2

6nx1 + 1

By x2 > 2x1n2 we have, 

 | | 3nx2 – n 9x2
2 – 4 – A =

n + An
3x2 + 9x2

2 – 4 – A

≤
n + An

12x1n2 + 3

≤
x2

x1n + 1 [Being A ≤ 4(x2 – 1)] 

Therefore, 

 | | 3nx1 – n 9x1
2 – 4 – A + 3nx2 – n 9x2

2 – 4 – A – 6T m

≥
2m

6nx1 + 1 –
m + Am

12n2x1 + 3

≥
2m

6nx1 + 1 –
x2

nx1 + 1
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≥
2m

6nx1 + 1 –
m

6nx1 + 1

=
m

6nx1 + 1 (13) 

Therefore, by (9) and (13) we have, 

 
m

6nx1 + 1 ≤ 12x2

⇒ m ≤ 12x2 (6nx1 + 1)  ≤ 12x2 (7nx1) = 84x1x2n (14) 

By lemma -3.1[C1], 

 x2 ≤
z
5 <

3z
15 <

3z + 2
14 =

mn
14 (15) 

Since x1 <
n
8 +

1
3 <

n
2 . So, by (13) and (14) we have [C1], 

 m ≤ 84 x1 x2 n < 42 x2 n2 < 3 14 m1/2 n5/2 < 14 m1/2 n5/2 

⇒ m1/3 ≤ 141/3 m1/6 n5/6  

⇒ m ≤ 141/3 m5/6 n5/6 < (mn)13/14 . 

 i:e:  gcd(x1 + x2 + y1 + y2, 3z + 2) < (3z + 2)13/14.

By lemma -3.2 [C1], we have y1 + x1 > y2 + x2. Similarly we have, 

 gcd((y1 + x1) – (y2 + x2), 3z + 2)  <  (3z + 2)13/14 (16) 

Since, 

 (x1 + x2 + y1 + y2)[(y1 + x1) – (y2 + x2)] 

 = (y1 + x1)2 – (y2 + x2)2

= x1
2 + y1

2 + 2x1y1 – x2
2 – y2

2 – 2x2y2

= z2 + 3x1y1z + 2x1y1 – z2 – 3x2y2z – 2x2y2

= (3z + 2)(x1y1 – x2y2). 

This follows that (3z + 2) divides [(y1 + x1) – (y2 + x2)]. So, 

 (3z + 2)1/14 < gcd((y1 + x1) – (y2 + x2), 3z + 2). (17) 

From (16) and (17), the proof of the theorem is completed. 

 

Theorem - 4.2(a): If 3z + 2 is of the form kpl where pl is a prime power and k is a positive integer 
with  
k < (3z + 2)1/14 then z is unique. 

Proof: Suppose 3z + 2 = kpl where pl is a prime power and k is a positive integer with k < (3z+2)1/14.
If z is not unique then there is two Markoff triples (x1, y1, z) and (x2, y2, z) with x1 < y1 < z and x2 < y2

< z. Recall that z > 10140, we have 

 pl > (3z + 2)13/14 > 10130 
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By Zhang [[Z2], Theorem 1] we have 4 divides (3z + 2). So, p > 2. Thus, p does not divides z. Since 

 (yi + xi)2 + z2 – A = (3z + 2)xiyi = kpl xiyi for i = 1, 2. 

Then 

 (y1 + x1)2 – (y2 + x2)2 = kpl (x1y1 – x2y2)

⇒ (x1 + x2 + y1 + y2) [(y1 + x1) – (y2 + x2)] = kpl (x1y1 – x2y2). 

This imply either, pl divides (y1 + x1) (y2 + x2). Therefore, by theorem -3.1 (See [C1]) 

 gcd((y1 + x1) – (y2 + x2), 3z + 2) ≥ pl > (3z + 2)13/14.

or  gcd((y1 + x1) + (y2 + x2), 3z + 2) ≥ pl > (3z + 2)13/14.

This leads a contradiction to theorem -6. So, z should be unique. 

In similar way to theorem 7(a) we can prove the following theorem. 

Theorem -7(b): If 3z – 2 is of the form kpl where pl is a prime power and k is a positive integer with  
k < (3z – 2)1/14 then z is unique. 
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